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G�CZT�O&IQN�C�IVT0O&N�XZT<J�@�R&[U?$IML�O&A�CZT.JD?$@�A�R¯¸>L]� _ @�OPT0O&N0OP?$IWC�I A�CZT0J�O&A	L�N0OP?$I R&O&B�A�C)CZT0N<G�Cs²�´]µ��@�>aÇ±/X�YL�A0N<Nh¾QJDC�¿
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ä IjJ�R&@VT'G�CSR¯¸>L]� _ @�OPT0O&N0OP?$I G�¸ O&[gL�^`CZT'C�IjB�RP?��YL�^`CUA�CZT�J�O&A	L�N�?$O&A�C<¤c@�IVCgL�@�N�A�CgT�?$R&@�N0OP?$IjJ�A�?$[UC�N¡²
N�C�@VT�C _ @�OsJDC�A0[UC�NWG�¸>L	« ?$O&A G�CZTgO&[gL�^`CZTz¦+§v¨ G�C _ @ML�R&O&N�XbC�I J�A�XZT	C�I\�ZCbG�CmRdL{A�CZT�J�O&A	L�N0OP?$I CZT�N
R¯¸>L]� _ @�OPT0O&N0OP?$It¦+§P¨åÆl§1�&æ\IVCfL]� _ @�OPT0O&N0OP?$IÀ¦+§P¨åÆl§ CZT0Nc�Z?$[SJD?+T	XZCfG�¸ @�I C�IVT�C�['B�RPCfG�¸ O&[gL�^`CZT
¼]§ç¦+§v¨ L]� _ @�OPT�CZT�¥kG�CZT)O&IVT�N	L�IQN�TnG]O�°�X�A�C�IQN�ToG]@p��¾@��RPC'A�CZT0J�O&A	L�N�?$O&A�C<��è<C�N0N�CrN�C�*��I�O _ @VCtCZT0N)N0A^éZT
T�C�IVT0O&B�RPC�L�@@®Ç«+L�A0OdL�N0OP?$IVTsG�Co[U?$@�«`C�[UC�IQNsJDC�IVGVL�IQNsR¯¸>L]� _ @�OPT0O&N0OP?$I��\£"?$@�A _ @�¸ @�IVCoO&[gL�^`C½¦+§P¨êÆl§
T�?$O&N\G�¸ @�IVC _ @ML�R&O&N�X�T�@@ëgT	L�IQN�C<¤MO&R�º L�@VG]A	L�O&N _ @VClR¯¸>L]� _ @�OPT0O&N0OP?$IpG�C��*�ML _ @MCcì�í�îï¯ð<íYï+¼]§ T�C�º L$T�T�ClC�I
[U?$O&IVT�G�C �@�dµtT�C�Z?$IVG�C<¤@« ?$O&A�C½µ��'[UTqJD?$@�AqI�¸>L	« ?$O&AsL�@\��@�ImL�A0N	Xgº L]��N½ñ �	Å òó� ª CZTsL�J�JML�A�C�O&RPTsT^�YL�I�IVC�A�T
L]��N0@VC�RPTSIVC JDC�A0[UC�N0N�C�IQNUJML$TUC�I\�Z?$A�CFG�¸>L�N0N�C�O&IVG]A�CfG�CZTtN�C�R&RPCZTSJDC�A¡º ?$A0[gL�I\�ZCZT	��EK¬VIKG�CWJML�R&R&OPC�Ac�ZC
J�A�?$B�RUé�[UC<¤}RPC�T.T�?$R&@�N0OP?$IVT.L�J�JD?$A�N�XZC�T.JDC�@�« C�IQNW»�N0A�C)G]O�«}OPT�XZCZT<C�I G�C�@@®g^+A	L�IVG�CZTR��RdL$T�T�CZTv¿ [UX�N��V?QG�CZT
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F'A �R�K�<���CB���èEDGF4H?IKJÌ�KDGLMDGN�OQPRIKJ ±�S�·¤TO�®VU7OQPRIKJ ±�WK·¤XJYOQZ�U\[�[YOQPRIKJ ±¯è+·�]4I^[�LMDGURJ_U\`aOQZbIKJc¦+§P¨ ¼]§
O]�KcdF4URJMIKJaIeNgf4PRD��COQZbI�¥h[�LMDGURJiU\N�J�[jOQNd[a];U�°�k�LMI�Nd[MJa];FÀ��¾@��P\IlLMIKJ�H4U\LYOQ[MDGU\LMI©±j²nm@�oBpP
OQF@²0]4IKJMJYDGF�Ja]4I
P7OaLMIKJ�H4U\LYOQ[�URDGNhN�DGL�`aOQPRI<¤�³6m@�oBaP%OQF@²0]4IKJMJMF�J#]4IqP7OaLMIKJ�H4U\LYOQ[�URDGNpN�DGL�`aOQPRI�I�[�¥aI�N�«VU\LMDGNr´]µl¶r]4IsP7O
�COQH�O]��U\[MkR«dU\[YOQPRI�·]�¸ F4NtH�OQ[�URI�Nd[T];F�H4LMDG[MD��KDGPRIO�¡ 
H4[�U\`1¢*�<¹
DGF�JXO	«uDGN�J�F4[�U\P\URJMkEF4N_º�I�N\»�[�LYOQZbIE`iI�[�[YOQNV[
I�N�k�«VUR]4I�N\�KI:PRIKJ&J�[�L�F\��[�F�LMIKJ�H4F4P\`iDGN�OQU\LMIKJEH?DGF4L�F4N�I:`iI�U\P\PRI�F4LMIf«dURJMF�OQP\URJYOQ[�URDGN�]4I:P7Ov];U�°�k�LMI�N\�KI
]4IKJ
];U\P7OQ[YOQ[�URDGNw]4IKJ:H?DGF4`iDGN�JxI�Nd[�LYIyPRIKJ�[�LMDGURJ
O]�KcuF4URJ�U\[�URDGN�J��

�KDGN�«uI�Nd[�URDGN4N�I�P\PRIKJ
I�[:`ik�[���Dd]4Iq]4I6[�¾dH?I½�KDGN�I²,f?IKOQ`��
æxN�I�O]�KcuF4URJMU\[�URDGN��KDGN�I²,f?ICOQ`zIKJ�[
F4NhI�N�JMI�`sf4PRI�]4IqH4LMDQ{�I��[�URDGN�J6B]§|H4L�URJMIKJ#JMkKcdF�I�Nd[�URI�P\PRI�`iI�Nd[

[MDGF4[#OQF4[MDGF4L
];FlH�OQ[�URI�Nd[v¥tP¯¸oOQUR]4Iq]�¸ F4N�IqJMDGF4L^�KIyH?DGN\��[�F�I�P\PRIs]4IyLYO	¾uDGN�J:}~I�[x]�¸ F4N��COQH4[MI�F4LxH4P7OQN��
æ
N�Ixk�[YOQH?I
]4I:[ML�U)IKJ�[�N�k�KIKJMJYOQU\LMI#O�¬�N�]4IxZ�LMDGF4H?I�L&PRIKJ�H4LMDG{�I��[�URDGN�JEI�NÌº�DGN\��[�URDGN(]�I:P7OyH?D�JMU\[�URDGN(];F
��¾@��PRIsLMIKJ�H4U\LYOQ[MDGU\LMI4¥aP7OGcdF�I�P\PRItI�P\PRIKJP�KDGL�LMIKJ�H?DGN�]4I�Nd[	� ª ¸oOQP\ZbDGL�U\[��4`aI_]4Is[�L�U%JYIqf�OGJMI�J�F4L#F4NpJ�U\Z�N�OQP
LMIKJ�H4U\LYOQ[MDGU\LMIicdF4U$�KDGL�L*éePRIc�*��OGcuF�ItH4LMDQ{�I��[�URDGN�O	«uI��F4NpU\N�J�[YOQNd[v];FÃ�¾@��PRI<� ª ItJMU\Z�N�OQP%LMIKJ�H4U\LYOQ[MDGU\LMI
IKJ�[
DGf4[MI�NdFwZ�LY�]�KI_¥_F4N�LMk�H?k�LMIsI®;[MI�L�N�IÇ± [���I�L�`iDG`cé�[�LMIsH?D�J�U\[�URDGN4N�k_¥_P7OiJMDGL�[�URIq];FwN�I��-ñ B<Á ò�·� ª I
J�U\Z�N�OQP�LMIKJMH4U\LYOQ[MDGU\LMIyH?I�F4[¡²ó»�[�LMIvI®;[�LYOQU\[:];U\LMI��[MI�`iI�Nd[v¥�H�OQL�[�U\L:]4Iy]4DGN4N�kKIKJ:U\`aOQZbIKJ�ñ �	¼@� ¤ �<��Æ ¤ ÅßÆ òó�
S
F1¬�N�OQP¯¤bDGNiDGf4[�URI�Nd[&]4DGN\��F4NiI�N�JYI�`sf4PRI:]4IO�0H�OGcdF�I�[MJ¡¢�]4I:]4DGN4N�kKIKJ	�bS�H�OQL�[�U\L&]4I+�*��OGcdF�I�H�OGcuF�I�[	¤
F4N�IyU\`aOQZbI½¦+§P¨ ¼]§~IKJM[�LMI�KDGN�J�[�L�F4U\[MIÌñ ¼<Á òó�

ª IKJ%`ik�[���Dd]4IKJu�KDGN�«uI�Nd[�URDGN4N�I�P\PRIKJ�]�¸oO]�KcdF4URJ�U\[�URDGNi]�¸ F4N�I'U\`aOQZbIK¦+§P¨ Æl§�F4[�U\P\URJYI�Nd[XF4NiOQH4H�OQLMI�U\P
J^�COQN4N�I�L	� ª Isf4F�[6IKJ�[6]�¸oO	«uDGU\L6F4N�ItO]�KcdF4URJ�U\[�URDGNr¦+§P¨ �KDGLMk�PRkKI4¥aP7O�LMIKJ�H4U\LYOQ[�URDGN���£�I�N�]�OQNd[vcdF�IsPRI
H�OQ[�URI�Nd[qLMIKJ�H4U\LMI_N�DGLM`aOQP\I�`iI�NV[	¤DGN�O]�KcuF4UUé�LMIaJ�U\`sF4P\[YOQN�k�`iI�Nd[sPRIKJv]4DGN4N�kKIKJsI�[vPRIiJ�U\Z�N�OQPTLMIKJ�H4U\LYO�²
[MDGU\LMI<�5SxU\N�JMU¯¤(¥-�*��OGcdF�I_�KDGF4H?I_O�®VU7OQPRIsH?I�F4[¡²ó»�[�LMIiOGJMJMD���URkKIsF4NhU\N�J�[YOQNV[6];Fp��¾���PRIsLMIKJMH4U\LYOQ[MDGU\LMI<� ª I
J�U\Z�N�OQPTLMIKJMH4U\LYOQ[MDGU\LMIaIKJ�[vI�N4LMI�Z�URJM[�LMkiZ�LY�]�KIÌ¥^F4N�OQH4H�OQLMI�U\P&I®V[MI�L�N�I ¿�J�H4U\LMDG`cé�[�LYI�ñ �<µ ò&DGFÄ�COQ`ik�LYO
U\N@º�LYOQLMDGF4ZbIq`iIKJ�F4LYOQNd[xP7O_H?D�J�U\[�URDGNh]4Iy`aOQLMcdF�I�F4LMJxH?D�JMU\[�URDGN4N�kKJ
J�F4LxPRIy[���DGLYO�®Äñ �CB�m ¤ µl´ ¤ Á<µ òó�\æ
N�I
º9DGURJ�P¯¸oO]�KcdF4URJ�U\[�URDGN^[MI�L�`_U\N�kKI<¤VPRIKJW�KDGF4H?IKJ�O�®VU7OQPRIKJ'JMDGNd[&[�L�URkKIKJ'I�N-º�DGN\��[�URDGN^]4I
P7OvH?D�J�U\[�URDGN�];FÇ��¾@��PRI
¥pP7OGcuF�I�P\PRI�I�P\PRIKJÌ�KDGL�LMIKJ�H?DGN�]4I�Nd[�¿XH?DGF4LÌ�*��OGcdF�I�U\N�J�[YOQNd[Ì�KDGN�JMUR]4k�LMk<¤TF4N�I�U\`aOQZbI�¦+§P¨ ¼]§zIKJ�[
DGf4[MI�NdF�I<�

ª IXH4LMDG[MD��KDGPRI�]�¸oO]�KcuF�U\JMU\[�URDGNq]4IKJ"U\`aOQZbIKJ�¦+§P¨çÆl§ ñ Á<µ ¤ Å<¼ òbH4LMDGH?D�JMkTH�OQL"P¯¸�k�cdF4U\H?IT]4IXLMI�*��I�L^�*��I
I�N�H���¾;J�URcdF�I:`ikK];UU�COQPRI#];F(]4k�H�OQL�[MI�`iI�Nd[�DGN\�KDGPRDGZ�URI6]4I:P¯¸ ��DGH4U\[YOQP�¨hOGJMJjO]�*�dF�JMI�[�[MJ'�yI�N�I�LYOQP?�#D�J�H4U�²

²&B�m�²
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Unite Hounsfield (HU)

ABC1 - Acquisition à -0.2l
ABC2 - Acquisition à +0.2l
ABC3 - Acquisition à 75%

Libre - Acquisition respiration libre
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�EA �R�&�<���	¼c���xURJ�[YDGZ�LYOQ`_`iIt]4IKJy]4I�N�J�U\[MkKJy�#DGF4N�J¡¬�I�PR]p]4IKJycuF�OQ[�LMI_O]�KcdF4URJ�U\[�URDGN�Jc±9S
WKèv�<¤5S
WKè'B@¤
S
WKèR¼@¤ ª U\f4LMI�·i]�¸ F4N�H�OQ[�URI�Nd[ ¥ [�LMDGURJaN4U�«uICOQF@®�]4Ilf4PRD��COQZbIh];U�°5I�LMI�Nd[MJp±j²nm@�oB P¯¤W³6m@�oB P
I�[ ´]µl¶
]4IsP7O-�COQH�O]��U\[Mk_«VU\[YOQPRI�·xI�[6I�NhLMIKJ�H4U\LYOQ[�URDGNpP\U\f4LMI<� ª ¸oOQZ�LYOQN�];URJYJMI�`iI�Nd[vIKJ�[fº9OQU\[6J�F4L#PRIKJ#LMI�Z�URDGN�J6]4IKJ
�4URJ�[MDGZ�LYOQ`_`iIKJ��KDGL�LMIKJ�H?DGN�]�OQNd[qOQF@®�H?DGF4`iDGN�J	�� 
NhLMI�`aOQLMcuF�I�PRIKJ#];U�°�k�LMI�N\�KIKJ6]4IKJ6];URJ�[�L�U\f4F4[�URDGN�J
]4IKJXU\Nd[MI�N�JMU\[MkKJTH4F4P\`iDGN�OQU\LMIKJ&I�Nd[�LMI:PRIKJTcdF�OQ[�LMI�U\`aOQZbIKJ&];F�IKJ�OQF@®i];U�°5k�LMI�Nd[MIKJ&cuF�OQNd[�U\[MkKJ&]�¸oOQU\L�]�OQN�J
PRIKJ�H?DGF4`iDGN�J	�

[YOQP.±�¨p�6��·¤bW'D�J�[MDGN�¤næ��tIKJ�[�F4N�I:`ik�[���Dd]4If�KDGN�«uI�Nd[�URDGN4N�I�P\PRI<¤dF4[�U\P\URJYOQNd[�F4N(OQH4H�OQLMI�U\P?J^�COQN4N�I�L�� ä
ª U\Z<�d[g�dH?IKIK]��
}
	 UY�KDGF4H4PRkf¥6P¯¸oOQH4H�OQLMI�U\P��s£e¨ ±9OQf4LMk�«VU7OQ[�URDGN�];Fa[MI�L�`iI
OQN4Z�P7OQU\Jf¿�xICOQP�²ó¦'U\`iIs£%D�J�U�²
[�URDGNÌ¨hOQN�OQZbI�`iI�Nd[g·$º9OQf4L�URcdF�k�H�OQLTP:¸�I�Nd[MLMI�H4L�URJMI���OQL�U7OQNÌ¨hIK];UU�COQP(��¾;J�[MI�`iJ	�nèEI�[&OQH4H�OQLMI�U\P"�KDG`_H?D�JMk
]�¸ F4N ��F4f?I#LYOG];URDß²,[�LjOQN�J�H�OQLMI�Nd[xkKcdF4U\H?k6]4IyBsLMk���I�e[YIeF�LMJ:IKJ�[EH4P7O]�KkyJ�F4L'PRI
[���DGLYO�®^];F^H�OQ[�URI�Nd[�± f�OGJ
];FlJM[MI�L�NdF4`-·�"èEIKJ:LMk���I��[MI�F4LMJxLMI�N�«bDGURI�Nd[xP7OtP\F4`_UUéeLYIv]�¸ F4NlU\P\P\F4`_U\N�OQ[MI�F4L
U\N@º�LYOQLMDGF4ZbIqJ�F4L�F4N�I½�CO�²
`ik�LYO½è+èW§ LMI�P\URkKIs¥#F4NiDGLM];U\N�OQ[MI�F4L	� ª I:J�¾VJM[^é�`iIEH?I�L�`iI�[�]�¸oO]�KcdF�k�L�U\LTP7O#H?D�J�U\[�URDGNi]4I'P7OyJ�F4L¡º9O]�KI�]4I
P¯¸oOQf?]4DG`iI�NhOQF��KDGF4LMJx]4I6P7O�LMIKJMH4U\LYOQ[�URDGN�� ä N º9DGN\��[�URDGN�]4I6P¯¸oOQ`_H4P\U\[�F�]4Iq]4F�`iDGF�«uI�`iI�Nd[:`iIKJ�F4LMkKI<¤
DGN�OGJYJMD���URItF4N�I_H���OGJYI_LMIKJ�H4U\LYOQ[MDGU\LMI-¥z�*��OGcdF�I_U\N�J�[YOQNd[q]4FÃ��¾@��PRI_LMIKJ�H4U\LYOQ[MDGU\LMI<� ª IKJvH���OGJMIKJqJMDGNd[
I®VH4L�U\`ikKIKJ�I�N^H?DGF4L^�KI�Nd[YOQZbI<��SxU\N�JMU¯¤dP7OqH���OGJMI6]4I6ml¶ç�KDGL�LMIKJ�H?DGN�]�¥sPRO�¬�N�]�¸ U\N�J�H4U\LYOQ[�URDGN�N�DGL�`aOQPRI
I�['P7OsH���OGJMIy]4I�µ�ml¶ ¥sP7O�¬�Nl]4I#P¯¸�I®;H4U\LYOQ[�URDGN�N�DGL�`aOQPRI<� ª IyJ^�COQN4N�I�L'H?I�L�`iI�[:H4P\F�J�URI�F4LMJ'`iDd]4IKJ:]4I
º�DGN\��[�URDGN4N�I�`iI�Nd[��q§yOQN�JqP\IÌ�COG];LMIa]4IÌ�KIiH4LMDG[MD��KDGPRI-¦+§v¨ Æl§1¤"PRIiJ^�COQN4N�I�L�º�DGN\��[�URDGN4N�I�I�N `iDd]4I
O�®VU7OQP+��U\N�k<�%S �*��OGcdF�I(H?D�J�U\[�URDGN ]4I(P7Ow[YOQf4PRI^DGNgO]�KcdF4URI�L�[ �Cm�²*�	µpI�N�JMI�`sf4PRIKJ_]4I^cdF�OQ[�LMIz�KDGF4H?IKJ
J^�COQN4N�I�L1±�«uDGU\Ls¬�Z�F4LMI �<����Æ ·�?SxFw[MDG[YOQP�DGN O]��cdF4URI�L�[1�Cm�m�m�²*�	µ�m�m-�KDGF4H?IKJ�� ª Iq[MI�`_H�J#]�¸oO]�KcdF4URJ�U\[�URDGN
]�¸ F4N(I�N�JMI�`sf4PRI
]4I
cuF�OQ[�LMIf�KDGF4H?IKJEIKJM[&]4I
m@�dÁqJ	��èO��OGcdF�If�KDGF4H?I
J^�COQN4N�I�L'OvF4N�IxLMkKJMDGP\F4[�URDGN^O�®;U7OQPRI
]4I�B@�dµ#`_`��n 
N_N�¸oO]�KcdF4URI�L�[TH�OGJX]�¸ U\`aOQZbIKJTH?I�N�]�OQNd[TPRI']4k�H4P7O]�KI�`iI�Nd[&]4I'P7O
[YOQf4PRI�]�¸ F4N�I'H?D�J�U\[�URDGNÌ¥
P¯¸oOQF4[�LMI<�\èO��OGcdF�IP�KDGF4H?IyO�®VU7OQPRI6IKJ�[�OGJMJYD���URk�I�¥qF4N^U\N�J�[YOQNd[�];Fz��¾@��PRI
LMIKJ�H�U LjOQ[MDGU\LMI#Z�LY�]�KIyOQF�J�U\Z�N�OQP
�s£e¨��.£�DGF4LtF4N U\N�J�[YOQNd[tLMIKJ�H4U\LYOQ[MDGU\LMI<¤%F4N�I�U\`aOQZbI ¦+§v¨ ¼]§ IKJ�[1�KDGN�J�[�L�F4U\[MIlOQH4L^éKJ�F4N [�L�U']4IKJ
�KDGF4H?IKJ&J^�COQN4N�I�L'O]�KcuF4URJYIKJ	�l§yOQN�J�PRIs�COGJ�D���]4IKJO�KDGF4H?IKJ&`aOQN�cuF�I�Nd[&H?DGF4L&LMI�KDGN�J�[�L�F4U\LMIxF4NÌ«uDGP\F4`iI
¼]§ �KDG`_H4PRI�[	¤�P¯¸oOQP\ZbDGL�U\[��4`iI�]4Iy[�L�U"H?I�L�`iI�[#]�¸oO	«bDGU\LxF4N�I��KI�L�[YOQU\N�Iv[MDGPRk�LYOQN\�KIqH4P\F�JxDGF�`iDGU\N�JxP7OQL�ZbI
H?DGF4Ls�*��DGURJ�U\L:PRIKJK�KDGF4H?IKJ:PRIKJ:H4P\F�J�H4LMD��*��IKJ
]4I6P7OtH���OGJMIvJMDGF���OQU\[MkKI<�

ª DGLMJ�];Fg[�LYOQU\[MI�`iI�Nd[	¤�P¯¸ U\L�LYOG];U7OQ[�URDGN�N�¸oOQF4LYO P\URI�F�cdF�I�H?I�N�]�OQNd[aF4NgU\N�J�[YOQNV[a];FÀ��¾@��PRI�LMIKJ�H4U�²
LYOQ[MDGU\LMI<¤�]4DGN\�(I�N H4F4PRJMIKJ�JMF\��KI�JYJ�U�º�J�]�¸ U\L�LYOG];U7OQ[�URDGN ± ZuOQ[�U\N4Z�·�%S�«uI�Ì�KI�H4LMD��KkK]4k<¤%DGN�N�I(J�F4U\[sH�OGJ
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�'A �R�v�<����ÆÃ�Â���*��k�`aO�]�¸oO]�KcuF4URJMU [MU\DGN ]�¸ F4N�I�U\`aOQZbI�¦K§v¨ Æl§ �KDG`_H?D�JMkKIh]4IÄ�Cm U\`aOQZbIKJÇ¦+§v¨
¼]§ �KDGF�«dLYOQNd[#PRI���¾@��PRIqLMIKJ�H4U\LYOQ[MDGU\LMIsN�DGL�`aOQP¯�?S �*��OGcuF�IsH?D�J�U\[�URDGNh]4IqP7Oi[YOQf4PRIsDGNpO]�KcdF4UUé�LMIsI�Nd[�LMI
�Cm�²*�	µlIeN�JMI�`sf4PRIKJq]4IicuF�OQ[�LMIc�KDGF4H?IKJsJ^�COQN4N�I�L	�qèO��OGcdF�IiI�N�JMI�`sf4PRIaIKJ�[qOGJMJYDn��URkÌ¥^F4N U\N�J�[YOQNV[q];F
��¾@��PRIyLMIKJ�H4U\LYOQ[MDGU\LMIqZ�LY�]�KIsOQFwJ�U\Z�N�OQP"LYI�JMH4U\LYOQ[MDGU\LMI��COQH4[YkvH�OQL:P¯¸oOQH4H�OQLMI�U\P �f£e¨©��S �*��OGcuF�IvU\N�J�[YOQNd[
H4LMkK]4k¬�N4UT];Fr��¾@��PRI�LMIKJ�H4U\LYOQ[MDGU\LMI<¤5F4N�I�U\`aOQZbI1¦+§P¨ ¼]§ IKJ�[P�KDGN�JM[�L�F4U\[MI_OQH4L*é�JyPRIs[�L�UX]4IKJ��KDGF4H?IKJ
J^�COQN4N�I�L	� ª ¸�I�N�JMI�`sf4PRIq]4IKJ:U\`aOQZbIKJs¦+§P¨ ¼]§ ]4DGN4N�IyP¯¸ U\`aOQZbI�¦+§P¨ Æl§1�

];U\LMI��[MI�`iI�Nd[EP7O6[�F4`iI�F4L&`aOQURJ&DGN�OGJMJMU\`_U\PRI�PRIKJEOQ`_H4P\U\[�F�]4IKJ&[���DGLYO]��URcuF�IKJ'OQF@®_`iDGF�«bI�`iI�Nd[MJ&[�F4`iDß²
LYOQF@®�� ª ¸ U\N\�KDGN�«uk�N4URI�Nd[q`aO {�I�F4Lq]4I4�KI�[�[MI_[MI�*�4N4URcuF�IiIKJ�[vcdF�I�P7O(LMI�P7OQ[�URDGN P\U7OQNd[vP7O(H?D�J�U\[�URDGN�]4ItP7O
[�F4`iI�F4Lv¥�P¯¸oOQ`_H4P\U\[�F�]4Is]4k�[MI��[MkKIvN�¸�IKJ�[�H�OGJ+º�DGL^�Kk�`iI�Nd[xP\U\N�kCOQU\LMI<�

ØBX Ù X Û XZY [&\"à.à^]�ã`_
§6OQN�J'PRIv�COG];LMIy]4Iv�KI#H4LMDG[MD��KDGPRI���P\U\N4URcdF�I<¤VN�DGF�J�];URJ�H?D�JMDGN�J�]4IKJ'U\`aOQZbI�JK¦+§P¨ Æl§ �KDG`_H?D�JMkKIKJ

]4Iy];U�®(U\`aOQZbIKJs¦+§P¨ ¼]§~]4Iy];U�®(U\N�J�[YOQNd[MJ:];U�°�k�LMI�Nd[MJ:];F���¾@��PRI6LMIKJ�H4U\LYOQ[MDGU\LMIyN�DGLM`aOQP:�YæxN�I6U\`aOQZbI
¦+§P¨ ¼]§ �KDGL�LMIKJ�H?DGN�] ¥ P7O©¬�N ]�¸ U\N�J�H4U\LYOQ[�URDGN N�DGL�`aOQPRI<¤�F4N�I OQF4[�LMIÄ¥ P7O©¬�N ]4IpP¯¸�I®VH4U\LYOQ[�URDGN
N�DGL�`aOQPRI<� ä Nd[�LMI4�KIKJ6]4I�F@®wH���OGJMIKJ6DGN O�cdF�OQ[�LMIsU\`aOQZbIKJ�¦+§P¨ ¼]§ H?DGF4L6P¯¸�I®VH4U\LYOQ[�URDGN I�[ycuF�OQ[�LMI
U\`aOQZbIKJu¦+§P¨ ¼]§ H?DGF4L�P¯¸ U\N�J�H4U\LYOQ[�URDGN�� ª O6LYk�JYDGP\F4[�URDGNa]4IKJTU\`aOQZbIKJu¦+§P¨ ¼]§ IKJ�[�]4IKµ@�CB�®\µ@�CB�®�±:Á�m�²
�	¼�ml·�O	«uI�6F4N�Iy[YOQU\P\PRIv]4I�«uD	®;I�P"]4Iqm@�dÅl´<´�®�m@� Ål´<´�®�B@�dµ�`_`1al�

bdcfe gihdjlknmporq�sphdj

§6OQN�J_�KI-�*��OQH4U\[�LMI<¤N�DGF�JtO	«uDGN�JsU\Nd[�LMDd];F4U\[t]4IKJsN�DG[�URDGN�J�]4Ia[MI�L�`_U\N�DGPRDGZ�URI^I�[�]4IaH4LMD��KkK];F4LMIKJ
J�H?k��U�¬�cdF�IKJqOQF [�LYOQU\[MI�`iI�Nd[vH�OQLvLYOG];URDG[���k�LYOQH4URIa];FÄ�KOQNY��I�Ls];F H?DGF4`iDGN���¹#DGF�JqO	«bDGN�JvI®;H?D�JMktP7O
H4LMDGf4PRk�`aOQ[�URcdF�Iq];Fl`iDGF�«uI�`iI�Nd[xI�NlLYOG];URDG[���k�LYOQH4URIl�

¹
DGF�J�O	«bDGN�J%H4LMIKJMI�Nd[Yk'PRIKJT]4I�F@®tH4LMDG[MD��KDGPRIKJ�];F-èEI�Nd[�LYI ª kKDGNaWEk�LYOQLM]_F4[�U\P\URJYOQNd[TP¯¸�S#WKè��KDG`_`iI
OQH4H�OQLMI�U\PE]�¸oOGJMJMI�L�«VURJMJMI�`iI�Nd[vLYI�JMH4U\LYOQ[MDGU\LMI�OQF�JYJ�U�cuF�I_PRIiH4LMDG[MD��KDGPRIÌ��P\U\N4URcdF�IÌ¦+§P¨ Æl§ ]4IiP¯¸ ��DGH4U�²
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[YOQP&¨ �6�_¤?W'D�J�[MDGN�¤�æ��VS���èEIKJyH4LMDG[MD��KDGPRI�JqJMI�L�«uI�Nd[½¥^]4IKJyk�[�F�]4IKJ½��P\U\N4URcdF�IKJ	��¹
DGF�J6F4[�U\P\URJYDGN�J6PRIKJ
]4DGN4N�kKIKJ_U\`aOQZbIKJ_URJMJMF�IKJt]4I �KIKJ_H4LMDG[MD��KDGPRI�JÌ��P\U\N4URcdF�IKJ_H?DGF4Li]4IKJik�[�F�]4IKJ_H4P\F�JtH�LMD�J�H?I��[�U�«bIKJ	� ª I
�*��OQH4U\[�LMI ¼ H�OQZbI µßÆ H4LMkKJMI�Nd[MIaN�DG[�LMI�ke[MF�]4IaJ�F�LvP7O�LMI�H4LMDd];F\��[�U\f4URP\U\[Mk(];F�f4PRD��COQZbI�LMIKJ�H4U\LYOQ[MDGU\LMIÇ¥
H�OQL�[�U\L�]4IKJq[�LMDGURJ�O]�KcdF4URJ�U\[�URDGN�J_¦+§P¨ ]4IKJqH�OQ[�URI�Nd[MJ�I�N�F4[�U\P\URJYOQNd[sF4N�Ia`ik�[���Dd]4I�]4IiLMI�COQP7OQZbI(]4I²
º�DGL�`aOQf4PRIq]�¸ U\`aOQZbIKJ�� ª IKJ
]4DGN4N�kKIKJf¦+§P¨êÆl§~N�DGF�J
DGNd[:H?I�L�`_URJ
]4I�º9OQU\LMIvF4N�IyH4LMI�`_UUé�LMIsk�[�F�]4Iq]4I
`iDGF�«bI�`iI�Nd['OQFÌ�KDGF4LMJ�]4I�P7O6LMIKJMH4U\LYOQ[�URDGNaP\U\f4LMI�±�«bDGU\Lu�*��OQH4U\[�LMI µ H�OQZbI ÁßÆ ·�n§yOQN�JTPRIK�COG];LMIx];FiH4LMDß²
[MD��KDGPRIf��P\U\N4URcdF�IK�¡ 
H4[�U\`1¢*¤dN�DG[�LMI#DGf;{�I��[�U�ºIKJ�[E]�¸�ke[MF�];URI�LEPRIKJE]4kº�DGL�`aOQ[�URDGN�J']�I�J&[�URJMJMF�JEOQFÇ�KDGF4LMJE]4I
P7OiLMIKJ�H4U\LYOQ[�URDGN��?P¯¸ U\N@º9DGL�`aOQ[�URDGN ]4Iq`iDGF�«uI�`iI�Nd[yI®V[�LYOQU\[MIsH?DGF4LMLYO-»�[�LMIsF4[�U\P\URJMkKIsH�OQL#P7OaJ�F4U\[MIsH?DGF4L
F4N�I(`iDd]4k�P\URJYOQ[�URDGN�]�ke[jOQU P\PRkKIl];F H?DGF4`iDGN�¤X];Fg]4k�H4P7O]�KI�`iI�Nd[aI�[i]4kº�DGL�`aOQ[�URDGN�]4I(P7Oh[�F4`iI�F4LiI�[
]�OQN�J:]4IKJxk�[�F�]4IKJx]4Iy]4D�JMU\`ik�[�L�URIv]@¾VN�OQ`_URcdF�I<�\æxNlH4LMI�`_URIeLx`iDd]�é�PRIq]4IyJMU\`sF4P7OQ[�URDGN�]�¸oO]�KcdF4URJ�U\[�URDGN
Æl§ IKJ�[
H4LMDGH?D�JYk�]�OQN�J#PRI��*��OQH4U\[�LMI � H�OQZbI Å�� � ª ¸�DGf;{�I��[�U�ºR¥aPRDGN4Z([MI�L�`iI�IKJ�[6]4IqH?DGF�«uDGU\Lfº9DGF4L�N4U\L
F4N�Is`iDd]4k�P\URJjOQ[�URDGN ]4k�[YOQU\P\PRkKI�± H?I�L�`iI�[�[YOQNd[yPRItJ�F4U�«dU%]4I�P7Oa[�F4`iI�F4LvI�[#P¯¸ U\L�LYOG];U7OQ[�URDGN�J�¾VN\�*�4LMDGN4URJMkKI
O	«bI��P7OwLMIKJ�H4U\LYOQ[�URDGN"·�];F H?DGF4`iDGNgO�¬�N ]�¸�DGH4[�U\`_URJMI�LiI�[t]�¸ U\N�];U�«VUR];F�OQP\URJMI�L_PRI�[�LYOQU\[MI�`iI�Nd[c��F4LYOQ[�U�º
H�OQL:LYOG];URDG[���k�LYOQH4URIq]4F��COQN\�KI�L
];F�H?DGF4`iDGN�� ª O�¬�Z�F4LMI �<���	µ U\P\P\F�J�[�LMI½�KI�[xDGf;{�I���[�U�º��
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687:9 ;,<8=?>A@�BDCFEG=IHJ@K< 7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 6ON
687P6 QSR�E�T�UJT�VKR�BFW�XY@Z>A[$T�\FU:R 7M7L7M7L7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 6ON

]�^ ]�^`_ acb�dfehg�i`dkjldnmhi`o
iqpqr�ehi`sht)^u^k^u^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ ]Gv
]�^ ]�^ ] acb�dfehg�i`dkjldkewt?g�xZpqr�ehiymhrAswi`z�b ^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ ]G{
]�^ ]�^ | }~r�ewr�o
t,shewiymhrGshiqz�b!j8� x�b����ZrGo
��jldnjlt?�Pz�eho�rGshiqz�b#^u^k^u^k^u^k^u^k^u^k^u^ ]G�
]�^ ]�^ � }cewzl�,tIjlx�ewdfm�j8� z���shiqo
iqmwrAswi`z�b�^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ ]G�

687y� ��@�BF��U:R�[$W�E�T�<FHJ�8CFR�BDR��
[$H:U�HJR�C���E�@K<�=IHJ<8CF�$7M7L7M7L7L7M7L7L7M7L7M7L7L7 ��9
687q� ��UJCD��@O�D=IHJ�8CFR�R�=
BFW�[$@K<D�n7L7M7L7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 �K�

]�^ �O^`_ �Fp`x��!z��lswiq��x�d�^u^k^u^k^u^k^u^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ |�|
]�^ �O^ ] ��dImc�h�'t?o
z�bZm¡ ¢^u^k^u^k^u^k^u^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ |G�

687P£ ¤kT�UJH:BDT�=fHJ@K<¥BFR��
BDW�XY@O>¦[�Tl=fHJ@K<F�§7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 ��£
687yN QSR�E�T�UJT�VKR�BFW�XY@Z>A[$T�\FU:R�¨©B0ªqHJ[$T�VKR��MBFR�=f«F@Z>ATl�D¬7M7L7L7M7L7L7M7L7M7L7L7 �KN

]�^ vZ^`_ a5swxZjldfm®^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ |�v
687P¯ ;,[°�~UJW�[°R�<8=fTl=fH:@O< 7M7L7L7M7L7M7L7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 �K±

]�^³²l^`_ ´¡b�swehz�jlxZ�µswi`z�b ^u^k^u^k^u^k^u^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ |�{
]�^³²l^ ] }cewt,swewr�i¶swd?o
d?b�swm�j�dfm�iqo�rGg�dfm�^k^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ |��
]�^³²l^ | ·l����t?o�r�m j8� iqo
��pqt?o
d?b�swrAswiqz�b ^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ ��|
]�^³²l^ � ¸¹rGpy�,xZp�jldfm�iqo
r�g�dfm�jlt,º�z�eho
tfdfm¹^u^k^u^k^u^u^k^u^k^u^k^u^k^u^k^u^k^u^k^u^ »l_

687y± ¼M@O<FE�U:CD�IH:@O< 7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7L7M7L7M7L7L7M7L7L7M7L7M7L7L7 £K6
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§#I�N�DG`sf4LMI�F�JMIKJ_OQH�H4P\U��COQ[�URDGN�JiI�N�U\`aOQZbI�L�URI(`ikK];UU�COQPRI^DGNd[�f?IKJMDGU\N ]4IÇ�COQPU��F4PRI�L_]4IKJsLMIKJYJMI�`1²
f4P7OQN\�KIKJ(I�Nd[�LMIw]4IKJ�U\`aOQZbIKJ�H4LMD�«bI�N�OQNd[^]4Il`iDd]�OQP\U\[MkKJ^]�¸oO]�KcuF4URJ�U\[�URDGN ];U�°�k�LMI�Nd[MIKJp±�¦+§��©¤�� ���©¤
LYOG];URDGZ�LYOQH��4URIKJ�NdF4`ik�L�URcuF�IKJ·���EI�L�[YOQU\N�IKJ^[MI�*�4N4URcuF�IKJ �KDG`_`iI�N\�KI�Nd[^H�OQL^JMI�Z�`iI�Nd[MI�L^PRIKJ�U\`aOQZbIKJ
I�[6LYOQ`cé�N�I�Nd[vPRI�H4LMDGf4PUé�`iIc¥�F4N�I�`_URJMItI�Nr�KDGL�LMIKJ�H?DGN�]�OQN\�KIa]4I1�COQLYO]��[Mk�L�URJ�[�URcuF�IKJvZbkKDG`ik�[�L�URcuF�IKJ	�
�EI�H?I�N�]�OQNd[	¤"P¯¸�k�[YOQH?I_]4I_JMI�Z�`iI�Nd[YOQ[�URDGN�N�¸�IKJ�[yH�OGJ6[MDGFG{�DGF4LMJyLMkCOQP\URJYOQf4PRIiI�[yIKJM[yJMDGF4L^�KI_]�¸ U\`_H4LMk��U�²
J�URDGN�J���§1¸oOQF4[�LMIKJs[MI�*�4N4URcdF�IKJsH4LMD��éK]4I�Nd[tJYOQN�JsJMI�Z�`iI�Nd[YOQ[�URDGN I�[��*��I�L^�*��I�Nd[�F4N�Ii[�LYOQN�J�º�DGL�`aOQ[�URDGN
L�U\Z�UR]4I�]4I(P¯¸ F4N�I^]4IKJtU\`aOQZbIKJ�± [�LYOQN�JMP7OQ[�URDGN�JiI�[�LMDG[YOQ[�URDGN�J·qH?I�L�`iI�[�[YOQNV[i]4I(`aO�®;U\`_URJMI�LtF4N�I(`iI²
J�F4LMI^]4I(JMU\`_U\P7OQL�U\[Mk^J�[YOQ[�URJM[�URcuF�Ir± U\N@º�DGL�`aOQ[�URDGNg`sF4[�F�I�P\PRI<¤%LYOQH4H?DGL�[_]4Iz�KDGL�LMk�P7OQ[�URDGN"·_O	«bI�(P¯¸oOQF4[�LMI
U\`aOQZbI<���
DGF�J&N�DGF�J&H4LMDGH?D�JMDGN�JE]�¸�k�[�F�];URI�L']�OQN�JO�KI�[�[MI
[��\éKJMIxF4NÇ�COG];LMIxH4P\F�J&Zbk�N�k�LYOQP?U\Nd[Mk�Z�LYOQNd[']4IKJ
[�LYOQN�J¡º9DGL�`aOQ[�URDGN�Jak�P7OGJ�[�URcdF�IKJ�± N�DGN@²,L�U\Z�UR]4IKJg·tH?I�L�`iI�[�[YOQNd[a]4I^H4LMI�N�];LMIlI�N��KDG`_H4[MIl]4IKJ_]4kº9DGL�`aO�²
[�URDGN�J�U\L�LMk�Z�F4P\UUé�LMIKJxI�Nd[�LYI6PRIKJ'U\`aOQZbIKJ	���EI��COG];LMI6`iI�[:I�Nt{�I�F�]4IKJ�[MI�*�4N4URcuF�IKJx]�¸oOQN�OQP�¾VJMIv]�¸ U\`aOQZbI�J�¤
]4Iy[�LYOQN�J¡º9DGL�`aOQ[�URDGN�J:ZbkKDG`ik�[�L�URcdF�IKJ	¤�]4Iy`iIKJ�F4LMIKJxJ�[YOQ[�URJ�[�URcdF�IKJ:I�[x]�¸�DGH4[�U\`_URJYOQ[�URDGN�º9DGN\��[�URDGN4N�I�P\PRI<�

 c� �! �k�"dm�"$#% &�('*) h��,+-"�.Mm� 

ª IxLMI�COQP7OQZbI#IKJM[�F4N�H4LYDn�KIKJYJ�F�J&U\`_H?DGL�[YOQNd[�]�OQN�J&PRIx[�LYOQU\[MI�`iI�Nd[�]�¸ U\`aOQZbIKJEF4[�U\P\URJMkxH?DGF4LE`iI�[�[�LMI
I�N �KDGL�LMIKJ�H?DGN�]�OQN\�KI ]4I�F@® DGF H4P\F�J�URI�F4LMJ(U\`aOQZbIKJ^H4L�URJMIKJ ¥�]4IKJ�U\N�J�[YOQNd[YJ^];U�°5k�LMI�Nd[MJ	�Ræ
N�Z�LYOQN�]
N�DG`sf4LMIa]4I_[MI�*�4N4URcuF�IKJ�O^k�[Mki]4k�«bI�PRDGH4H?k�OQFÄ�KDGF4LMJq];F [MI�`_H�JqI�Nrº9DGN\��[�URDGN�]4IKJq]4DGN4N�kKIKJqcdF�¸�DGN
O	«�OQU\[v¥iLMI�H4LMkKJMI�Nd[MI�L6I�[
I�N º9DGN\��[�URDGNh]4IKJxH4LMDGf4PUé�`iIKJyOQH4H�OQL�F�J	�,�EIKJx[MI�*�4N4URcdF�IKJ#DGNd[#k�[Mksk�[�F�];URkKIKJ
U\N�]4k�H?I�N�]�OQ`_`aI�Nd[�H?DGF4L�]4IKJ�OQH4H4P\UU�COQ[�URDGN�J&];U�°5k�LMI�Nd[MIKJ	¤l�KI�cdF4U�O#]4DGN4N�k�N�OQURJMJjOQN\�KIK¥#F4N_[�L^éKJXP7OQL�ZbI
]4DG`aOQU\N�Ix]4I�LMI�*��I�L^�*��I<�n§yOQN�JTP¯¸ U\`aOQZbI�L�URI:`ikK];UU�COQPRI:`sF4P\[�U\H4PRIxk�[�F�]4IKJv±�«bDGU\LTH�OQL�I®4I�`_H4PRI�PRIKJ�ke[jOQ[MJ
]4IEP¯¸oOQL�[Kñ ´�� ¤ �<¼ ò�·�JYIW�KDGN\�KI�Nd[�LMI�Nd[�J�F4L%PRIKJTOQP\ZbDGL�U\[��4`iIKJT]4IELMI�COQP7OQZbI:]4kº�DGL�`aOQf4PRI:O�¬�Ni]�¸�IKJ�[�U\`iI�LXPRIKJ
]4kº9DGL�`aOQ[�URDGN�J
]4IKJ:DGL�ZuOQN�IKJ	¤�P:¸�k�«uDGP\F4[�URDGNw]4IKJ�PRkKJMU\DGN�J:DGF�]4IKJ�[�LYOQU\[MI�`iI�Nd[MJ#OQF@® �KDGF4LMJx];Fl[MI�`_H�J	�

ä [YOQNd[q]4DGN4N�kKIKJs]4I�F@®pU\`aOQZbIKJ
I

I�[
J
±
I,J :Ω⊂Zn→R, n∈{2, 3} ·
PRItLMI�COQP7OQZbIa]4kº9DGL�`aOQf4PRI

H?I�F4[¡²ó»�[�LMIvº9DGL�`sF4PRkP�KDG`_`iI6k�[YOQNd['PRI#H4LMD��KIKJMJ�F�JEH?I�L�`iI�[�[YOQNd[x]4Iv�COQPU��F4PRI�L�F4NÇ«uI��[MI�F4L�]4I#]4k�H4P7O]�KI²
`iI�Nd[

U(x) ∈ Rn
H?DGF4LR�*��OGcdF�IxH?DGU\Nd[

x
]4I
P¯¸ U\`aOQZbI

I
�dS �*��OGcdF�IxH?DGU\Nd[

x
±
x ∈ Zn

·¤dDGL�U\Z�U\N�I6];F
«uI��[MI�F4L	¤�]4I6P¯¸ U\`aOQZbIvLMkº�k�LMI�N\�KI

I
¤;PRI�«bI��[MI�F4Lx]4Iy]4k�H4P7O]�KI�`iI�Nd[v�COQPU��F4PRkyH�OQL:LMI�COQP7OQZbIq]4kº�DGL�`aOQf4PRI

OGJMJYD��eURI6F4N^H?DGU\Nd[
x′ ± x′ ∈ Rn

·¤;I®V[�LMk�`_U\[Mky];F «bI��[MI�F4L	¤4]�OQN�J'P¯¸ U\`aOQZbIyDGf4{�I�[
J
¤
x′ = x+U(x)

�
ª ¸�I�N�JYI�`sf4PRIx]4IKJe«uI��[MI�F4LMJ�]4I:]4k�H4P7O]�KI�`iI�Nd[Oº�DGL�`iI�Nd[�PRIK�*��OQ`_H�]4I:]4kº9DGL�`aOQ[�URDGN

U
±�DGF-�*��OQ`_H�]4I

]4k�H4P7O]�KI�`iI�Nd[g·�� ª IR�*��OQ`_Hi]4IE]4kº9DGL�`aOQ[�URDGNiDGH4[�U\`aOQP
Ũ

IKJ�[%DGf4[MI�NdFaOQH4L^éKJ%F4N�H4LMD��KIKJMJMF�J%]�¸�DGH4[�U\`_U�²
JYOQ[�URDGNp± PRI:H4P\F�JEJMDGF�«bI�Nd[&U\P)J	¸oOQZ�U\[&]�¸ F4N�Ix`_U\N4U\`_URJjOQ[�URDGN"·�]�¸ F4NÇ��L�U\[^é�LMIxZ�PRDGf�OQP

E
�KDG`_H?D�JMk
]4Ix]4I�F@®

H�OQL�[�URIKJvOQH4H?I�PRkKIKJy]�OQN�J#P7OaP\U\[�[Mk�LYOQ[�F4LMI_k�N�I�L�Z�URIKJ4¿)F4N�I�k�N�I�L�Z�URI�U\Nd[MI�L�N�I<¤�]�¸oOQ[�[YO]�*��I_OQF@®h]4DGN4N�kKIKJ	¤
E1

I�[:F4N�Iqk�N�I�L�Z�URIqI®;[MI�L�N�IyU\`_H?D�JjOQNd[
]4IKJs�KDGNd[�LYOQU\Nd[MIKJ#J�F4L:PRI½�*��OQ`_H
E2
� ª IKJ
kKcuF�OQ[�URDGN�J B@��� I�[

B@�oB LMkKJ�F4`iI�Nd[+�KI�[�[MIfº9DGL�`sF4P7OQ[�URDGN�Zbk�N�k�L�URcuF�I<¤
β
±
0 ≤ β ≤ 1 ·�k�[YOQNd['PRIv�KDdIëÌ��URI�Nd[:H?I�L�`iI�[�[YOQNd[:]4I

LMk�Z�PRI�L:PRI½�KDG`_H4LMDG`_URJ
I�Nd[�LMIyPRIKJx]4I�F@®�k�N�I�L�Z�URIKJ	�

Ũ = arg min
U
(E(U))

±9B@����·

O	«bI�
E(U) = (1− β)E1(U) + βE2(U)

±9B@�oBl·

/$É0/$ÉóÈ 14×eÑ\Ë3204¯Ñ54eÑ�Ö�4©/14óÐ¡2�ËZ4:Î76
ª ¸�k�N�I�L�Z�URI

E1
OQH4H?I�PRkKI(k�N�I�L�Z�URI^]4I�JMU\`_U\P7OQL�U\[Mk(IKJ�[sF4N�I�`iIKJ�F4LMI(cdF4UEcuF�OQNV[�U�¬�I�P7O�cdF�OQP\U\[Mk(]4I

`_URJMI:I�Nc�KDGL�LMIKJ�H?DGN�]�OQN\�KI
]4IKJXU\`aOQZbIKJ	� ä P\PRI�H?I�F4[TH4LMI�N�];LMI:P\I:JMI�N�JT]�¸ F4N�I�`iIKJ�F4LMI:]4I�J�U\`_U\P7OQL�U\[MkxDGF
]4I6];URJYJ�U\`_U\P7OQL�U\[Mk<��§#U\`_U\NdF�I�L�P7Ot];URJ�H�OQL�U\[MkyI�Nd[�LMI6PRIKJ'U\`aOQZbIKJ�JYI
[�LYOG];F4U\[�H)OQL'F4N�I#`_U\N4U\`_URJjOQ[�URDGN�]4I
P7O4«�OQPRI�F4L
]4Iq];URJYJ�U\`_U\P7OQL�U\[MksDGF�F4N�Iv`aO�®;U\`_URJYOQ[�URDGNp]4IvP7O_`iIKJ�F4LMIs]4IqJ�U\`_U\P7OQL�U\[Mk-¿�H4P\F�JxP7O_`iIKJ�F4LMI
]4IvJ�U\`_U\P7OQL�U\[MkqI�JM[�Z�LYOQN�]4I<¤�H4P\F�J�PRIKJ:U\`aOQZbI�J
JMDGNd[�f4URI�NwOQH4H�OQL�URkKIKJ��

²&B���²
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ä N�º9DGN\��[�URDGNp]4IqP7O�J�F4H4H?D�J�U\[�URDGN�º,OQU\[MIsJ�F4L
PRIsP\URI�NpcuF4U�I®;URJ�[MIsI�Nd[�LMIsPRIKJ
U\`aOQZbIKJ�¥aLMI�COQP\I�L	¤5DGN
�*��DGURJ�U\[�F4N_�KI�L�[YOQU\N4��L�U\[^é�LMIR¥#OQH4H4P\URcuF�I�L	�]£XP\F�J�URI�F4LMJXk�N�I�L�Z�URIKJ%]4IEJ�U\`_U\P7OQL�U\[MkEDGNd[%k�[Mk&H4LMDGH?D�JMkKIKJ%]�OQN�J
P7OaP\U\[�[Mk�LYOQ[MF4LMI<� ª O�`aO {�DGL�U\[Mk_]4IKJ6`iIKJ�F4LMIKJy]4ItJ�U\`_U\P7OQL�U\[MktF4[�U\P\URJMkKIKJy]�OQN�J6PRI�LMI�COQP7OQZbI_]4kº9DGL�`aOQf4PRI
Oik�[MkvU\Nd[�LMDd];F4U\[MI�]�OQN�JxPRI��COG];LMIs]4IvLMI�COQP7OQZbIqL�U\Z�UR]4Is]�¸ U\`aOQZbIKJ	�"§yOQN�JxPRI��COG];LMIs]4IKJx`ik�[���Dd]4IKJ#]4I
LMI�COQP7OQZbItUU�KDGN4URcuF�It`iDGN�DG`iDd]�OQP\U\[Mk ± PRIKJ#U\`aOQZbIKJ½¦+§ � O	«uI��F4Nhf4L�F4U\[v]�¸oO]�KcuF4URJ�U\[�URDGNpº,OQU\f4PRI�·xF4N�I
J�U\`_H4PRI �KDG`_H�OQLYOQURJMDGN�]4IKJtU\Nd[MI�N�J�U\[MkKJ_H?I�F4[iJ�F@ëiLMI<� ª OpJMDG`_`iI�]4IKJ4�COQL�LMkKJi]4IKJi];U�°5k�LMI�N\�KIKJi]4IKJ
U\Nd[MI�N�J�U\[MkKJ�±¯���W§½·'IKJ�[�F4N ��L�U\[^é�LMIqJ�[YOQN�]�OQLM]l]4Iv];URJMJ�U\`_U\P7OQL�U\[MkqI�Nd[�LMIyPRIKJ�U\`aOQZbIKJ	�

ESCD(I, J) =
∑

x∈Ω

(I(x)− J(x+ U(x)))2
±9B@�d¼l·

Ω
]4kKJ�U\Z�N�ItP¯¸�I�N�JMI�`sf4PRIi]4ItH?DGU\Nd[MJÌ±�«uDGU\LMIt[MDGF�JyPRIKJ6H?DGU\Nd[MJq]4I�P¯¸ U\`aOQZbI�·#H?DGF4LvPRIKJMcuF�I�PRJvDGN IKJ�[�U\`iI

]4IKJ+«uI��[MI�F4LMJx]4Iy]4k�H4P7O]�KI�`iI�Nd[	�
�EI�L�[YOQU\N�IKJE`iIKJMF4LMIKJE]4I
JMU\`_U\PROQLMU [Yk�J'F4[�U\P\URJMI�Nd[EPRIKJ&U\Nd[MI�N�J�U\[MkKJ'I�[&PRI�F4LEH4LMDGf�OQf4U\P\U\[Mk6]�¸oOQH4H�OQL�U\[�URDGN��

§6OQN�J+�KIP�KDGNd[MI®V[MI6U\Nd[MI�L�«dURI�N4N�I�Nd[x]4IKJEN�DG[�URDGN�JK�KDG`_`iI#P7Os`iD�¾bI�N4N�Iy]4IKJEU\Nd[MI�N�JMU\[MkKJ	¤VP¯¸�k�COQL�[�[h¾dH?I<¤
P7O_«�OQL�U7OQN\�KI<�

�hD�¾bI�N4N�IKJ�¿

mI =
∑

i

ipi mJ =
∑

j

jpj

ìe²�U\Nd[MI�N�J�U\[Mkv]�¸ F4N�«uD	®;I�P�]�OQN�J�P¯¸ U\`aOQZbI

pi
²tH4LMDGf�OQf4U\P\U\[Mk ]�¸oOQH4H�OQL�U\[�URDGN ]4I�P¯¸ U\Nd[MI�N�JMU\[Mk�ì�±

pi
H?I�F4[	¤EH�OQL^I®4I�`_H4PRI<¤W»�[�LMIpIKJ�[�U\`ikwH�OQL

º LMkKcdF�I�N\�KI
pi =

Ni

N

¤&O	«uI�
Ni

PRIlN�DG`sf4LMIw]4I�«uD	®;I�PRJa]�¸ U\Nd[MI�N�JMU\[MkÄì�I�[�� PRIlN�DG`sf4LMI�[MDG[YOQP
]4I
«bD	®4I�PRJg·�

pi =
1
NI

¤
NI

²,N�DG`sf4LMI ]�¸ U\Nd[MI�N�J�U\[MkKJl];U�°�k�LMI�Nd[MIKJl]�OQN�J^P¯¸ U\`aOQZbI<¤:J�U6DGN �KDGN�J�UR]�é�LMI cdF�I
[MDGF4[MIKJ:PRIKJ�U\Nd[MI�N�J�U\[MkKJx]�OQN�J:P¯¸ U\`aOQZbIqDGNd[:P7O�`c»�`iIyH�LMDGf�OQf4U\P\U\[Mkq]�¸oOQH4H�OQL�U\[�URDGN��

ä �COQL�[MJx[h¾dH?IKJ½¿

σ2I =
∑

i

(i−mI)
2pi = (

∑

i

i2pi)−m2
I σ2J =

∑

j

(j −mJ)
2pj = (

∑

j

j2pj)−m2
J

���	��
����� ì � íYï�� �	��
�������� ð<ï�ì 
 í � ìjí � ð]ì ��� `iIKJ�F4LMIqF4N�Is]4k�H?I�N�]�OQN\�KIsP\U\N�kCOQU\LMIz±9O�ëiN�IqH4P\F�J
H4LMk²
��URJMk�`iI�Nd[g·'I�Nd[�LMIvPRIKJ�U\Nd[MI�N�J�U\[MkKJ�¿

ρ(I, J) =
∑

i

∑

j

(i−mI)(j −mJ)√
σI
√
σJ

pij

£%OQL¡º�DGURJxJYDGNlI®VH4LMIKJYJ�URDGN�OQF �COQL�LMkvIKJ�[:F4[�U\P\URJMkKIc¿
ρ2(I, J) =

[
∑

i

∑
j(i−mI)(j−mJ )]

2

σI ·σJ

� I�L�F�OQZuO_I�[
OQP¯��ñ �CB�� ò�F4[�U\P\URJMI�Nd[:F4NlN�DGF�«uICOQF ��L�U\[^é�LMIq]4IyJMU `_U\P7OQL�U\[MkÌ¿4PRI6LYOQH4H?DGL�[
I�Nd[�LMI½�KDdIë4²
��URI�Nd[x]4I��KDGL�LMk�P7OQ[�URDGNhI�[�F4N�Iv];U�°�k�LMI�N\�KIq]�¸ U\Nd[MI�N�J�U\[Mk��COQPU�eF�P\kKIqI�Nd[�LMIvPRI�J:f4PRD��KJx]4IKJ�U\`aOQZbIKJ	�

C(x) =
ρ(IL(x), JL(x+ U(x)))

1 + αESCD(IL(x),JL(x+U(x)))
σIL(x)

D��
IL(x)

]4kKJ�U\Z�N�I#F4N(f4PRD��6]4I
[YOQU\P\PRI
L

]4I
P¯¸ U\`aOQZbI
I
�KI�Nd[�LMk6J�F4LEPRIf«uD	®4I�P

x
I�[
JL(x+U(x))

F4N
f4PRD��q]4Iq[YOQU\P\PRI

L
]4IvP¯¸ U\`aOQZbI

J
�KI�Nd[�LMksJ�F4LxPRI½«uD	®;I�P

x+ U(x)
�
α
±
α �

ml·:IKJ�[xF4NwH�OQLYOQ`cé�[�LMIscdF4U
L^é�Z�PRIyP¯¸ U\N ��F�I�N\�KIq]4IyP7Ot];U�°�k�LMI�N\�KIq]4IKJ�U\Nd[MI�N�J�U\[MkKJxJMF4L�P7O_«�OQPRI�F4Lx];F���L�U\[^é�LMIq]4IvJ�U\`_U\P7OQL�U\[Mk<�

��»�`iItJMUX]�OQN�JyPRI1�COG];LMIi]4I4�KIe[M[MIt[��\éKJMI<¤5N�DGF�JyN�DGF�JyU\Nd[Mk�LMIKJMJMDGN�JvcdF�¸oOQF LMI�COQP7OQZbI_`iDGN�DG`iDß²
]�OQP\U\[Mk�±9O]�KcdF4URJ�U\[�URDGN�J ¦+§�� ¼]§ I�[zÆl§½·¤EN�DGF�J^LYOQH4H?I�PRDGN�J�OQF�JMJ�U6cdF�¸ U\P6I®;URJ�[MIh]4IKJ^`iIKJ�F4LMIKJ�]4I

²&Bl´�²
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J�U\`_U\P7OQL�U\[MkyOG]�OQH4[MkKIKJ:OQF(LMI�COQP7OQZbI#`sF4P\[�U\`iDd]�OQP\U\[Ykc± PRIKJEU\`aOQZbI�JK¥qLMI�COQPRI�L'H4LMD�«dURI�N4N�I�Nd[:]4I
`iDd]�OQP\U ²
[MkKJ&];U�°5k�LMI�Nd[MIKJE]�¸oO]�KcuF�U\JMU\[�URDGN"·��§yOQN�JO��Is�COGJ�¤�F4N�IxJMU\`_H4PRIs�KDG`_H�OQLYOQURJMDGN(]4IKJ�U\Nd[MI�N�J�U\[MkKJ&N�¸�IKJ�[�H4P\F�J
J�F@ëaJjOQNd[MI<� ä NÇº9DGN\��[�URDGNl]4IKJEU\`aOQZbIKJ�`sF4P\[�U\`iDd]�OQP\U\[MkKICJ	¤;U\P�I®;URJ�[MI6]4IKJE`iIKJ�F4LMIKJ:]4I6J�U\`_U\P7OQL�U\[Mk6H4P\F�J
OG]�OQH4[MkKIKJtcuF�I�]�¸oOQF4[�LMIKJÇ¿�H�OQL�I®;I�`_H4PRI<¤�]�OQN�JqPRI-�COGJs];F�LMI�COQP7OQZbI � �%� ²v¦ ä £.¤PRIaLYOQH4H?DGL�[t]4I
�KDGL�LMk�P7OQ[�URDGN�ñ Å<µ òó���dU¯¤b]�OQN�JTPRIK�COG];LMIx];F_LMI�COQP7OQZbIxL�U\Z�UR]4I<¤�U\P�J	¸oOQZ�U\[�]4IK�COQPU��F4PRI�L�F4N�I�[�LYOQN�J�º�DGL�`aOQ[�URDGN
Z�PRDGf�OQPRI<¤)PRIqLMI�COQP7OQZbI�]4kº9DGL�`aOQf4PRIsH?I�L�`iI�[6]4IqH4LMI�N�];LMI�I�N��KDG`_H4[MIsPRIKJ#]4kº9DGL�`aOQ[�URDGN�J#PRD��COQPRIKJ#cdF4U
U\Nd[MI�L�«VURI�N4N�I�Nd[:I�Nd[�LMI
PRIKJEU\`aOQZbIKJ��VSs¬�N^]4I
[MI�N4U\L+�KDG`_H4[MI6]4IKJW«�OQL�U7OQ[�URDGN�J'PRD��KOQPRIKJ�I�Nd[�LMI#PRIKJEU\`aOQZbIKJ
¥vH�OQL�[�U\L']4IKJO«�OQPRI�F4LMJE]4IKJ&U\Nd[MI�N�J�U\[MkKJ�¤"ñ µ�m ò?H4LMDGH?D�JMI#]�¸�IKJ�[�U\`iI�LEP7O½«�OQPRI�F4LE]4I#J�U\`_U\P7OQL�U\[Mk
PRD��COQPRI�`iI�Nd[
I�N �KDGN�J�UR]4k�LYOQNd[xPRIKJ�U\Nd[MI�N�JMU\[MkKJ
OQH4H�OQL�[MI�N�OQNd[v¥tF4N��KI�L�[YOQU\N «uDGURJ�U\N�OQZbIv]4I��*��OGcdF�I�«uD	®;I�P¯�
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ª ¸�k�N�I�L�Z�URIy]�I6J�U\`_U\P7OQL�U\[Mk6N�¸ U\`_H?D�JMIvOQF\��F4N�I��KDGNd[�LYOQU\Nd[MIvJ�H�OQ[�U7OQPRIyJ�F4LEPRIP�*��OQ`_Hl]4IP�KDGL�LMIKJMH?DGN@²

]�OQN\�KI�IKJ�[�U\`ik:O	«bI�EP7O#`iIKJ�F4LMI']4I�J�U\`_U\P7OQL�U\[Mk<� ª ¸�k�N�I�L�Z�URI:]4I'LMk�Z�F4P7OQL�URJYOQ[�URDGN�±�DGF_]4I'P\URJMJYOQZbI'J�H�OQ[�U7OQPj·
�KDGNd[�LYOQU\Nd[xPRI½�*��OQ`_H�]4Iv]4kº�DGL�`aOQ[MU\DGNh]4I6LMIKJ�H?I��[MI�LxF4N�I½�KI�L�[YOQU\N �KD]��k�LMI�N\�KIsJ�H�OQ[�U7OQPRI<�

§6OQN�J�P7OxP\U\[�[Mk�LYOQ[�F4LMI<¤�I�N�º9DGN\��[�URDGN_];F�H4LMDGf4PUé�`iI+¥xLMIKJMDGF�];LMI<¤QU\P;I®;URJ�[MIE]4I&N�DG`sf4LMI�F�JMIKJXk�N�I�L�Z�URIKJ
]4I
LMk�Z�F4P7OQL�URJYOQ[�URDGN�J'H4LMDGH?D�JYk�IKJ����h��U)N�DGF�J'I�N(LYOQH4H?I�PRDGN�J'cdF�I�PRcdF�IKJ¡²,F4N�IKJEF4[�U\P\URJMkKIKJEH?DGF4LEPRIxLMI�COQP7OQZbI
]4IKJ&U\`aOQZbIKJE]4Ix[���DGLYO�®���æ
N�Ixk�N�I�L�Z�URI#]4IxLMk�Z�F4P7OQL�URJYOQ[�URDGN ��P7OGJMJ�URcdF�I
IKJ�[O�KI�P\PRIxH�LMDGH?D�JMkxH�OQLE�#DGL�N(I�[
���*�dF4N\���rñ µ@� òO±�kKcdF�OQ[�URDGN B@� Æ ·']�OQN�J:P7O�`ik�[���Dd]4Iq]4I ��F@®�DGH4[�URcuF�IÌ±�«bDGU\LxJMI��[�URDGN B@� Æ ·�

EF (U) =

∫

x∈Ω
||∇U ||2 dx =

∫

x∈Ω

3∑

k=1

3∑

l=1

(
∂Uk
∂xl

)2
dx

±9B@� Æ�·

£%OQL¡º�DGURJ%DGN�IKJMJYOQURI&]�¸ U\Nd[Mk�Z�LMI�L%]�OQN�JP¯¸�k�N�I�L�Z�URI']4I�LMk�Z�F4P7OQL�URJYOQ[�URDGNtF4N�IO�KDGN4N�OQURJMJYOQN\�KIR¥:H4L�URDGL�U;]4IKJ
H�OQLYOQ`cé�[�LMIKJ�H���¾;J�URcuF�IKJ']4IKJE`aOQ[Mk�L�U7OQF@®�� �v¸�IKJM[EPRIv�COGJ']4IKJ�k�N�I�L�Z�URIKJ�]4I
LMk�Z�F4P7OQL�URJjOQ[�URDQN�J	¸ U\N�J�H4U\LYOQNd[
]4IyP7O�`ik�COQN4URcdF�IKJx]4Iy`_U\P\URI�F@®��KDGNd[�U\NdF�J�±�«uDGU\L:JYI��[�URDGN B@�d¼ ·�" 
NlH?I�F4[s��U\[MI�L:H�OQLxI®;I�`_H4PRIÌ¿

• ª ¸�k�N�k�L�Z�URIvP\U\N�kCOQU\LMIqk�P7OGJ�[�URcdF�Icñ B<¼ òó¤�O	«bI�
λ

I�[
µ

PRIKJK�KDdIëÌ��URI�Nd[MJ
]4I ª OQ`ikÌ¿

ELE(U) =

∫

x∈Ω

λ

2
(div(U))2 + µ||∇U ||2 − µ

2
||rot(U)||2 dx ±9B@�dµl·

ª IKJ+�KDdIëÌ��URI�Nd[MJx]4I ª OQ`ikvJMDGNd[+�COQPU��F4PRkKJs¥�H�OQL�[�U\L:]4I6`iDu]4F4PRIy];F���DGF4N4ZiI�[�];F��KDdIëÌ��URI�Nd[
]4I�£�DGURJYJMDGNÄ¿

�EDdIëÌ��URIeNV[
]4I½£�DGURJMJMDGN �hDd];F4PRIv]4I���DGF4N4Z

ν =
λ

2(λ+ µ)
E =

µ(3λ+ 2µ)

λ+ µ

�0P�I®;URJ�[MI:]4IKJ&k�N�I�L�Z�URIKJ&J�U\`_H4P\U�¬�kKIKJEcuF4U)JMI:]4kK];F4URJMI�Nd[E]4I:P7Ovº9DGL�`sF4P7OQ[�URDGNÇ��U�²0]4IKJMJ�F�JO�KDG`_`iI:H�OQL
I®4I�`_H4PRIc¿

• ª ¸�k�N�I�L�Z�URIy`iI�`sf4LYOQN�IP²XP7O�LMk�Z�F4P7OQL�URJYOQ[�URDGN�];F��*��OQ`_HlIKJ�[Wº,OQU\[MI6I�N�OQH4H4P\URcuF�OQNd[:P¯¸�DGH?k�LYOQ[MI�F4L
P7OQH4P7O]��URIeN�ñ Æum òO¿

EL(U) =

∫

x∈Ω
||∆U ||2 dx =

∫

x∈Ω
||∇2U ||2 dx ±9B@�o�l·

=

∫

x∈Ω

∣∣∣∣∣

∣∣∣∣∣

3∑

i=1

∂2U

∂x2i

∣∣∣∣∣

∣∣∣∣∣

2

dx =

∫

x∈Ω




∑3
i=1

∂2U1

∂x2
i∑3

i=1
∂2U2

∂x2
i∑3

i=1
∂2U3

∂x2
i




2

dx
±9B@�9´<·
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• ª ¸�k�N�I�L�Z�URI f4U���OQL�`iDGN4URcuF�I ²^P7O�LMk�Z�F4P7OQL�URJYOQ[�URDGN ];F �*��OQ`_H|IKJ�[pDGf4[MI�NdF�I I�N OQH4H4P\URcdF�OQNd[
P¯¸�DGH?k�LYOQ[MI�F4L
f4U���OQL�`iDGN4UU�Ç± ∇4 ·�±9OQH4H?I�PRksOQF�JMJMU�f4U\P7OQH4P7O]��URI�N"·:JMF4L:P\I��*��OQ`_Hw]4Iv]4kº9DGL�`aOQ[�URDGN
ñ ��Æ ¤ BßÆ òu¿

Etps(U) =

∫

x∈Ω
∆2U dx =

∫

x∈Ω
∇4U dx =

∫

x∈Ω

3∑

i=1

3∑

j=1

(
∂U2i

∂xi∂xj

)2
dx

±9B@�dÁl·
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ª O�H�OQLYOQ`ik�[�L�URJYOQ[�URDGN J�H�OQ[�U7OQPRIp];F �*��OQ`_H ]4Ih]4kº�DGL�`aOQ[�URDGN I�Nd[�LMIh]4I�F@®�U `aOQZbIKJ^H?I�F4[z»�[�LMI
º9OQU\[MIs]4IqH4P\F�J�URI�F4LMJ#`aOQN4UUé�LMIKJ1¿�Z�P\DGf)OQP\I�`iI�Nd[�¤5JMI�`_U�²,PRD��COQPRI�`iI�Nd[yDGFwPRD��COQPRI�`iI�Nd[	��£�DGF4L#F4N�IqH)OQLYO�²
`ik�[�L�URJYOQ[�URDGNpZ�PRDGf�OQPRI_DGNhH?I�F4[#F4[�U\P\URJYI�L6]4I�º�DGN\��[�URDGN�J6H?DGP�¾dN�DG`_U7OQPRIKJvDGF���OQL�`iDGN4URcdF�IKJc±jº�DGNY�e[MU\DGN�J
[�L�U\ZbDGN�DG`ik�[�L�URcdF�IKJg·½ñ �CB<Å ¤ B ¤ �	¼�m òó�"�VI�`_U�²,PRD��COQPRI�`aI�Nd[	¤)PRIKJs�*��OQ`_H�J#]4Iv]4kº9DGL�`aOQ[�URDGNwH?I�F�«uI�Nd[f»�[�LMI
I®VH4L�U\`ikKJ�¥�P¯¸oOQUR]4Ip]4IKJ-º�DGN\��[�URDGN�J^H?DGP�¾dN�DG`_U7OQPRIKJ�H�OQL(`iDGL^�KICOQF@® DGF OQF4[�LMI�º�DGN\��[�URDGN�J�]4Iwf�OGJMI
�KDG`_`iIqH�OQL
I®;I�`_H4PRIqPRIKJxLMDGN�]4I�PRI�[�[MIKJ	� ª IKJ
J�H4P\U\N�IKJ
JMDGNd[xPRIKJKº�DGN\��[�URDGN�J
PRIvH4P\F�J
JMDGF�«uI�Nd[xF4[�U\P\URJMkKIKJ
ñ ��m òó�

§yOQN�J:PRI��COG];LMIq]4Iy[�LYO	«�OQF@®�H4LMkKJMI�Nd[MkKJ
]�OQN�Jf�KIy`aOQNdF�J^��L�U\[	¤�N�DGF�J
O	«uDGN�J:F4[�U\P\URJMkvF4N�IvH�OQLYOQ`ik²
[�L�URJYOQ[�URDGNaPRD��COQPRIx];FÌ�*��OQ`_H�]4I:]4kº9DGL�`aOQ[�URDGN�� ª I:]4k�H4P7O]�KI�`iI�Nd[EIKJ�[�I®;H4L�U\`ikK�KDG`_`iI:P7Ov];U�°5k�LMI�N\�KI
I�Nd[�LMI^PRI^H?DGU\Nd[a]4I�]4k�H�OQL�[iI�[c�KI�P\F4Ux]�¸oOQL�L�U�«bkÃ¿

U(x) = x′ − x �XS�«uI�z�KI�[�[MI^H�OQLjOQ`ike[ML�URJYOQ[�URDGN�¤
LMkKJMDGF�];LMIxP¯¸�kKcdF�OQ[�URDGN^]4I:`_U\N4U\`_URJjOQ[�URDGN B@��� LMI�«VURI�Nd[R¥v]4k�[MI�L�`_U\N�I�L�];U\LMI��[MI�`iI�Nd['PRIKJ&]4k�H4P7O]�KI�`iI�Nd[MJ
I�N��*��OGcdF�IyH?DGU\Nd[x]4IyP¯¸ U\`aOQZbI<�

/$É /$ÉUÕ ÊÌËlÍ&Ï
6�4 �eËlÑ"Ö 4��UÍ
�eÎ�4©/14óÖ�2(Î�4:Íq×

S
F�JMI�N�J&]4I
�6OG]�OQ`aOQLM]�ñ Æu� òó¤uPRI:LMI�COQP7OQZbI#]4kº9DGL�`aOQf4PRI#IKJ�[�F4N�H4LMDGf4PUé�`iI#`aOQP�²,H?D�JMk � �@ 
N�H?I�F4[
[�LMDGF�«bI�L:H4P\F�JMURI�F4LMJxJMDGP\F4[�URDGN�JR� O]��KI�H4[YOQf4PRIKJ¡¢yH?DGF4L:F�N�`c»�`iIyH4LYDn�KIKJYJ�F�J:]4IyLMI�COQP7OQZbI<�

æ
N�I:JMDGP\F4[�URDGNz¥6P¯¸�kKcdF�OQ[�URDGN(]4I:`_U\N4U\`_URJYOQ[�URDGN B@��� IKJM[�DGf4[MI�NdFz¥6H�OQL�[MU LE]4IKJ&kKcuF�OQ[�URDGN�JE]�¸ ä F4PRI�L
OGJMJMD���URkKIKJ_¿ ∇E(Ũ) = 0

� �EDG`_H4[MIs[MI�NdFh];FwN�DG`sf4LMIsU\`_H?DGL�[YOQNd[y]4I�«GOQL�U7OQf4PRIKJ4±�]�OQN�J
F4N�IqU\`aOQZbI
¼]§ ¼-«�OQL�U7OQf4PRIKJyH�OQLP«uD	®;I�PX];F ]4DG`aOQU\N�I

Ω
·¤?LMkKJMDGF�];LMItNdF4`ik�L�URcdF�I�`iI�Nd[��KI�[�[MI_kKcuF�OQ[�URDGN LMI�«VURI�Nd[

¥(OG]4DGH4[MI�L6F�N�I�J�[�LYOQ[Mk�Z�URI_]4IsLMI�*��I�L^�*��I_]�¸ F4N�ItJMDGP\F4[�URDGN cdF4U�`_U\N4U\`_URJMI�P¯¸�k�N�I�L�Z�URIt[MDG[YOQPRI ±�JYDG`_`iI
H?DGN�]4k�LMkKIqI�Nd[�LMIyP¯¸�k�N�I�L�Z�URIq]4IyJMU\`_U\P7OQL�U\[MkvI�[:P¯¸�k�N�I�L�Z�URIq]4I6LMk�Z�F4P7OQL�URJjOQ[�URDGN"·�

ª IKJ:`ik�[���Dd]4IKJ
]4Iy]4IKJ*�KIeNV[MI½�KDGN�J�URJ�[MI�¥1�KDGN�J�[�LMF4U\LMIyF4N�IvJ�F4U\[MI
(Ui(x))i ∈ N

]4IyP7O�º9DGL�`iIc¿

Ui+1 = Ui + κi(x)di
±9B@�dÅl·

O	«bI�
κi

PRIqH�OGJ6]4IqP7Oa]4IKJ^�KI�Nd[MI�I�[
di

P7O�];U\LMI��[�URDGNp]4IsP7Oa]4IKJ^�KI�Nd[MI1¥iP¯¸ U\[Mk�LYOQ[�URDGN
i
� ª I_�*��OQ`_Hp]4I

]4kº�DGL�`aOQ[�URDGNc¬�N�OQP)IKJ�[XPRI�LMkKJ�F4P\[YOQ[&]�¸ F4NiH4LMD��KIKJMJ�F�JTU\[Mk�LYOQ[�U�º"cuF4UY�KDGN�«bI�L�ZbIK«bI�LMJTF4N_`_U\N4U\`sF4` PRD��KOQP
OQF�f?DGF4[x]�¸ F4N���I�L�[jOQU N�N�DG`sf4LMIq]�¸ U\[Mk�LYOQ[�URDGN�J	�

ª Op`aO {�DGL�U\[Mkl]4I�JM[�LYOQ[Mk�Z�URIKJa]4I^LMI�*��I�L^�*��IlF4[�U\P\URJMI�Nd[aP\IKJa]4k�L�U�«bkKIKJa]4I��KI�[�[MIlk�N�I�L�Z�URI��KDG`_`iI
];U\LMI��[�URDGNg]4I(LMI�*��I�L^�*��I<� ª IKJtH4LMDGH4L�URk�[MkKJi]4I^P:¸�DGH?k�LYOQ[MI�F4LaZ�LYOG];URI�Nd[	¤%H?I�L�`iI�[�[MI�Nd[a]�¸�I®;H4L�U\`iI�L_P7O
]4k�L�U�«bkKI�]4IiP¯¸�k�N�I�L�Z�URIa[MDG[YOQPRI-�KDG`_`iIaP7OlJMDG`_`iIa]4IKJqZ�LYOG];URI�Nd[MJ�]4IKJs]4I�F@®�k�N�I�L�Z�URIKJ-¿ ∇E(Ũ) =
∇E1(Ũ) +∇E2(Ũ)

�

������������������ �!��"$#�%�&���"$#�')(+*,�-��./#�0,'1# �,'2�3�4�5��.�&6.�'7*��,�6.��8��*,#�'����9�;:,'�./#���<=�������>��./# *��,')(+*,�!�3# �������?0,&��5����0
@ ���+#�'��BA�� ���+#C0,��.
0����,��&��3.7'���'1#�'2"8����.�D5EF*,#����3� ���+#G<B���H�,���8������� �I��./#
��"J�K�5��.�&8D

²&B<Å_²
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Y X Y X�� X�Ø � ]����^\��.ã	�.ã	
 ã���� \"à

 kKJMDGF�];LMI�P¯¸�kKcdF�OQ[�URDGN B@��� H�OQLTP7O6`ik�[���Dd]4I
]4I$�
I���[MDGN�¤bLMI�«VURI�Nd[O¥��KDGN�J�[�L�F4U\LMI:P7OyJ�F4U\[MI
(Ui)i ∈

N
]4IyP7O�º9DGL�`iIc¿

Ui+1 = Ui −
E(Ui)

∇E(Ui)
±9B@���Cml·

ª F�I�[xOQP¯��ñ ��� ò"F4[�U\P\URJMI�Nd[s�KI�[�[MIv`ik�[���Dd]4Iq]�¸�DGH4[�U\`_URJYOQ[�URDGN�H?DGF4LxPRI6LMI�COQP7OQZbIq]4IKJ�U\`aOQZbIKJf¦+§ �
];Fl[���DGLYO�®��

Y X Y X�� XZY � ]����^\��.ã	�.ã��.ã`_	álã�à��	ã��qã��"Ý����$Þ�ã�à��

£�DGF4L�F4N�I:`ik�[���Dd]4I
]4I:]4IKJ^�KI�Nd[MI
]4I�Z�LYOG];URI�Nd[	¤��KDG`_`iIxP\I:N�DG` PRI�P7OQURJMJYIxOQF�JMJ�U�JMDGF�J¡²0I�Nd[MI�N�];LMI<¤
P7Os];U\LMI�e[MU\DGN�]4I#]4IKJ^�KI�Nd[MI#IKJ�[&PRI
Z�LYOG];URI�Nd[�]4IxP7O½º�DGN\��[�URDGN ¥qDGH4[MU `_URJYI�LP¿

di = ∇E(Ui)
� ª IxH�OGJ']4I

P7O_]4IKJ^�KI�Nd[MI
κi

H?I�F4[¡²ó»�[�LMI�¬�®4IyDGF�«GOQL�U7OQf4PRIsOQF@®z�KDGF4LMJx]4IKJ:U\[Mk�LYOQ[�URDGN�J	�

Y X Y X�� X Û � ]����^\��.ã	�.ã��YÝ����$Þjã�à��cá6\"à���������]
�0N4U\[�U7OQPRI�`iI�Nd[	¤EPRIKJa`ik�[���Dd]4IKJ^]4I�Z�LYOG];URI�Nd[z�KDGNG{ F4Z�F�khDGNd[(k�[Mk�U\Nd[�LMDd];F4U\[MIKJ(H?DGF4L�`_U\N4U\`_URJYI�L

]4IKJ1º�DGL�`iIKJicuF�OG];LYOQ[�URcdF�IKJ	� ä N F4[�U\P\URJYOQNd[_F4Ng]4k�«uI�P\DGH�H?Ie`iI�NV[iP\U\`_U\[Mk ¥wP¯¸�DGLM];LMI�B@¤
E

H?I�F4[¡²ó»�[�LMI
�KDGN�J�UR]4k�LMkKI��KDG`_`iIvF4N�IvOQH�H4LMD	®VU\`aOQ[�URDGNh]�¸ F4N�IPº9DGL�`iIycdF�OG];LYOQ[�URcdF�I<�

 kKJMDGF�];LMIyP¯¸�kKcdF�OQ[�URDGN B@��� H�OQLf�KI�[�[MIv`ik�[���Dd]4IvLMI�«VURI�Nd[f¥4�KDGN�J�[ML�F4U\LMIvF4N�IvJ�F4U\[MI
(Ui(x))i ∈ N]4IyP7O�º9DGL�`iIc¿

Ui+1 = Ui + κipi
±9B@���<��·

O	«uI�
pi

F4N�I�J�F4U\[MIs]4Is];U\LMI��[�URDGN�J6]4DGNd[
PRI��COQPU��F4P%IKJ�[
]4k�[YOQU\P\PRksH�OQL
P7OaJ�F4U\[MI<�)S �*��OGcdF�IqU\[Mk�LYOQ[�URDGN�¤
P7O ];U\LMI��[�URDGN ]4I�LMI�*��I�L^�*��I

pi
IKJM[c�COQPU��F4PRkKIwI�N�º9DGN\��[�URDGN�]4I�P7O ];U\LMI��[�URDGN�H4LMk�KkK]4I�Nd[MI

pi−1
¤XPRI

Z�LYOG];URI�Nd[�PRD��COQPW�KDGF4LYOQNd[�N�DG[Mk ∇E(Ui)
¤O	«uI�

p0 = ∇E(U0)
I�[sF4N�J*�COQPROQU\LMI

βi
� ª IKJsZ�LYOG];URI�Nd[MJ

J�F\��KIKJMJMU�º�JxJMDGNd[
DGL�[���DGZbDGN�OQF@®�I�Nd[�LYIqI�F@®lI�[
OQF@®l];U\LMI��[�URDGN�J
H4LMk�KkK]4I�Nd[MIKJ1¿ ∇E(Ui) · ∇E(Uj) =
0
¤∇E(Ui) · pj = 0

¤
i < j

�

pi = ∇E(Ui) + βi−1pi−1
±9B@���CBl·

£�DGF4LiPRI �COQPU��F4P
]4I
βi

DGNgH?I�F4[iF4[�U\P\URJMI�LiH4P\F�J�URI�F4LMJaI®VH4LYI�JYJ�URDGN�Jc�KDG`_`iIlH�OQLiI®4I�`_H4PRI��KI�P\PRI
H4LMDGH?D�JMkKIvH�OQL��PRI�[^�*��I�L
I�[  IKI�«bIKJ�±

βFRi
·'DGF��KI�P\PRIq]4I�£�DGP7O ��I�[  U\f4URI�LMIÌ±

βPRi
·�

βFRi−1 =
∇TE(Ui)∇E(Ui)
∇TE(Ui−1)∇E(Ui−1)

, βPRi−1 =
∇TE(Ui)(∇E(Ui)−∇E(Ui−1))

∇TE(Ui−1)∇E(Ui−1)
±9B@���	¼l·

æxN�Ieº�DGURJ
pi

IKJ�[�U\`ik<¤ PRI�H�OGJ�]4I�P7O:]4IKJ^�KI�Nd[MI
κi

H?I�F4[.»�[�LMIO�COQPU��F4PRkEJMDGU\[H�OQLF4N�I�`_U\N4U\`_URJYOQ[�URDGN_]4I

E(Ui+ βipi)
± H�OQL'F4N�I#]4IKJ^�KI�Nd[MI6]4I
Z�LYOG];URI�Nd[�H�OQL'I®;I�`_H4PRI�·&JYDGU\[E]�kg¬�N4U5]4I#`aOQN4UUé�LMI6I�`_H4U\L�URcuF�I<�

£�DGF4LxH4P\F�Jx]4Iv]4k�[YOQU\PRJxJ�F4L:P7O�`ik�[���Dd]4Is]4I6Z�LYOG];URI�Nd[f�KDGNG{�F4Z�F�kqDGNlH?I�F4[s�KDGN�J�F4P\[MI�L�ñ Á<Á òó�\§yOQN�J:F4N
�KDGNd[MI®;[MI6LMI�COQP7OQZbIy]�¸ U\`aOQZbIKJK¦+§�� ]4F^[���DGLYO�®�¤��KI�[�[MIvOQH4H4LMD��*��Iy]�¸�DGH4[�U\`_URJjOQ[�URDGN�IKJ�['F4[�U\P\URJMkKI#H�OQL
�)OQN�I�[xOQP¯��ñ ¼l´ òó�

¦DGF4[MIKJs�KIKJ�`ik�[���Dd]4IKJf�KDGN�«bI�L�ZbI�Nd[s«uI�LMJ�F4N�`_U\N4U\`sF4` ± H�OGJ+º9DGL^�Kke`iI�NV[:PRIy`_U\N4U\`sF4`rZ�PRDGf�OQPj·
]4I�P¯¸�k�N�I�L�Z�URI<� ª I:]4kKJYO	«�OQNd[YOQZbIx]4I�P7O6`ik�[���Dd]4Ix]4I�[h¾VH?I$�
I���[MDGN�IKJ�[TPRIRº9OQU\[�cuF�¸d¥��*��OGcdF�I�U\[Mk�LYOQ[�URDGN
DGN ]4DGU\[½�COQPU��F4PRI�LqOQF�JYJ�U%P7O-«�OQPRI�F4L

E
I�N H4P\F�Jy]4ItP7O-«�OQPRI�F4Lv]4I�Z�LYOG];URI�Nd[ ∇E � ª IKJy`ik�[���Dd]4IKJq]4I

Z�LYOG];URI�Nd[v�KDGNG{�F4Z�F�k��KDGN�«bI�L�ZbI�Nd[
H4P\F�Js«VU\[MI½«bI�LMJxF4N�IqJMDGP\F4[�URDGNhcuF�IvPRIKJx`ik�[���Dd]4IKJ#]4Iq]4IKJ^�KI�Nd[MIs]4I
Z�LYOG];URI�Nd[Kñ ´]Á ¤ Á<Á ò;`aOQURJX]4I�`aOQN�]4I�Nd[XF4NtIKJ�H�O]�KIE`ik�`iDGU\LMI'U\`_H?DGL�[YOQNd[s±:¥f�*��OGcdF�I&H�OGJX]4I&P¯¸ U\[Mk�LYOQ[�URDGN

∇E(Ui)
I�[ ∇E(Ui−1)

JMDGNV[#N�k�KIKJMJYOQU\LMIKJ·��£�DGF4LyN�DG[�LMI�U\`_H4PRk�`iI�Nd[YOQ[�URD�N�¤�N�DGF�JyO	«uDGN�J#F4[�U\P\URJYk�P7O
]4IKJ^�KI�Nd[MIq]4I6Z�LYOG];URI�Nd[	�

²O¼�m�²
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ª O `ik�COQN4URcdF�Iw]4IKJi`_U\P\URI�F@®À�KDGNd[�U\NdF�J(O H?DGF4L�DGf;{�I�[iP7O `iDd]4k�P\URJYOQ[�URDGN�`aOQ[���k�`aOQ[�URcdF�Iw]4IKJ
�KDGL�H�J�`aOQ[Mk�L�URI�PRJ
]4kº9DGL�`aOQf4PRIKJ�±�JMDGP\UR]4IKJxDGF ��F4UR]4IKJg·� ª IKJ:`iDd]�é�PRIKJx]4Iv]4kº�DGL�`aOQ[�URDGNwk�P7OGJM[�URcuF�IvcdF4U
J	¸ U\N�J�H4U\LMI�Nd[a]4I�P7Oh`ik�COQN4URcdF�Il]4IKJi`_U\P URI�F@®Â�KDGNd[�U\NdF�J�JMDGNd[_f4URI�NÀ�KDGN4NdF�Ja]�OQN�JiP7O�«VURJ�URDGNgD�� U\PRJ
DGNd[qk�[Mk_F4[�U\P\URJMkKJvH?DGF4LvPRIiJ�F4U�«dUTI�[vP7O^`iDd]4k�P\URJYOQ[�URDGN�]4IKJqJ�F4L¡º,O]�KIKJyN�DGN L�U\Z�UR]4IKJ	��WELMDGU\[Ìñ �	µ ò&IKJ�[yPRI
H4LMI�`_URI�L$¥�H4LMDGH?D�JYI�LF4Nq`iDd]�é�PRI&k�P7OGJ�[MU\cdF�I&]4ITLMI�COQP7OQZbIE]�¸ U\`aOQZbIKJ	� W�O {��KJ�¾yI�[��
D�«�O]�eUU�fñ Æ òVk�[MI�N�]4I�Nd[
�KI�[�[MI+º9DGL�`sF4P7OQ[�URDGN ¥6F4N�LMI�COQP7OQZbIx`sF4P\[�U�²,LMkKJMDGP\F4[�URDGN����O�4L�URJ�[MI�N�JMI�N�ñ B�B ò5Ov]4k�`iDGNd[�LMk
cdF�I:H?DGF4L&]4IKJ
]4kº�DGL�`aOQ[�URDGN�JEU\`_H?DGL�[YOQNV[MIKJ'DGN�H?I�F4['O�«bDGU\LE]4IKJW�*��OQN4ZbI�`iI�Nd[MJ�]�OQN�J&P7Ov[MDGH?DGPRDGZ�URI#]4IKJ&U\`aOQZbIKJE];F�J
OQFc�KDdIëÌ��URI�Nd[&]4I�]4kº9DGL�`aOQ[�URDGNaP\U\N�kCOQU\LMI<� �nP;H4LYDGH?D�JMI:]4DGN\�'F4Ni`iDd]�é�PRI ��F4UR]4I:]4I'LMI�COQP7OQZbIx]�¸ U\`aOQZbI
I�[�P¯¸oOQH4H4P\URcdF�I6OQF@®iU\`aOQZbIKJ �  � ];FÇ�KI�L�«uICOQF�� ª I
`iDd]�é�PRI
]�I:P7Ov`ik�COQN4URcdF�I#]4IKJ�`_U\P\URI�F@®-�KDGNd[�U\NdF�J
IKJ�[:]4k��L�U\[:H�OQL:P7OtLMI�P7OQ[�URDGNwcuF4U"I®;URJ�[MIyI�Nd[�LMI½Æ1º,O]��[MI�F4LMJ�±�«bDGU\L+¬�Z�F4LMI B@��� H�OQZbI ¼@� ·P¿

�EA �R��B@���s�Ì§6kº9DGL�`aOQ[�URDGNl]�¸ F4Nlk�PRk�`iIeNV[:]4Iv«uDGP\F4`iI6JYOQN�J�]4k�H4P7O]�KI�`iI�Nd[f¥sZuOQF\�*��IyI�[:O	«bI�6]4k�H4P7O�²
�KI�`iI�Nd[f¥_];LMDGU\[MI<�

• PRI��*��OQ`_H ]4I�]4k�H4P7O]�KI�`iI�NV[�²
U

O	«bI��PRIKJh[�LMDGURJ��KDG`_H?D�JjOQNd[MIKJ J�F4U�«GOQNV[wPRIKJh[�LMDGU�® O�®4IKJ

(U1, U2, U3)
�&§yOQN�JtPRI �COGJ_D�� U\P�N�¸ ¾ OwH�OGJi]4I^]4k�H4P7O]�KI�`iI�NV[	¤XPRI �*��OQ`_H

U
IKJM[_] � F4N4U�²

cdF�I�`iI�Nd[f¥�P7O_]4kº9DGL�`aOQ[�URDGN��
• PRIKJK�KDGNd[MLYOQU\Nd[MIKJxcdF4U"J�¸�Ig®4I�L^�KI�Nd[xJ�F4L:PRI�J:H�OQL�[�UU��F4PRIKJ
];F�IKJxOQF@®Çº9DGL^�KIKJ:I®;[MI�L�N�IKJ
� DGN�];URJ�[�U\N4Z�F�Iv]4I�F@®^[h¾VH?IKJ:]4I½�KDGNd[�LYOQU\Nd[MIKJ�¿
��N�DGL�`aOQPRIKJ�± H�OQLYOQP\PUé�PRIKJ#OQF@®lO�®4IKJg·u²

σii, i = 1 . . . 3� ]4I���URJYOQU\P\PRI�`iI�Nd[s²
σij , i 6= j, i, j = 1 . . . 3

• PRIKJRº9DGL^�KIKJ:cdF4U"J	¸�I®4I�L^�KI�Nd[�¿
F : R3 7−→ R3

¤
F = [f1 f2 f3]

T ¤ Fi : R3 7−→ R
¤
i = 1 . . . 3

• PRIKJ:]4kº9DGL�`aOQ[�URDGN�J
I�[:JMF4L�[MDGF4[:PRI6Z�LYOG];URI�Nd[
];F�]4k�H4P7O]�KI�`iI�Nd[
N�DG[Mk
eij =

∂Ui
∂xj�

eii
²TP¯¸oOQP\PRDGN4ZbI�`iI�Nd[
H�OQL:F4N4U\[Mkv]4I6P7OQL�ZbI�F4LxH�OQLYOQP\PUé�PRI�`iI�NV[v¥tP:¸oO�®4I

Oxi�
eij

²)LMDG[YOQ[�URDGN_«uI�LMJ
Oxi

]�¸ F4N�k�PRk�`iI�Nd[�P\U\N�kCOQU\LMI&H�OQLYOQP\PUé�PRI+¥�P¯¸oO�®4I
Oxj

± LYDG[YOQ[�URDGNtI°5I��[�F�kKI
OQF4[MDGF4Lx]4I

Oxk)ª Iy[MI�N�JMI�F4Lx]�I��KDGNd[�LYOQU\Nd[MIKJ
J�¾V`ik�[�L�URcdF�IKJ
σ

IKJM[:]4DGN4N�kyH�OQL:P7O_º�DGL�`sF4PRIvJ�F�U�«�OQNd[MIc¿

σ =



σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33




ª Iy[MI�N�JMI�F4Lx]�Iy]4kº9DGL�`aOQ[�URDGN
εij

IKJM[:]4k¬�N4U��KDG`_`iIqJ�F4U\[½¿

²O¼@�P²
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εij =
1

2
(eij + eji +

∑

k

(ekiekj))

�VDGF�J(P¯¸ ��¾dH?DG[��\éKJMIp]4Ih]4kº�DGL�`aOQ[�URDGN�JlI�[(LMDG[YOQ[�URDGN�J(U\N@¬�N�U `iI�NV[^H?I�[�U\[MIKJ	¤'DGN H?I�F4[-º,OQU\LMI�F4N�I
OQH4H4LMD	®;U\`aOQ[�URDGN�P\U\N�kCOQU\LMIq]4IyP7O�º9DGL�`sF4PRI½��U�²0]4IKJMJ�F�J�¿

εij =
1

2
(eij + eji)

£�DGF4L&F4N-�KDGL�H�J�URJMDG[�LMDGH?I_±�cuF4U?OyPRIKJ�`c»�`iIKJ�H4LMDGH4L�URk�[MkKJ&H���¾VJ�URcdF�IKJ�]�OQN�J�[MDGF4[MIKJ&PRIKJ�];U\LMI��[�URDGN�J
OQF4[MDGF4L
]�¸ F4NlH?DGU\Nd[g·'DGN�];URJ�H?D�JMIv]4IKJ:kKcdF�OQ[�URDGN�Jx]4I ª OQ`ikcñ �	¼ òu¿

σij = λδijεkk + 2µεij

δij
²T[MI�N�JMI�F4L:F4N�U [YkÌ±�J�¾d`�f?DGP\Iv]4I �6LMDGN�I���uI�Lg·

δij �

{
= 1 si i 6= j
= 0 si i = j

λ
I�[
µ

JMDGNd[:];U\[MJs�KDdIëÌ��URI�Nd[MJ
]4I ª OQ`ik

λ =
νE

(1 + ν)(1− 2ν) , µ =
E

2(1 + ν)

� ²:`iDd];F4PRIikeP7OGJM[�URcuF�I_]�¸ �&DGF4N4Za�
ν
²�`iDd];F4PRIi]4ItL�U\Z�UR];U\[MkiDGFÃ�KDdIëÌ��URI�Nd[q]4I4£�DGURJYJMDGNÀ±��º¡�5H�OQZbI

B<Á ·
ª IKJ+«GOQLMUROQ[MU\DGN�J:J�H�OQ[MUROQPRIKJx]4IKJK�KDGNd[�LYOQU\Nd[MIKJx]�OQN�J�F�N��KDGL�H�J:I�[�PRIKJxO]��Kk�PRk�LYOQ[�URDGN�J
]4IKJ:k�PRk�`iI�Nd[MJ

]4I�«bDGP\F4`iIv]4DGU�«uI�Nd[K«uk�L�U�¬�I�L:P¯¸�kKcuF�OQ[�URDGN�º9DGN�]�OQ`iI�Nd[YOQPRIÌ¿

Fi = m
d2xi
dt2
−
∑

j

∂σij
∂xj

±9B@����Æ�·

� ²�P7O�`aOGJYJMIy];F �KDGL�H�JxIeNl`iDGF�«uI�`iI�Nd[	�
§6OQN�JEPRIf�COGJ'D���PRIv�KDGL�H�J'IKJ�[EI�N^kKcuF4U\P\U\f4LMI#JM[YOQ[�URcuF�I1± H�OGJ']4I
]4k�H4P7O]�KI�`iI�Nd[	¤Q{�F�J�[MIxP7Oq]4kº9DGL�`aO�²

[�URDGN"·EP¯¸�kKcdF�OQ[�URDGN B@����Æ H4LMI�N�]�P7O�º9DGL�`iIc¿

Fi = −
∑

j

∂σij
∂xj

±9B@���	µl·

ä N ]4k�«bI�PRDGH4H�OQNd[iP7O�º9DGL�`sF4PRI B@���	µ I�N�º9OQURJjOQNd[�U\Nd[MI�L�«uI�N4U\LtPRIz�*��OQ`_Hg]4I(]4kº9DGL�`aOQ[�URDGN
U

DGN
H?I�F4[:P¯¸�k��L�U\LMIqJMDGF�J�P7O_º�DGL�`iIc¿

F = −(λ+ µ)∇(divU)− µ ·∆U ±9B@���C�l·

�0P"I®;URJ�[MIy]4IKJ+«uI�LMJ�URDGN�J:JMU\`_H4P\U�¬�kKIKJ�ñ �	¼ ò�]4I½�KIe[M[MIPº�DGL�`sF4P7OQ[�URDGN��KDG`_`iIvH�OQLxI®;I�`_H4PRIÌ¿

• PRI(`iDd]�é�PRI ª OQH4P7O]��URI�NL±�DGF `iI�`sf4LYOQN�I�·¤TD��gDGN N�k�Z�P\U\ZbI^PRIKJ_I°�I�[MJ4��LMDGURJMkKJ_];F�JaOQF [MI�L�`iI

grad(divU)
¿
F = −∆U

• PRI6`iDd]�é�PRIvf4U�²¯��OQL�`iDGN4URcuF�IsDGFz�0H4P7OGcuF�I²,`_U\N\�KI¢Ì¿
F = −µ ·∆2Uª ¸oOQN�OQPRDGZ�URIaI�NV[�LMI_PRI_LMI�KOQP7OQZbIiN�DGN�L�U\Z�U\]�IiI�[vPRIKJy`iDd]�é�PRIKJscuF4U�J	¸ U\N�J�H4U\LMI�Nd[q]�ItP7O^`ik�COQN4URcuF�I

]4IKJ:`_U\P\URIeF�® �KDGNd[�U\NdF�JxH?I�F4[s»�[�LMIvJ�¾VNd[���k�[�URJMk6H�OQL:PRIy[YOQf4PRICOQF�JMF4U�«GOQNd[�¿

²O¼�B�²
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� ä �ES ��� �væ ä § ä � � � ª � ä æx} �+  �v¦�� �fæ�� fä �ES ª Sx� ä §�� �q   �wS#W ª�ä
�EDGL�H�Jx]4kº9DGL�`aOQf4PRI �n`aOQZbIv]4I6LMkº9k�LMI�N\�KI��
�EDGL�H�Jx]4kº9DGL�`ik �n`aOQZbIvDGf;{�I�[	�
�O��OQ`_Hw]4IKJRº9DGL^�KIKJ�
 �XN�I�L�Z�URIq]4IvJ�U\`_U\P7OQL�U\[Mk 	Q];URJMJMU `_U\P7OGL�U\[Mk

E1�EDGNd[MLYOQU\Nd[MIKJ
σ

�XN�I�L�Z�URIq]4IyLMk�Z�F4P7OQL�URJYOQ[�URDGN
E2��cuF�OQ[�URDGN B@����Æ ]4IyP¯¸�kKcuF4U\P\U\f4LMIqJ�[YOQ[�URcdF�I �EDG`_H4LMDG`_URJ
I�Nd[�LMIvPRI�Jx]4I�F@®�k�N�I�L�Z�URIKJ

E1
I�[
E2�O��OQ`_Hw]4Iv]4k�H4P7O]�KI�`iI�Nd[fæ �O��OQ`_Hw]4Iy]4k�H4P7O]�KI�`iI�Nd[1±�DGF�]4kº9DGL�`aOQ[�URDGN"·+æ

�O�4L�URJ�[MI�N�JYI�N�ñ B�B ò5O6H4LMDGH?D�JMkxF4Ni`iDd]�é�PRI
]4I:LMI�COQP7OQZbI
]4kº�DGL�`aOQf4PRI���F4UR]4I
O�¬�Na]�¸�OQH�H?DGL�[MI�L&F4N�I
JMDGP\F4[�URDGN�OQF^H4LMDGf4PUé�`iIv]�¸�IKJ�[�U\`aOQ[�URDGN�]4Iy]4kº�DGL�`aOQ[�URDGN�J:P7OQL�ZbIKJ	�4SxF^P\URI�Fl]4I#LMk�Z�F4P7OQL�URJMI�L:PRIP�*��OQ`_H
]4Ii]4kº9DGL�`aOQ[�URDGN�¤�DGN�LMk�Z�F4P7OQL�URJMIiPRIc�*��OQ`_HÄ«VU\[MIKJMJMI

V
¤
V = dU

dt

� ä N�J�U\`_H4P\U�¬)OQNd[qP7O �KDG`_H4PRI®;U\[Mk
];F^`iDGF�«uI�`iI�Nd[ ��F4UR]4IyI�[�DGN�U\Z�N�DGLYOQNd[:P7OsH4LMIKJMJ�URDGNlI®4I�L^�KkKIy]�OQN�J'PRI ��F4UR]4I<¤4DGN�DGf4[MU\I�NV[�P7Os`c»�`iI
kKcuF�OQ[�URDGN B@���	µ H�OQZbI ¼�B O	«bI�6PRI��*��OQ`_H�]4Iy]4Iy]4kº�DGL�`aOQ[�URDGN�LMI�`_H4P7O]�KkyH�OQL�PRI��*��OQ`_H�]4IP«dU\[MIKJYJMI<�

F = −(λ+ µ)∇(div V )− µ ·∆V ±9B@����´<·

 c� � mpo � h�� �Bs ��o(  �� �(' + hdjlq

/$ÉUÕeÉóÈ �PÐ ���LÍ7�uÎl4�� �eÑ
ª I ��F@®qDGH4[�URcdF�I&IKJ�[�F4N�IO��P7OGJMJMI&]4IT`ik�[���Dd]4IKJ%cdF4UdIKJ�[�U\`iI�F4N��*�)OQ`_H�]4I&]4kº�DGL�`aOQ[�URDGNt]4I�N�JMI<� �nP

IKJ�[XJ�F4L�[MDGF4[XF4[�U\P\URJMk�]�OQN�JT]4IKJXJMkKcdF�I�N\�KIKJX]�¸ U\`aOQZbIKJe«dUR]4kKD6H?DGF4LTIKJ�[�U\`iI�LT]4IKJ.º,OQU\f4PRIKJX]4kº9DGL�`aOQ[�URDGN�J	�
§6OQN�J��KI�[�[MIsH�OQL�[�URItDGNp«GO�JMIsLMkK];F4U\LMI4¥aF4N�It]4IKJ^��L�U\H4[�URDGN JMF\���U\N\��[MIt]4IsP¯¸oOQH4H4LMD��*��I_];U�°�k�LMI�Nd[�URI�P\P\I
];F ��F@® DGH4[�URcdF�IlO�¬�N ]�¸ U\Nd[�LMDd];F4U\LMIlI�N�JMF4U\[MI(P¯¸oOQP\ZbDGL�U\[��4`iIl]4IÌ�n]4k�`iDGN�J�¢(H4LMDGH?D�JMk(H)OQL4¦R�4U\L�URDGN��
§#IKJ6k�[�F�]4IKJ6I®���OQF�JM[�U�«bIKJ6J�F4L
PRIKJ#];U�°�k�LMI�Nd[MIKJ#[MI�*�4N4URcdF�IKJ4±�];U�°�k�LMI�Nd[�URI�P\PRIKJ	¤"º�LMkKcdF�I�Nd[�URI�P\PRI�J�¤)f�OGJMkKIKJ
J�F4LvP7O��KDGL�LMk�P7OQ[�URDGN"·v]�¸oOQP\ZbDGL�U\[��4`iIKJt]4I ��F@® DGH4[�URcdF�I�OQU\N�J�U&cuF�IaJ�F4LvPRI�F4LMJ��KDG`_H4PRI®VU\[MkKJsH?I�F�«uI�Nd[
»�[�LMIy[�LMDGF�«bkKIKJx]�OQN�JxW�OQL�LMDGNÄñ � ¤ Á ò�DGF� 
L �dURJM�vI�[ �&P7OQL�¾VJMJYI4ñ Á�B òó�

�#DGL�NhI�[����*�dF4N\���©ñ µ@� ò%DGNd[#U\Nd[�LMDd];F4U\[6P7OiN�DG[�URDGNp]4I ��F@®�DGH4[�URcdF�I�]�OQN�J
PRI��COG];LMI�]4Is`_URJMIsI�N
�KDGL�LMIKJ�H?DGN�]�OQN\�KI6]�¸ U\`aOQZbI#I�N�PRIx]4k¬�N4URJYJYOQNd[W�KDG`_`iI#k�[YOQNd[&F4NÇ�*��OQ`_H^]4Is«dU\[MIKJYJMIxcuF4U)[�LYOQN�J¡º9DGL�`iI
F4N�IaU\`aOQZbI(]�OQN�J�F4N�I(OQF4[�LMI^OQF JYI�U N ]�¸ F4N�I(JMkKcuF�I�N\�KI(]�¸ U\`aOQZbIKJ	� ª ¸ ��¾dH?DG[��\éKJMI-º9OQU\[MI�IKJM[scdF�¸ F4N
`c»�`iI
H?DGU\Nd[&H���¾VJ�URcdF�IxN�If�*��OQN4ZbI
H�OGJE]�¸ U\Nd[MI�N�J�U\[MkyOQFÇ�KDGF4LMJE];F([MI�`_H�J	¤uPRI
H?DGU\Nd[&ZuOQLM]4I
P7Ov`c»�`iI
U\Nd[MI�N�J�U\[Mkv]�¸ F4N�IvU\`aOQZbI�¥�P¯¸oOQF4[�LMIÌ¿

dI(x)

dt
= 0,

O	«bI�
I(x)

U\Nd[MI�N�J�U\[Mkv];F�«uD	®;I�P
x

]4IyP¯¸ U\`aOQZbI �g�
ä NpJ�F4H4H?D�JYOQNd[6cuF�IqPRIKJ
U\Nd[MI�N�J�U\[MkKJ6]4IKJ
H?DGU\Nd[MJ
N�I_�*��OQN4ZbI�Nd[#H�OGJ#I�N º9DGN\��[�URDGNp]4IqPRI�F4L#]4k�H4P7O�²

�KI�`iI�Nd[	¤�N�DGF�J:H?DGF�«uDGN�Jx]4kK];F4U\LMIvPRIKJx]4k�H4P7O]�KI�`iI�Nd[MJ6OQH4H�OQLMI�Nd[MJ
]�¸�DGf;{�I�[MJv¥�H�OQL�[�U\L
]4IKJK«GOQLMUROQ[MU\DGN�J
]4I�P7O^];URJ�[�L�U\f4F4[�URDGN�J�H�OQ[�U7OQPRIi]4IKJ6U\Nd[MI�N�J�U\[MkKJvI�NV[�LMItPRIKJ6U\`aOQZbIKJ�¥(LMI�COQPRI�L	� ä N ]4k¬�N4URJMJYOQNd[

I(x, t)�KDG`_`iI6P¯¸ U\Nd[MI�N�J�U\[MkqOQF�H?DGU\Nd[
x = (x, y, z)

¥�P:¸ U\N�JM[YOQNd[
t
¤;PRI#`c»�`iI6H?DGU\Nd[
OQF4LYO4¥sP¯¸ U\N�J�[YOQNd[

t+ δtP7O�`c»�`iI_U\Nd[MI�N�J�U\[Mk<�� 
N N�DG[MIiO	«uI�
δx = (δx, δy, δz)

PRI_]4k�H4P7O]��I�`iI�NV[�º,OQU\f4PRIiOQF4[MDGF4Lv];F H?DGU\Nd[

x
�

I(x, y, z, t) = I(x+ δx, y + δy, z + δz, t+ δt)

�VDGF�J�P¯¸ ��¾VH?DG[��\éKJMI
]4I:P7Ov];U�°�k�LMI�Nd[�U7OQf4U\P\U\[Mk#J�H�OQ[�URDß²,[MI�`_H?DGLMI�P\P7I#]4I:P¯¸ U\Nd[MI�N�J�U\[MkxP\F4`_U\N�I�F�JYI<¤VOQH4L^éKJ
F4N^]4k�«uI�PRDGH4H?I�`iI�Nd[:I�N�JMk�L�URI
P\U\`_U\[Mk�¥qP¯¸�DGLM];LMI4�#]4I

I(x+ δx, y+ δy, z+ δz, t+ δt)
DGN�DGf4[�URI�Nd[�¿

∂I(x, t)

∂x
· δx+ ∂I(x, t)

∂y
· δy + ∂I(x, t)

∂z
· δz + ∂I(x, t)

∂t
· δt = 0 ±9B@���	Ál·

²O¼<¼_²
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ª O_H4LYIe`_UUé�LMI�kKcdF�OQ[�URDGNh]4I��KDGNd[�LYOQU\Nd[MI�];F ��F@®lDGH4[�URcdF�IsIKJ�[
DGf4[MI�NdF�IsI�Nh];U�«dURJjOQNd[xP¯¸�kKcdF�OQ[�URDGN
��U�²0]4IKJMJ�F�J�H�OQL

δt
¿

ξc(x) = Ix · u1 + Iy · u2 + Iz · u3 + It , ξc(x) = 0
±9B@���	Ål·

O	«bI�c¿

• Ix =
∂I
∂x

¤
Iy =

∂I
∂y

¤
Iz =

∂I
∂z

�KDG`_H?D�JYOQNd[MIKJ
];F�Z�LYOG];URI�Nd[
J�H)OQ[�U7OQP"]4IyP¯¸ U\`aOQZbI �g¤ ∇I
• It =

∂I
∂t

¤;Z�LYOG];URI�Nd[x[MI�`_H?DGLMI�P]4IyP¯¸ U\NV[MI�N�J�U\[Mk

•  
NwN�DG[MI�O	«uI�
u1(x) =

δx
δt

¤
u2(x) =

δy
δt

¤
u3(x) =

δz
δt

PRIKJv�KDG`_H?D�JYOQNd[MIKJ6JMF4U�«GOQNd[
PRIKJ
[�LMDGURJ
O�®;IKJ:]4IyP7O_«VU\[MIKJMJMIy]4Iv]4k�H4P7O]�KI�`iI�Nd[#];F «uD	®4I�P

x
�

ª O^]4I�F@®VUUé�`iI4��¾VH?DG[��\éKJMI_];F ��F@®pDGH4[�URcuF�I_IKJM[ycuF�ItPRI1�*��OQ`_H�]4I1«dU\[MIKJMJYI_«GOQL�URI_]4It`aOQN4UUéeLYI
P\URJMJMI'H�OQL�[MDGF4[&]�OQN�JXP¯¸ U\`aOQZbI<�n§6DGN\�<¤�F4N�I:]4I�F@®VUUé�`iIs��DGNV[�LYOQU\Nd[MIxIKJ�[XU\Nd[�LMDd];F4U\[MI
O�¬�Na]4I'LMIKJ�[�LMI�U\N�];LYI
PRIE]4I�Z�LMk']4IO�*��OQN4ZbI�`iI�Nd[TI�Nd[�LMIEPRIKJH4U�®4I�PRJ.«bDGURJ�U\N�J+±�kKcuF�OQ[�URDGN B@�oB�m ·O¿��<¸�IKJ�[�P7Of�KDGNd[�LYOQU\Nd[MI�]4I&P URJYJYOQZbI
];F ��F@®�DGH4[�URcuF�I<�

ξ2s (x) =

3∑

i=1

(
∂ui(x)

∂x

)2
+

(
∂ui(x)

∂y

)2
+

(
∂ui(x)

∂z

)2 ±9B@�oB�ml·

ª IKJE[MI�L�`iIKJ�]4I#P7O½º�DGL�`iI ∂u
∂x

LMI�H4LMkKJMI�Nd[MI�Nd[�PRIKJR�KDG`_H?D�JYOQNV[MIKJ�];F^Z�LYOG];URI�Nd[�J�H�OQ[�U7OQP�];Fz«bI��[MI�F4L
]4Iv]4k�H4P7O]�KI�`iI�Nd[	�

 I�COQPRI�L:]4I�F@®(U\`aOQZbIKJ�H�OQL�P7O�`ik�[���Dd]4Iv]4I ��F@®^DGH4[�URcdF�I6LMI�«dURI�Nd[f¥�IKJ�[�U\`iI�LxIeN��*��OGcdF�I6H?DGU\Nd[
]4IyP¯¸ U\`aOQZbI

δx
cuF4U�`_U\N4U\`_URJYIyP¯¸�kKcdF�OQ[�URDGN B@�oB@� ¿

E =
∑

x∈Ω

(ξ2c (x) + α · ξ2s (x)), α > 0
±9B@�oB@��·

α
IKJM[�F4N �KDuIëÌ��URI�Nd[#]4I6H?DGN�]4k�LYOQ[MU\DGNhI�Nd[�LMIyPRIKJx]4I�F@®^[MI�L�`iIKJ�±

ξc
I�[
ξs
·�

 xN^LMI�`aOQLMcdF�I6cuF�I
P¯¸�I®;H4LMIKJMJ�URDGN�]4I
ξ2c

IKJ�['I�N-º,OQU\[EF4N�I6OQH4H4LMD	®;U\`aOQ[�URDGN�OQF(H4LMI�`_URI�L:DGLM];LMI6];F
��L�U\[^é�LMIq]4IyJ�U\`_U\P7OQL�U\[Mk_���W§ ]4k¬�N4Uq¥�P7OtH�OQZbI Bl´ �

/$ÉÚÕeÉ / �KÑ"Ö��lÓ 6�/ Í�×OÖ��

ª IKJ�º9DGL^�KIKJt]4I(]4k�`iDGN�JtH�LMDGH?D�JMkKIKJtH�OQL1¦R�4U\L�URDGN ñ �<�	Å ò�JMDGNd[�F4N�I^k�«bDGP\F4[�URDGNg]4I�P7O�H4LMI�`_UUé�LMI
�KDGNd[�LYOQU\Nd[MI�];F ��F@®�DGH4[�URcdF�Ip±�kKcdF�OQ[�URDGN B@���	Å ·� ª ¸ UR]4kKI^IKJ�[�]4IÇ�*��I�L^�*��IeLiI�N �*��OGcuF�IÇ«bD	®4I�P

x
]4I

P¯¸ U\`aOQZbI
I

JMDGN �KDGL�LMIKJ�H?DGN�]�OQNd[
x+ U(x)

]�OQN�J:U\`aOQZbI
J

]�OQN�J:PRIvJMI�N�J:];FlZ�LYOG];URI�Nd[#J�H�OQ[�U7OQP�]4I
II�[�]�¸ F4Nl]4k�H4P7O]�KI�`iI�Nd[xH4LMDGH?DGL�[�URDGN4N�I�Pq¥�P7O�];U�°�keLYIeNY��Iv]4IKJ'U\Nd[MI�N�J�U\[MkKJ:]4IKJ�]4I�F@®(H?DGU\Nd[MJ	� ª I��COQPU��F4P

]4Izº�DGL^�KIKJiIKJM[_`_URJÌ¥�{�DGF4LÌ¥p�*��OGcdF�Ilk�[YOQH?I
i

]�¸ F�N H4LMD��KIKJYJ�F�J_U\[Mk�LYOQ[�U�º����EI�P7OpH?I�L�`iI�[�OQF�JYJ�U:]4I
LMI�[�LMDGF�«uI�Lx]4IKJ:Z�LYOQN�]4IKJx]4kº9DGL�`aOQ[�URDGN�JxI�NV[�LMIyPRIKJ�U\`aOQZbIKJ	�

�EDG`_`iI ]�OQN�J�PRIr�COGJl];F ��F@® DGH4[�URcuF�I<¤�PRIKJzº9DGL^�KIKJ�]4I ]4k�`iDGN�JlJ�¸oOQH4H4F4URI�Nd[�J�F4L�P7O `c»�`iI
��¾VH?DG[��\éKJMI�]4Iz�KDGN�JYI�L�«GOQ[�URDGN�]�¸ U\Nd[MI�N�J�U\[Mk<� ª OhH4LMI�`_UUé�LMI��KDGNd[�LYOQU\Nd[MIl]4I ��F@® DGH4[�URcuF�I^H?I�F4[c»�[�LMI
k��L�U\[MIvI�N �*��OGcdF�I�«bD	®4I�P"JMDGF�J�P7O_º�DGL�`iIc¿

∇I(x)U(x) = −dI(x)
dt

±9B@�oB�Bl·

�VDGF�J
P¯¸ ��¾VH?DG[��\éKJMI�]4I�]4kº�DGL�`aOQ[�URDGN�Jvº,OQU\f4PRIKJ#I�Nd[�LMIsP¯¸ U\`aOQZbIt]4IsLMkº�k�LMI�N\�KI
I

I�[#P¯¸ U\`aOQZbI
J
¤)DGN

H?I�F4[1º,OQU\LMI(P¯¸oOQH4H4LMD	®;U\`aOQ[�URDGN
dI(x)/dt = I(x) − J(x + U(x))

�&§6DGN\�^P7O º9DGL�`sF4PRI B@�oB�B H?I�F4[
J	¸�k��L�U\LMIvJYDGF�J�P7O�º9DGL�`iIc¿

U(x) =
I(x)− J(x+ U(x))

‖ ∇I(x) ‖2 ∇I(x) ±9B@�oB<¼l·

²O¼ßÆ1²
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£%OQLc�KDGNd[�LMI^P7O º�DGL�`sF�P\I B@�oB<¼ IKJ�[tU\N�J�[YOQf4PRI(H?DGF4Li]4I-º,OQU\f4PRIKJtZ�LYOG];URI�Nd[MJiI�[_]4DGN\��I�P\PRI^IKJ�[tLMk²
N�DGL�`aOQP\URJMkKI<� ª O º�DGL�`sF4P7OQ[�URDGNg]4IKJ_º�DGL^�KIKJt]4k�`iDGN�J_H4LMDGH?D�JMk(H�OQL4¦R�4U\L�URDGN ñ �<�	Å ò�IKJ�[t]�DGN4N�kKI(H�OQL
P¯¸�kKcuF�OQ[�URDGN B@�oBßÆ ¿

u(x) =
I(x)− J(x+ U(x))

‖ ∇I(x) ‖2 +(I(x)− J(x+ U(x)))2
∇I(x) ±9B@�oBßÆ�·

ª Opº�DGL�`sF4PRI ��U�²0]4IKJMJ�F�JiH?I�L�`iI�[�]�¸�DGf4[MI�N4U\L�]4IKJc«uI��[MI�F4LMJa]4I�N�DGL�`iIlf?DGL�N�kKIlH�OQL � 	GBÂ±��KI�[�[MI
«GOQPRI�F4Lx]�OQN�J:N�DG[�LMI½�COGJs��DGLMLMIKJ�H?DGN�] ¥tP7O�[YOQU\P\PRIq]�¸ F4N�]4I�`_U�«uD	®;I�Pj·W�COQL�¿

[(I − J)− ‖∇I‖]2 ≥ 0
]�¸�D��Ä¿

1

2

∇I
‖∇I‖ ≥

(I − J)

(I − J)2 + ‖∇I‖2
· ∇I

§yOQN�JaPRIKJa`ik�[���Dd]4IKJ^]4IlLMI�COQP7OQZbIh]4kº9DGL�`aOQf4PRI�U\`_H4PRk�`iI�Nd[MkKICJ	¤&N�DGF�J^O	«bDGN�JaF4[�U\P\URJMk��KDG`_`iI
��L�U\[^é�LMI�]�I�J�U\`_U\P7OQL�U\[Mk�P7O�º9DGL�`sF4P7OQ[�URDGN�H4LYDGH?D�JMkKIlH�OQL �'O]�*�4URI�L(I�[(OQP:�fñ �	Á ¤ Á�� ò1±�kKcdF�OQ[�URDGN B@�oB<µ ·
OGJMJMD���URkKIÇ¥�];U�°5k�LMI�Nd[MIKJtk�N�I�L�Z�URIKJt]4IaLMk�Z�F4P7OQL�URJYOQ[�URDGN�� �0PRJqU\Nd[�LYDu]4F4URJMI�Nd[�PRIaH�OQLYOQ`cé�[�LMI

α
±
α > 0

·
O�¬�Na]4I:H?I�L�`iI�[�[�LMI
]�¸oO	«bDGU\L&]4IKJTf?DGL�N�IKJu«GOQLMUROQf�P\IKJ�H?DGF4L�PRIKJ�]4k�H4P7O]�KI�`iI�Nd[MJEIKJM[�U\`ikKJO¥y]4IKJ�I�N�];LMDGU\[MJ
]4Ivº,OQU\f4PRIyZ�LYOG];URI�Nd[	�

ui(x) =
I(x)− J(x+ Ui−1(x))

‖ ∇I(x) ‖2 +α2(I(x)− J(x+ Ui−1(x)))2
∇I(x) ±9B@�oB<µl·

§yOQN�JTP7OyP U\[�[YkeLjOQ[�F4LMI<¤uP¯¸oOQP\ZbDGL�U\[��4`iI
]4Ix]4k�`iDGN�J&]4kKJ�U\Z�N�I:P¯¸oOQP\ZbDGL�U\[��4`iI
U\[Mk�LYOQ[�U�º"]4I:`_URJMI:I�N-�KDGL¡²
LMIKJ�H?DGN�]�OQN\�KI#N�DGN�L�U\Z�UR]4I#]�¸ U\`aOQZbIKJEF4[�U\P\URJjOQNd[EP\IKJOº�DGL^�KIKJE]4I
]4k�`iDGN�JR�KDG`_`iIP��L�U\[^é�LMI#]4I
J�U\`_U\P7OQL�U\[Mk
I�[sPRI4¬�P\[�LMI�ZuOQF�JMJ�URI�N�H?DGF4L�PRIaP\URJMJYOQZbI�];F��*��OQ`_H ]4I�]4kº9DGL�`aOQ[�URDGN�� �'O]�*�4URI�LtI�[tOQP:�Wñ �	Á ¤ Á�� ò']4k²
`iDGNd[�LMI�Nd[�cdF�IxP¯¸oOQP\ZbDGL�U\[��4`iIy]4I#]4k�`iDGN�J�IKJ�[EH4LMD��*��I#]�¸ F4N�I6]4IKJ^�KI�Nd[MI6]4I
Z�LYOG];URI�Nd[K¥qP¯¸�DGLM];LMI6]4I�F@®
]�¸ F4N���L�U\[^é�LMI ���W§1� ª OpJMI��[�URDGN B@�9´��d¼ ]4k��L�U\[_P\IKJ_J^�*��k�`aOGJi]�¸ U\`_H4PRk�`iI�Nd[YOQ[�URD�N�]4IKJiOQP\ZbDGL�U\[��4`iIKJ
F4[�U\P\URJMkKJ&H?DGF4LEPRIxLMI�COQP7OQZbI#]4kº9DGL�`aOQf4PRI#F4[�U\P\U\JjOQNd[EPRIKJuº�DGL^�KIKJE]4I
]4k�`iDGN�J'I�[E]4U °�k�LMI�Nd[MIKJ'k�N�I�L�Z�URIKJ']4I
LMk�Z�F4P7OQL�URJYOQ[�URDGN��

 c� � "dmps��(" �Bsph j �( �q � '*) h��,+-" �BsFhdjlq

ä NtOQf�JMI�N\�KIE]4ITLMkº9k�LMI�N\�KIEOQf�JMDGP\F�Iv±��eZbDGP\]@²0J�[YOQN�]�OQLM]��	·¤QP7OK«GOQP\UR]�OQ[�URDGNt];FsLMI�KOQP7OQZbIE]4kº9DGL�`aOQf4PRI
IKJ�[�F4N�I [Y�]�*��I�];U�ëÌ��U PRI�I�[�]4k�P\UU�COQ[MI<�%�nPvI®VURJM[MI cdF�I�P\cdF�IKJwOQH4H4LMD��*��IKJ©ñ µ<µ ¤ ÆnÁ òó¤�N�DG[YOQ`_`iI�Nd[�P7O
]4k¬�N4U\[�URDGNw];F��ef4LMDGN4�CIqJ�[YOQN�]�OQLM]��Ì± f�OGJMkvJ�F4L�P¯¸oOQN�OQP�¾;JMIv]�¸ F4N�I®;H?I�L�[g·¤4P¯¸ F4[�U\P\URJYOQ[�URDGNh]4IKJ:]4DGN4N�kKIKJ
J�¾dNV[���k�[�URcuF�IKJ	¤:]4IKJzº9OQNd[��G`iIKJ�¤�]4IKJlU\N@º�DGL�`aOQ[�URDGN�J�LMkKI�P\PRIKJ©± H?DGU\Nd[MJ�]4Ir�KDGNd[�L��GPRIÄ�*��DGURJ�URJ�H�OQLlF4N
I®VH?I�L�[	¤\�KDGNd[MDGF4LMJ
]4IKJ:DGL�ZuOQN�IKJ
I�[:]4IyP7O�[�F4`iI�F4L	¤�I�[^�<�9·�
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NlP\URJMJMI6PRI@����OQ`_H�]4Iv]4k54�DGL�`aOQ[�URDGN

Ui
P

Ui = Gσ(Ui)]���U
�

U�� K
�����
NlLMk�U\[GC�LMI �tH�OQL�[�U\Lx]4IyP0!�k�[YOQH?IqBt[YOQNd[xcuF�I

i < N
)
N

ATN�DG`sf4LMIq]"! U\[Mk�LYOQ[�URDGN�J�e>�4k

Y X�6�X�� XZY � ] ����� � ; = _ � � = \�� ]�� � _�� = � � 7

&�O49DGL�`sF4P7OQ[�URDGNsZbk�N�k�LYOQPRIE]4ITP0!�DGH?k�LYOQ[MI�F4L�P\U\N�kCOQU\LMI&k�P7OGJ�[�URcdF�I�J�! U\N�J�H4U\LMI&]4ITP0!�kKcuF�OQ[�URDGNt]4ITP0!�kKcuF4U.A
P\U\f4LMI B��	KC� JMDGF�J�P0! �	�VH?DG[���CKJMI&]4IKJH?I�[�U\[MIKJ�]4k54�DGL�`aOQ[�URDGN�J%I�[�LMDG[jOQ[�URDGN�J��
�
NsLYOQH4H?I�P\PRIEcuF�I�]�OQN�JN�DG[�LMI
�COGJ�)uH�OQL&JMU\`_U\P\U [MF�]4I#O�,uI-�:P7Ov`ik-�COQN4URcuF�I#]4IKJ�`_U\P\URI�F��8�KDGNd[�U\NdF�JT�f,uDGU\L&JMI-��[�URDGN B��li H�OQZbI i�K �5)uN�DG[�LMI
���KDGL�H�J ��� P0! U\`aOQZbI'DGf;{�I�[E��IKJ�[�I�NtkKcuF4U\P\U\f4LMI'J�[YOQ[�URcuF�IT� H�OGJ%]4I&]4k�H4P7O(�KI�`iI�Nd[�)e{�F�J�[MI�P7Ox]4k549DGL�`aOQ[�URDGNQ�5)
]"!�D���P7OvJMU\`_H4P\U.e[�COQ[�URDGN^]4I:P0!�kKcdF�OQ[�URDGN(]�I:P0!�kKcuF4U\P\U\f4LMI%�

λ
I�[
µ

JMDGNd[�PRIKJ �KDdI5*+�eURI�Nd[YJE]�IO&�OQ`ik%)
f

PRIKJ
49DGLG�KIKJxOQH4H4P\URcdF�kKIKJ
OQFR,bDGP\F4`iI%���
NlN�DG[MI 4 P0!�DGH?k�LYOQ[MI�F4L
P7OQH4P7O(��URI�ND�

&"IaZ�LYOG];URI�Nd[t]4IaP0!�k�N�I�L�Z�URI(]�IiLYkeZ�F�PROQLMU\JjOQ[�URDGN J�!�I5�VH4L�U\`iI�H�OQLsP0!�DGH?k�LYOQ[MI�F4LtP\U N�kKOQU\LMI^k�P7OGJ�[�URcuF�I
�KDG`_`iI(]�OQN�J�P0!�kKcuF�OQ[�URDGN B��oB�� ��SxF�P\URI�F ]"! F4[�U\P\URJMI�L�PRIKJ��KDdI5*+��URI�Nd[MJ_]4IS&�OQ`ik%)PRI�H�OQLYOQ`3C�[�LMI^]4I
H?DGN�]4k�LYOQ[�URDGN

ξ
�
0 < ξ ≤ 1 ��IKJM[XU\Nd[�LMDd];F4U\[`�KDG`_`iIO�KDdI5*+��URI�Nd[E]4I�H?DGN�]4k�LYOQ[�URDGN(I�Nd[�LMI�P0!�DGH?k�LYOQ[MI�F4L

P7OQH4P7O(��URI�N 4U I�[ ∇(∇U) � Z�LYOG];URI�Nd[:]4I
P7O�];U	,uI�L�ZbI�N��KI6];F�����OQ`_H�]4I6]4k54�DGL�`aOQ[�URDGNQ�'O�e�N^]"!oO�,uDGU\L
F4N�OQP\ZbDGL�U\[���`iIv]4Iy[��dH?Iy];U./5F�J�URDGNdH ]�m LM�4WELMD A �
URI�PRJMI�NdH K�i L"`iDGNd[�LMIvcdF�I6PRI6P\URJMJYOQZbI6ZuOQF�JYJ�URI�N�H?I�F4[?A
2�[�LMIN,VFR�KDG`_`iIyF4N�IqOQH4H4LMD��;U\`aOQ[�URDGN�H�OQL$e�P\[�LMIvJYk�H�OQLYOQf4PRIv]4IyP7O�LMk�Z�F4P7OQL�URJjOQ[�URDGNwk�P7OGJ�[�URcdF�I%�

∇E2(Ui−1) = (1− ξ)∇(∇ · Ui−1) + ξ4Ui−1
�9B��oB��J�

&"IKJ^k�[YOQH?IKJ^H4L�U\N���U\H�OQPRIKJl]4IhP0!oOQP\ZbDGL�U\[��4`iI�O�,bI-�hLMk�Z�F4P7OQL�URJYOQ[�URDGN P\U\N�kCOQU\LMI k�P7OGJ�[�URcdF�IhJYDGNd[(PRIKJ
J�F4U	,�OQNd[MIKJ@P

Aah%h�A



��������� � � � �G� ����� �	�������

K%�$�0N4U\[�U7OQP\URJYOQ[�URDGN P
�,OJ�

U0 = 0
)

� f'�^�COQPb��F4P�]4I ∇I � Z�LYOG];URI�Nd[
]4IyP0! U\`aOQZbI
I
�

B����'OQPb��F4P�]4I
P7O��KDGL�LMI-��[�URDGNl];F�����OQ`_H�]4I#]4k549DGL�`aOQ[�URDGNlI�N^����OGcdF�I�,bD��4I�P � Z�LYOG];URI�Nd[:]4I
P0!�keN�IeLMZ�U\Is]4IyJ�U\`_U\P7OQL�U\[Mk �

x
P

ui(x) =
I(x)−J(x+Ui−1(x))

‖∇I‖2+α2·|I(x)−J(x+Ui−1(x))|
2 · ∇I(x)

i����'OQPb��F4P�];FlZ�LYOG];URI�Nd[
k�N�I�L�Z�URIyP\U\N�kCOQU\LMIqk�P7OGJ�[�URcdF�IvI�NR����OGcdF�IN,uD��;I�P
x

P
∇E2(Ui−1(x)) = (1− ξ)∇(∇ · Ui−1(x)) + ξ4Ui−1(x)h��:SxFm����OQ`_H��COQPb��F4PRk1�tP0!�k�[YOQH?I

i− 1 DGNlLYO {�DGF4[MIyP7OtN�DGF>,uI�P\PRI �KDGL�LMI-��[�URDGNh]4I@����OQ`_HRA
�KDG`_H4LMDG`_URJ
I�Nd[�LMIyLMk�Z�F4P7OQL�URJYOQ[�URDGNwI�[xJ�U\`_U\P7OQL�U\[Mk+P
Ui = Ui−1 + κ · ((1− β)ui + β∇E2(Ui−1))]���U
�
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N�LMk�U\[GC�LMI1��H�OQL�[�U\L
]4I6P0!�k�[YOQH?IsB�[YOQNd[xcdF�I
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Z�LYOG];URI�Nd[TJ�H�OQ[�U7OQP4]4IEP0! U\`aOQZbI:O�e�N_]4IE[MI�N4U\L �KDG`_H4[MI�]4IEP0! U\N�4�DGLM`aOQ[�URDGN_H4LMkKJMI�Nd[MI�]�OQN�J%P0! U\`aOQZbI'H?DGF4L
P7OqLMk�Z�F4P7OQL�URJjOQ[�URDGNl];F�����OQ`_Hl]4I6]4k549DGL�`aOQ[�URDGND�>&"I6P\URJMJYOQZbIyOQN4URJMDG[�LMDGH4URcuF�I6LMkK];F�U [�P7O��KDGNd[�L�U\f4F4[�URDGN
]4IKJyH?DGU\Nd[MJvH?DG[MI�Nd[�URI�P\PRIe`aI�Nd[�J�U\[�F�kKJqOQF�A0]4I�P ��]"! F4N�I_];URJ��KDGNd[�U\NdF4U\[MkaI�[yH4L�U	,VU\P\k�Z�URIiP7O^�KDGNd[�L�U\f4F4[�URDGN
]4IKJqH?DGU\Nd[MJ�J�F�JG�KI�H4[�U\f4PRIKJ�]"!oOQH4H�OQL�[MI�N4U\L_OQF�`32�`iI�DGf;{�I�[scdF�IiPRIiH?DGU\Nd[��KDGF4LYOQNd[�� �#DGN��%)DGN�P\URJYJMI
J�F4L�[MDGF4[#PRIKJT�KDG`_H?D�JYOQNd[MIKJT��DG`iDGZJC�N�IKJyI�[#H4LMkKJMI�L�,uIqPRIKJ6];URJG�KDGNd[�U\NdF4U\[MkKJy]4IKJT����OQ`_H�J6]4I1,uI-��[MI�F4LMJ
�^[�LYO�,uI�LMJvPRIKJ �KDGNd[MDGF�LMJs]4IKJqJM[�L�F���[�F4LMIKJ�� UXP\F�JqPRI_Z�LYOG];URI�Nd[�]4IiP0! U\`aOQZbI�I�JM[N4�DGL�[sI�N F4N�H?DGU\Nd[s]4I
P0! U\`aOQZbIy`iDGU\N�JxDGNlP\URJMJMI6PRIN,bI-��[MI�F4Lx]4Iv]4k�H4P7O(�KI�`iI�Nd[6OGJMJMD:��URk%�

&�O_]4k�L�U	,ukKIv]4I6P0!�k�N�I�L�Z�URIq]4IyLMk�Z�F4P7OQL�URJYOQ[�URDGNhIKJ�[��COQPb��F4PRkKI �KDG`_`iIvJMF4U\[@P

∇E2(Ui−1) =



div(TI∇U1i−1)
div(TI∇U2i−1)
div(TI∇U3i−1)
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O�,uI-�
div

P7O^];U	,bI�L�ZbI�N��KI%)
U1i−1, U

2
i−1, U

3
i−1

PRIKJ@�KDG`_H?D�JYOQNd[MIKJq];Fd����OQ`_H i(� ]4I�,uI-��[MI�F4LMJvI�[

TI
F4N�I_`aOQ[�L�Ub�KIaJ �d`ik�[�L�URcdF�I+i��>i�]4I_H4LMDQ{�I-��[�URDGN �COQPb��F4PRkKI8�^H�OQL�[�U\Ls]4IKJ@�KDG`_H?D�JYOQNV[MIKJ

Ix, Iy, Iz];F�Z�LYOG];URI�Nd[
]4IyP0! U\`aOQZbI
I
�

TI =
1

2(I2x + I2y + I2z ) + 3γ
·




I2y + I2z + γ −IxIy −IxIz
−IxIy I2x + I2z + γ −IyIz
−IxIz −IyIz I2x + I2y + γ
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&"IsH�OQLYOQ`3C�[�LMI
γ

IKJ�[�����DGURJMU�I�Nm49DGN���[�URDGNp]4IqP7OaN�DGL�`iI�];FwZ�LYOG];URI�Nd[y]4IqP0! U\`aOQZbI
I
���nP�{�DGF�IqPRI

L��GPRIs]"! F4NpJMI�F4U\P�]�OQN�J
P7OiLMk�Z�F4P7OQL�URJYOQ[�URDGN P�U\P%OiF4N<�KDG`_H?DGL�[MI�`iI�NV[6H4LMIKJMcdF�IqURJMDG[�LMDGH4URcuF�I�]�OQN�J
PRIKJ
LMk�Z�URDGN�JO��DG`iDGZJC�N�IKJ�� |∇I|2 ¿ γ

�'I�[xF4N��KDG`_H?DGL�[MI�`iI�Nd[yOQN4URJMDG[�LMDGH4URcdF�IsOQF�N4U	,uICOQF�]�I@�KDGNd[MDGF4LMJ
� |∇I|2 À γ

�5�
&a!oOQP\ZbDGL�U\[��4`aIq]4IyLMkKJMDGP\F4[�URDGN�NdF4`ik�L�URcuF�Iq]4DGN4N�k@��U.A0]4IKJMJMDGF�J
O�PRIKJ:`32�`iIKJxk�[YOQH?IKJ:H4L�U\N���U\H�OQPRIKJ

cuF�I��KI�P F�U�O�,bI-�
P7OqLMk�Z�F4P7OQL�URJYOQ[�URDGN^P\U\N�kCOQU\LMI6k�P7OGJ�[�URcdF�I#JYOQF�4�cdF�IxPRI��COQPb��F4P5];F(Z�LYOG];URI�Nd[�]4I
P0!�k�N�I�L�Z�URI
]4I6LMk�Z�F4P7OQL�URJYOQ[MU\DGN<����OQN4ZbI%�
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K%�$�nN4U\[�U7OQP\URJYOQ[�URDGN P
�9OJ�

U0 = 0
)

� fQ�^�COQPb��F4P�]4I ∇I � Z�LYOG];URI�Nd[
]4I6P0! U\`aOQZbI
I
�

B����'OQPb��F4P�]�I
P7O1�KDGL�LMI-��[�URDGNl]4F^����OQ`_H�]4I6]4k54�DGLM`aOQ[�URDGN�I�N�����OGcdF�I_,uD��4I�P � Z�LYOG]4U\I�NV[�]4I
P0!�k�N�I�L�Z�URIq]4IvJ�U\`_U\P7OQL�U\[Mk �

x
P

ui(x) =
I(x)−J(x+Ui−1(x))

‖∇I‖2+α2·|I(x)−J(x+Ui−1(x))|
2 · ∇I(x)

i����'OQPb��F4P];F�Z�LYOG];URI�Nd[
k�N�I�L�Z�URIvP\U\N�kCOQU\LMIqk�P7OGJ�[�URcuF�IvI�Nm����OGcuF�IN,uD��4I�P
x

P

∇E2(Ui−1(x)) =



div(TI∇U1i−1(x))
div(TI∇U2i−1(x))
div(TI∇U3i−1(x))




h��:S
FR����OQ`_H��COQPb��F4PRk��tP !�k�[YOQH?I
i− 1 DGN�LYO {�DGF4[MIvP7OtN�DGF>,uI�P\P\I �KDGL�LMI-��[�URDGNh]4I@����OQ`_HRA

�KDG`_H4LMDG`_URJ
I�Nd[�LMIyLMk�Z�F4P7OQL�URJYOQ[MU\DGNhI�[xJ�U\`_U\P7OQL�U\[Mk3P
Ui = Ui−1 + κ · ((1− β)ui + β∇E2(Ui−1))]���U
�

U�� K
�����
NlLMk�U\[GC�LMI �tH�OQL�[�U\Lx]4IyP0!�k�[YOQH?IqBt[YOQNd[xcuF�I

i < N
)
N
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�6OQN�JaP0!oOQL�[�Ub��PRI H i�B LM)  � �#I�L�Ub����I�H4LMDGH?D�JMI�F4N�JG����k�`aO Zbk�N�k�LYOQP#]"!oOQP\ZbDGL�U\[��4`iIwLMk-��F4LMJ�U.4+K-��)
cdF4U&H?I�L�`iI�[�`iD �uI�N4N�OQNd[�F4N J�U\`_H4PRI8����OQN4ZbI�`iI�Nd[i]4IaH�OQLYOQ`3C�[�LMI^]"!�DGf4[MI�N4U\L_]4IKJ e�P\[�LMIKJ�P\URJMJMI�F4LMJ
I�[#]4k�L�U	,GOQ[�U.49J��[&�IqZ�LYOQN�]hO�,�OQNd[YOQZbIs]4I1��I�[�[YI�OQH4H4LMD:����IsH4LMD ,dURI�Nd[6];FR4,OQU\[
cdFD! F4N�Iq`_URJMIqI�N��6F>,dLMI
LMk-��F4LMJ�U	,uIxH?I�L�`iI�[�]"!�I5/5I-��[�F�I�L'P0!�DGH?k�LYOQ[�URDGN�]4I_�KDGN:,uDGP\F4[�URDGN^I�N�F4N(N�DG`sf4LMIOe>�4Ix]"!�DGH?k�LYOQ[�URDGN�J'H�OQL
H?DGU\Nd[x]"! U\`aOQZbI%)�U\N�]4k�H?I�N�]�OQ`_`aI�Nd[#]4IyP0!�k�[MI�N�];F�IqJ�H�OQ[�U7OQPRIv]4IyP0!�DGH?k�LYOQ[MI�F4L
DGL�U\Z�U\N�OQP0�

&a! UR]4kKI�H4L�U\N���U\H�OQPRI_I�JM[#]"!oOQH4H4LMD��;U\`iI�LyP0!�DGH?k�LYOQ[MI�F4Lq�vOQF�JMJ�URI�N OQU\N�J�U%cdF�IsJYIKJ#]4k�L�U	,bkKIKJ6H�OQL6]4IKJ
H?DGP �VN �G`iIKJ:H?DGN�]4k�LMkKJxH�OQLx]4IKJe�P\[�LMIKJxI5�;H?DGN�I�Nd[�URI�PRJxI�[x]4k�H?I�N�]�OQNd[
]"! F4Nl`32�`iIvH�OQLYOQ`3C�[�LMI

σ
�

�XN 4�DGN���[�URDGN�];F �COQPb��F4P_�pI5/�I-��[�F�I�LaI�[i]4I�P0!�DGH?k�LYOQ[MI�F4LS� OQH4H4P\URcdF�I�L�� F4NgP\URJMJYOQZbI�O�,bI-�^F4N�I
ZuOQF�JMJMURI�N4N�ItDGF PRI��COQPb��F4PT];FpZ�LYOG];URI�Nd[v]4ItP0! U\`aOQZbI �#DGN ����DGURJ�U\[yPRIKJN�KDdI5*+��URI�Nd[MJ �KDGN:,bI�N�OQf4PRIKJvcdF4U
JMDGNd[x]4DGN4N�kKJx];U\LMI-��[MI�`iI�Nd[#I�N^49DGN���[�URDGN�];FlH�OQLYOQ`3C�[�LMI

σ
�

Sz]4I�F���k�[YOQH?IKJ^]4I�P0!oOQP\ZbDGL�U\[��4`iI DGN IKJ�[^OQ`iI�N�k ��OQH4H4P\URcdF�I�L(F4N e�P\[�LYOQZbIhZuOQF�JMJ�URI�N P�F4N�I
H4LMI�`_UbC�LMIT4�DGURJ'H?DGF4L$�COQPb��F4PRI�L:PRI#Z�LYOG];URI�Nd[:]4I6P0! U\`aOQZbI

I
I�['F4N�IyJMI-�KDGN�]4I6H?DGF4L'P\URJMJYI�LEPRIN����OQ`_Hl]4I

]4k549DGL�`aOQ[�URDGN ��]�OQN�J:PRIN�COGJx]4I6P7OtH4LMI�`_UbC�LMIqJG����k�`aO_]"! U\`_H4PRk�`iI�Nd[YOG[�URDGNQ���
&�O_];URJ�[�L�U\f4F4[�URDGN�ZuOQF�JMJ�URI�N4N�IqIeNdK5AM�|O�P7O�4�DGL�`iIvJ�F4U	,�OQNd[MIBP

G1(x) =
1√
2πσ

· e−
x2

2σ2

�XN�i(�~DGNwO^P

G(x, y, z) =
1

(
√
2πσ)3

· e−
x2+y2+z2

2σ2

&�OB�KDGN:,uDGP\F4[�URDGN<i(� ]"! F4N�IT49DGN���[�URDGN
f

�
f : R3 → R

��O�,bI-�yF4N�IyZuOQF�JYJ�URI�N4N�IvJ ! I5�;H4L�U\`iIq]4I6P7O
`aOQN4UbC�LMIqJ�F4U	,�OQNd[MIBP

G ◦ f(x, y, z) =
∫∫∫

f(u, v, t).G(x− u, y − v, z − w)dudvdw

�XN�]4k�L�U	,GOQNd[_�KI�[�[MIT4�DGL�`sF4PRIvH�OQL�LYOQH4H?DGLM[_�
x

DGN�DGf4[�URI�Nd[ P
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��������� � � � �G� ����� �	�������

∂

∂x
(G ◦ f(x, y, z)) =

∫∫∫
f(u, v, t) ·G1(y − v) ·G1(z − w) ·G′1(x− u)dvdwdu

�6DGN��6DGN�,uDGU\['f4URI�NlcuF�I#P7Ot]4k�L�U	,bkKIyI�N
x

]"! F4N�IN�KDGN:,bDGP\F4[�URDGN�i(� IKJ�[�DGf4[MI�NdF�IvI�N��KDGN:,uDGP\F�OQNd[
P0! U\`aOQZbIqH�OQLxF4N�IvZuOQF�JMJMURIeN�N�I+K-�|J�F4U	,GOQNd[xP0!oO��4I

Y
I�[

Z
Ie[xH�OQL
P7Oi]4k�L�U	,bkKIs]4IvP7O_ZuOQF�JMJ�URI�N4N�I+K-�

J�F4U	,GOQNd[:P0!oO��;I
X

�
&a!oOQP\ZbDGL�U\[��4`aIq]4I@�COQPb��F4P�];FlZ�LYOG];URI�Nd[
]4IyP0! U `aOQZbI �EIKJ�[4�DGL�`�F4PRk@�KDG`_`iIvJ�F4U\[ P

K%�xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JMF4L�PRIKJ��KDGPRDGN4N�IKJ
X

]4I6P0! U\`aOQZbI �

B��xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JMF4L�PRIKJ�P\U\Z�N�IKJ
Y

]4I6P0! U\`aOQZbI �

i��xOQH4H4P\Ub�COQ[�URDGNl]4I#P7OsH4LMI�`_UbC�LMIy]4k�L�U	,ukKI6];FSe�P\[�LMI6ZuOQF�JMJ�URI�N K-� JMI�PRDGN^P0!oO��;I
Z

]4I#P0! U\`aOQZbI��

→ DGNlDGf4[�URI�Nd[xP7O_]4k�L�U	,bkKIv]�OQN�J:P7O_];U\LMI-��[�URDGNw]4I
Z

]4I��5) ∂I
∂zh��xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JMF4L�PRIKJ��KDGPRDGN4N�IKJ

X
]4I6P0! U\`aOQZbI �&]"!�DGL�U\Z�U\N�I

]��xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JYI�PRDGN�P0!oO��4I
Z

���xOQH4H4P\Ub�COQ[�URDGN(]4I:P7OyH4LMI�`_UbC�LMI
]4k�L�U	,ukKIx];F3e�P\[�LMIxZuOQF�JMJ�URI�N�K-� JMF4LTPRIKJ�P\U\Z�N�IKJ
Y

]4I:P ! U\`aOQZbI
�

→ DGN�O_DGf4[MI�NdFlP7O_]4k�L�U	,ukKIv]�OQN�J�P7O_];U\LMI-��[�URDGNw]4I
Y

]4I �E) ∂I
∂yI �xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JMF4L�PRIKJ�P\U\Z�N�IKJ

Y
]4I6P0! U\`aOQZbI �&]"!�DGL�U\Z�U\N�I

W��xOQH4H4P\Ub�COQ[�URDGNw];F�e�P\[�LMIyZuOQF�JMJ�URI�NdK-�~JMF4L�PRIKJ�H4P7OQN�J
Z

V��xOQH4H4P\Ub�COQ[�URDGN ]4I�P7OpH4LMI�`_UbC�LMIw]4k�L�U	,bkKI�];F e�P\[�LMIlZuOQF�JMJ�URI�N K-�zJ�F4LiPRIKJ+�KDGPRDGN4N�IKJ
X

]4I
P0! U `aOQZbI �

→ DGN�O_DGf4[MI�NdFlP7O_]4k�L�U	,ukKIv]�OQN�J�P7O_];U\LMI-��[�URDGNw]4I
X

]4I��5) ∂I
∂x

S
FRe�N�OQP0))PRIqZ�LYOG];URI�Nd[y]4IqP0! U\`aOQZbI
I

IKJ�[
PRIqLMkKJ�F4P\[YOQ[6]4I�V+�KDGN:,uDGP\F4[�URDGN�J6J�F��-�KIKJMJMU	,bIKJ#O�,uI-�qF4N
e�P\[�LMI3K-���

&"I@����OQ`_Hw]4Iy]4k549DGL�`aOQ[�URDGN��COQPb��F4PRk
U

O�[MLMDGURJ��KDG`_H?D�JYOQNd[YI�J
I�N�i(��)

U = (Ux, Uy, Uz)

&�URJMJMI�L%PRI$����OQ`_Hi]4I']4k549DGL�`aOQ[�URDGN_LYI5,VURI�Nd[ �6OQH4H4P\URcuF�IeLT[�LMDGURJ e�P\[�LMIKJXZuOQF�JMJ�URI�N�J$K-� J�F4U	,�OQNd[ ����OGcdF�I
];U\LMI-��[�URDGNw]4I

U
�>&"IKJxk�[YOQH?IKJx]4IyP7O�H4LMD:�KkK];F4LMIq];FlP\URJMJYOQZbIvJMDGNd[:P\IKJxJ�F4U	,�OQNd[MIKJ@P

• OQH4H4P\Ub�COQ[�URDGN�];F8e�P\[�LMIxZuOQF�JYJ�URI�N<K-� J�F4L&PRIKJ �KDGPRDGN4N�IKJ
X

]4I
Ux

• OQH4H4P\Ub�COQ[�URDGNw]4F^e�P\[�LMIyZuOQF�JYJ�URI�NdK-�~J�F4L�PRIKJ�P\U\Z�N�IKJ
Y

]4I
Ux

• OQH4H4P\Ub�COQ[�URDGNw]4F^e�P\[�LMIyZuOQF�JYJ�URI�NdK-�~J�F4L�PRIKJ�H4P7OQN�J
Z

]4I
Ux���

• OQH4H4P\Ub�COQ[�URDGNw]4F^e�P\[�LMIyZuOQF�JYJ�URI�NdK-�~J�F4L�PRIKJ�H4P7OQN�J
Z

]4I
Uz

U�DGF4LyPRI��COQPb��F4P�];FpZ�LYOG];URI�Nd[v];FF����OQ`_H ]4It]4k549DGL�`aOQ[�URDGN � H�OQLyI5�4I�`_H4PRIiOQF �COGJyD�� DGN ,bI�F4[
�COQPb��F4PRI�L_PRIq{MO(�KDGf4URI�Ng]4I�P7Ow[�LYOQN�J�4�DGL�`aOQ[�URDGN�O�e�Ng]"!�k�,GOQP\F�I�L_P7Oh];U\P7OQ[YOQ[�URDGN PRD:�COQPRI�`iI�Nd[E�5)XU\P 49OQF4[
OQH4H4P\URcuF�I�L(BJI�e�P\[�LMIKJ�K-� � V<e�P\[�LMIFK-� H?DGF4L8����OGcuF�Im�KDG`_H?D�JYOQNd[MI�];F ����OQ`_H

U
�5)a�%!�IKJ�[?A ��A0];U\LMI
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f(x1 + a1, x2 + a2, x3 + a3) =
+∞∑

i=0

{
1

i!

(
a1 ·

∂

∂x1
+ a2 ·

∂

∂x2
+ a3 ·

∂

∂x3

)i
· f(x1, x2, x3)

}
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f(x+ h) = f(x) + f
′

(x) · h+ f” · h
2

2
+ o(h3)
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f(x− h) = f(x)− f
′

(x) · h+ f” · h
2

2
+ o(h3)
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f ′(x)
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f
′

(x) ≈ f(x+ h)− f(x− h)

2 · h
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f”(x)
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f(x+h)+f(x−h) = 2 ·f(x)+h2f”(x)+o(h3)⇒ f”(x) ≈ f(x+ h)− 2 · f(x) + f(x− h)
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∂2f(x, y, z)

∂x2
= f(x+ 1, y, z)− 2f(x, y, z) + f(x− 1, y, z) �9B��li h:�

∂2f(x, y, z)

∂y2
= f(x, y + 1, z)− 2f(x, y, z) + f(x, y − 1, z) �9B��li%]J�

∂2f(x, y, z)

∂z2
= f(x, y, z + 1)− 2f(x, y, z) + f(x, y, z − 1) �9B��li��J�
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4f = f(x− 1, y, z) + f(x, y − 1, z) + f(x, y, z − 1)−
−6f(x, y, z) + f(x+ 1, y, z) + f(x, y + 1, z) + f(x, y, z + 1)
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∂x∂y
f(x, y, z)

���dU�DGNhH4LMI�N�]
[MDGFG{�DGF4LMJ��

� ±
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f(x+1, y+1, z) = f(x, y, z)+

(
∂

∂x
+

∂

∂y

)
f(x, y, z)+

1

2

(
∂2

∂x2
+ 2 · ∂2

∂x∂y
+

∂2

∂y2

)
f(x, y, z)
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f(x−1, y−1, z) = f(x, y, z)−
(
∂

∂x
+

∂

∂y

)
f(x, y, z)+

1

2

(
∂2

∂x2
+ 2 · ∂2

∂x∂y
+

∂2

∂y2

)
f(x, y, z)
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f(x−1, y+1, z) = f(x, y, z)+

(
− ∂

∂x
+

∂

∂y

)
f(x, y, z)+

1

2

(
∂2

∂x2
− 2 · ∂2

∂x∂y
+

∂2

∂y2

)
f(x, y, z)
�9B�� humJ�

f(x+1, y−1, z) = f(x, y, z)+

(
∂

∂x
− ∂

∂y

)
f(x, y, z)+

1

2

(
∂2

∂x2
− 2 · ∂2

∂x∂y
+

∂2

∂y2

)
f(x, y, z)

�9B�� h�K �
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∂2

∂x∂y
f(x, y, z) =

1

4
(f(x+1, y+1, z)+f(x−1, y−1, z)−f(x−1, y+1, z)−f(x+1, y−1, z))

�9B�� huBJ�
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∂x∂z
f(x, y, z)

P

∂2

∂x∂z
f(x, y, z) =

1

4
(f(x+1, y, z+1)+f(x−1, y, z−1)−f(x−1, y, z+1)−f(x+1, y, z−1))�9B�� hjiJ�

I�[:H?DGF4L ∂2

∂y∂z
f(x, y, z)

P

∂2

∂y∂z
f(x, y, z) =

1

4
(f(x, y+1, z+1)+f(x, y−1, z−1)−f(x, y−1, z+1)−f(x, y+1, z−1))
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F =
3∑

i=1

fi =−(λ+ µ)·




∂2U1

∂x2
1
+ ∂2U2

∂x1∂x2
+ ∂2U3

∂x1∂x3

∂2U1
∂x2∂x1

+ ∂2U2

∂x2
2
+ ∂2U3

∂x2∂x3

∂2U1
∂x3∂x1

+ ∂2U2
∂x3∂x2

+ ∂2U3

∂x2
3


− µ ·




∂2U1

∂x2
1
+ ∂2U1

∂x2
2
+ ∂2U1

∂x2
3

∂2U2

∂x2
1
+ ∂2U2

∂x2
2
+ ∂2U2

∂x2
3

∂2U3

∂x2
1
+ ∂2U3

∂x2
2
+ ∂2U3

∂x2
3
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U
′

1( � ) �

� ��K3P
m m m
m K m
m m m

m m m
m m m
m m m

m m m
m m m
m m m

m m m
A�K m K
m m m

�3P
m K m
K An� K
m K m

�

m m m
K AnB K
m m m

�

K m A�K
m m m
A�K m K

�

m m m
m m m
m m m

��A�KBP
m m m
m K m
m m m

m m m
m m m
m m m

m m m
m m m
m m m

m m m
K m A�K
m m m

U1( � ) · µ U1( � ) · (λ+µ) U2( � ) · 14(λ+µ) U3( � ) · 14(λ+µ)
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U
′
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U
′

2( � ) �

� ��K3P
m m m
m K m
m m m

m m m
m m m
m m m

m m m
m m m
m m m

m A�K m
m m m
m K m

�3P
m K m
K An� K
m K m

�

K m A�K
m m m
A�K m K

�

m K m
m AnB m
m K m

�

m m m
m m m
m m m

��A�KBP
m m m
m K m
m m m

m m m
m m m
m m m

m m m
m m m
m m m

m K m
m m m
m A�K m

U2( � ) · µ U1( � ) · 14(λ+µ) U2( � ) · (λ+µ) U3( � ) · 14(λ+µ)
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U
′

3( � )
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U
′

3( � ) �

� ��K3P
m m m
m K m
m m m

m m m
A�K m K
m m m

m A�K m
m m m
m K m

m m m
m K m
m m m

�3P
m K m
K An� K
m K m

�

m m m
m m m
m m m

�

m m m
m m m
m m m

�

m m m
m AnB m
m m m

��A�KBP
m m m
m K m
m m m

m m m
K m A�K
m m m

m K m
m m m
m A�K m

m m m
m K m
m m m

U3( � ) · µ U1( � ) · 14(λ+µ) U2( � ) · 14(λ+µ) U3( � ) · (λ+µ)
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TI =




a b c
b d e
c e f
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div(TI · ∇Ui) = a∂
2Ui
∂x2

1
+ d∂

2Ui
∂x2

2
+ f ∂2Ui

∂x2
3
+ 2b ∂2Ui

∂x1∂x2
+ 2c ∂2Ui

∂x1∂x3
+ 2e ∂2Ui

∂x1∂x3
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i
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Ui( � )
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� ��K3P
m m m
m m m
m m m

m m m
m m m
m m m

m m m
m K m
m m m

m m m
m m m
m m m

m m m
A�K m K
m m m

m A�K m
m m m
m K m

�3P
m m m
K AnB K
m m m

�

m K m
m AnB m
m K m

�

m m m
m AnB m
m m m

�

K m A�K
m m m
A�K m K

�

m m m
m m m
m m m

�

m m m
m m m
m m m

��A�KBP
m m m
m m m
m m m

m m m
m m m
m m m

m m m
m K m
m m m

m m m
m m m
m m m

m m m
K m A�K
m m m

m K m
m m m
m A�K m

a · Ui d · Ui f · Ui b
2 · Ui c

2 · Ui e
2 · Ui
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I
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J
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T
�
T = Id + U

)
U

A_PRI ����OQ`_H ]4I
]4k54�DGL�`aOQ[�URDGNhI�[

Id
[�LYOQN�J?49DGL�`aOQ[�URDGNwUR]4I�Nd[�U\[Mk ���COQPb��F4PRk�IqH�OQLxLMI-�COQP7OQZbIs]4k54�DGL�`aOQf�P\I%�Q�yOQN�J_�KI@�COGJ�)
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�tP0! U\`aOQZbI
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[�LYOQN�J?4�DGL�`aOQ[�URDGN OQH4H4P\U.A
cdF�kKI@�tP0! U\`aOQZbI

J
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X Ú � �gÞRY¸Þ[Z¸ÞR\ Ö �^]K_ `2] ¢;£¦¥ ª � ½tµ�§M¥®§?±®§M¬v¯�¥ ±�¬v©-¬�¶�£�¯�¥®§?±�¬v©-²�±®�§M½tµ�£¦¥ á � ���E�%; á � �³%£�®©-£�±®±�£�¯�± ¶ÏÈ»ª � ¬v§Îqµ�¯�£Í§?¯=À�¬v�©/ªs±®§M¬v¯ §?¯�±�£�®¯�£�¶=µ ©-¬vµ � £�©-£�¯�±_£�±q¶�£Í°�ªã¶�²�À�¬v�©/ªs±®§M¬v¯'¶�£¦¥¬v®«tªs¯�£¦¥T£�±Ç¶�£J°�ª/±®µ�©-£�µ�8��aP¯�£eª � ½�µ�§M¥®§?±®§M¬v¯ �E�?; á � £¦¥®± � ¬v©�³%¬O¥�²¦£�¶ÏÈ µ�¯¿£�¯�¥�£�©�Á�°M£�¶ÏÈ §?©/ªs«�£¦¥Ã �â�E�%; ª � ½tµ�§M¥�£¦¥:Åe¶�£¦¥f§Î¯Y¥®±�ªs¯�±�¥E¶=§��Ï²��£�¯6±�¥E¶=µ � Ê � °M£Ç�£¦¥�³�§?�ªs±�¬v§?�£O��bÇ²8ªs¯�©-¬v§?¯�¥ � £�°?°M£¦¥E³%£�µ � £�¯�±§?¯ � °?µ��£ ½tµ�£�°M½�µ�£¦¥~ªs®±�²�Àyª � ±�¥~¶�£ ©-¬vµ � £�©-£�¯�±�¥8��¢¤£¦¥b§?©/ªs«�£¦¥qÃ � �E�%; ª � ½tµ�§M¥�£¦¥b£�¯ Á�°M¬ � ªs«�£�£¦¥®³�§?�ªs±�¬v§?�£Æ¬v¯6±/°yÈÉª � ªs¯�±�ªs«�£Æ¶ÏÈ ��±®�£Æ½tµYªv¥®§?©-£�¯�±�¥�ªs¯�¥Sªs®±�£�Àyª � ± � ©/ªs§M¥S£�°?°M£¦¥/¯�£�À�¬vµ�®¯�§M¥�¥�£�¯�±/³Yªv¥µ�¯�£ §?¯=À\¬v®©/ªs±®§M¬v¯ ¶�£G©-¬vµ � £�©-£�¯�± £�±Ì¶�£ ¶�²�À\¬v®©/ªs±®§M¬v¯¤�c< � ±®µ�£�°?°M£�©-£�¯�± � §?°�£ ·=§M¥®±�£ ¶�§ �Ï²��£�¯�±�¥³��¬v±�¬ � ¬v°M£¦¥S¶ÏÈ»ª � ½�µ�§M¥®§?±®§M¬v¯ ¶ÏÈ §?©/ªs«�£�¥ �E�%; á �h��� ¬v§?-¥�£ � ±®§M¬v¯ ¾O�»º=�»Ã ³Yªs«�£ ¾�� � �2¢¤£¦¥-§?©/ªs«�£¦¥-á ��E�%; ¶�¬v¯�±�¯�¬vµ�¥�¶=§M¥�³%¬O¥�¬v¯�¥�¬v¯�±"²�±�²)ª � ½tµ�§M¥�£¦¥�ª � £ � °M£m³��¬v±�¬ � ¬v°M£ µ�±®§?°?§M¥�²)Å~°yÈ ��d ³�§?±�ªs° ; @%e �ff¬O¥®±�¬v¯¤�Ç¢¤£~³��¬v±�¬ � ¬v°M£ ¶ÏÈ»ª � ½tµ�§M¥®§?±®§M¬v¯ ¶ÏÈ §?©/ªs«�£ �E�%; á � £¦¥®±¿¶�² � ®§?±¿¶�ªs¯�¥m°�ª ¥�£ � ±®§M¬v¯ ¾O�»º=�»Ã �¢2È»ª � ½�µ�§M¥®§?±®§M¬v¯ �E�%; £¦¥®± � ¬v©�³%¬O¥�²¦£�¶�£�¶�§ · §Î©/ªs«�£¦¥ �E�%; Ã � � ¬v®�£¦¥®³%¬v¯�¶�ªs¯�±.Å ¶�£¦¥�§?¯�¥®±�ªs¯6±�¥¶=§��Ï²��£�¯�±�¥Â¶=µ � Ê � °M£T�£¦¥®³�§?�ªs±�¬v§?�£#¯�¬v®©/ªs°y�
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§?©/ªs«�£¦¥0��� ; Ã�����°M£#¯�¬v©�Á��£J±�¬v±�ªs°�¶�£#�£��8ªs°�ªs«�£¦¥Ç¶�²�À\¬v®©/ªsÁ�°M£¦¥Ç£¦¥®±P¶�£ n!

(n−2)!

£�¯ �¦¬v¯�¥®§M¶�²��ªs¯�±
�~Yªv½tµ�£5�¦¬vµ�³�°M£T¶ÏÈ §?©/ªs«�£T³%¬O¥�¥®§?Á�°M£T£�±��~Yªv½�µ�£A§?©/ªs«�£#ªs°?±�£�®¯Yªs±®§���£�©-£�¯6±:§?©/ªs«�£A�²�À\²��£�¯��¦£T£�±f§?©/ªs«�£¬vÁ�:*£�±Ç¶�ªs¯�¥Ç°yÈ»ªs°Î«�¬v�§Î±�~�©-£�¶�£J�£��8ªs°�ªs«�£���bÇ¬vµ�¥P³��¬v³%¬O¥�¬v¯�¥Ç¶�¬v¯���¶�£ �8ªs°z��µ�°M£�

n − 1 �£��8ªs°�ªs«�£¦¥A³Yªs¶�£�µ=·.©-²�±
~�¬�¶�£¦¥��¢;ªÇ³��£�©�§MÄ��£��
M1

���¦¬v¯�¥®§M¥®±�£:ÅÇ£¦¥®±®§?©-£�k�¦£¦¥	¶�²�³�°�ª��¦£�©-£�¯�±�¥´ÅP³Yªs®±®§?2¶ÏÈ µ�¯-²�±�ªs±2¶�£4�²�À\²��£�¯��¦£��O¬v¯ªs³�³�°?§M½tµYªs¯�±P°M£T�£��8ªs°�ªs«�£�¶�²�À�¬v®©/ªsÁ�°M£�£�¯�±®�£#°M£¦¥:§?©/ªs«�£¦¥0��� ; Ã�� �¦¬v®�£¦¥®³%¬v¯�¶�ªs¯�±AÅ-¶�£¦¥:§?¯�¥®±�ªs¯�±�¥¥®µ����¦£¦¥�¥®§ÎÀ\¥.¶=µ ��Ê.��°M£¿�£¦¥®³�§?�ªs±�¬v§?�£��:¢¨È»ª��vªs¯�±�ªs«�£)¶�£ �¦£�±®±�£¿±�£��~�¯�§M½�µ�£ £¦¥®±�½�µ�£m¯�¬vµ�¥�¯¤ÈÉ²��vªs°?µ�¬v¯�¥½tµ�£"¶�£¦¥�Àyªs§?Á�°M£¦¥/¶�²�À\¬v®©/ªs±®§M¬v¯�¥S£�¯�±��£r�~�ªv½tµ�£��¦¬vµ�³�°M£�¶ÏÈ §?©/ªs«�£¦¥��¨¼	ªs �¦¬v¯�±®�£��2³%¬vµ�S¬vÁ�±�£�¯�§?/°�ª¶�²�À�¬v®©/ªs±®§M¬v¯q£�¯�±®�£/¶�£�µ=·)§?©/ªs«�£�¥�¯�¬v¯ � ¥®µ����¦£¦¥�¥®§��t£¦¥J¶=µ ��Ê���°M£��£¦¥®³�§?�ªs±�¬v§?�£/§?°2À\ªsµ�± �¦¬v©�³%¬O¥�£�J°M£¦¥�~Yªs©�³�¥�¶�£4¶�²�À\¬v®©/ªs±®§M¬v¯�§?¯�±�£�®©-²¦¶=§�ªs§?�£8¥��v¼�ªs	£�·�£�©�³�°?£��s°M£ �~Yªs©�³�¶�£4¶�²�À�¬v®©/ªs±®§M¬v¯-£�¯�±®�£´°yÈ §?©/ªs«�££�¯ ��¯�¶ÏÈ §?¯�¥®³�§?�ªs±®§M¬v¯/£�±g°yÈ §?©/ªs«�£E£�¯7��¯�¶ÏÈÉ£�·6³�§?�ªs±®§M¬v¯-£¦¥�±I�8ªs°z��µ�°M²:ÅÂ³Yªs®±®§?	¶�£f½�µYªs±®�£F�¦¬v©�³%¬O¥®§?±®§M¬v¯�¥¶�£¦¥��~Yªs©�³�¥Â¶�£#¶�²�À\¬v®©/ªs±®§M¬v¯�¥ �
U61 = U65 ◦ U54 ◦ U43 ◦ U32 ◦ U21

�¢;ª/¶�£�µ=·6§MÄ�©-£J©/ªs¯�§MÄ��£�¶�£#³��¬���²¦¶�£���
M2

�Y£¦¥®±P¶ÏÈ»ªs³�³�°?§M½tµ�£�Ç°M£#�£��8ªs°�ªs«�£�£�¯�±®�£J°yÈÉ²�±�ªs±Ç¶�£#�²�À�² ��£�¯��¦£:£�±2°M£¦¥´ªsµ�±®�£¦¥�� j ��§�¯�¬vµ�¥´ª���¬v¯Y¥k�¦¬v¯�¥®§M¶�²��²:°yÈÉ²�±�ªs±´¶�£F��¯/¶ÏÈÉ£�·=³�§?�ªs±®§M¬v¯ �¦¬v©�©-£Â²�±�ªs±¨�²�À�²��£�¯��¦£��¼g£�¯�¶�ªs¯�±f°M£?��Ê���°M£P�£¦¥®³�§?�ªs±�¬v§?�£Ç¯�¬v®©/ªs°��6°�ª5��¯.¶�£P°yÈÉ£�·6³�§?�ªs±®§M¬v¯.¯�¬v®©/ªs°M£A£¦¥®±´°yÈÉ²�±�ªs±E¬��S°�ª �¦¬v¯���«Oµ ��ªs±®§M¬v¯�ªs¯Yªs±�¬v©�§M½tµ�£P¶�£¦¥2³%¬vµ�©-¬v¯�¥4£�¥�±2°�ªA³�°?µ�¥2�£�³��¬�¶=µ���±®§?Á�°M£ �  £ �T� ��§�µ�¯ �~Yªs©�³S¶�£:¶�²�À\¬v®©/ªs±®§M¬v¯£¦¥®±	¥�¬vµ�~Yªs§?±�²E£�¯�±®�£E¶�£�µ=·�ªsµ�±®�£¦¥	§?©/ªs«�£¦¥	§?°�¥®µ�>-±2¶ÏÈ µ�¯�£E¥�£�µ�°M£F�¦¬v©�³%¬O¥®§?±®§M¬v¯/¶�£��~Yªs©�³�¥	³%¬vµ�	°yÈÉ¬vÁ �±�£�¯�§?��=¼�ªsE£�·�£�©�³�°M£��=£�¯��¦¬v©�³%¬O¥�ªs¯�±E°M£¦¥F�~Yªs©�³�¥E¶�£?��£���±�£�µ��¥��8ªs°z��µ�°M²¦¥E£�¯�±®�£Ç°M£¦¥4§?©/ªs«�£¦¥
I3 � I6 £�±

I6 � I7 ¬v¯¿¬vÁ�±®§M£�¯�±A°�ª/¶�² À\¬v®©/ªs±®§M¬v¯ £�¯�±®�£�°M£¦¥P§?©/ªs«�£¦¥ I3 � I7 �
U37 = U36 ◦ U67

� � ¯ ª/¶�¬v¯���¶�£�µ=·©-²�±
~�¬�¶�£¦¥A³%¬vµ�T£¦¥®±®§?©-£�A°M£¦¥A¶�²�À�¬v®©/ªs±®§M¬v¯�¥ �
M1

� �£��8ªs°�ªs«�£�¶�²�À\¬v®©/ªsÁ�°M£�£�¯6±®�£�°M£¦¥Ç§?©/ªs«�£¦¥T¥®µ�� ��¦£¦¥�¥®§��t£¦¥ �
I1 � I2 � I2 � I3 � I3 � I4 �Y£�±���� �:£�± M2

� �£��8ªs°�ªs«�£e¶�²�À\¬v®©/ªsÁ�°M£�£�¯�±®�£J°yÈ §?©/ªs«�£ IE £�±P°M£¦¥Çªsµ�±®�£¦¥�
I6 � I1 � I1 � I6 � I6 � I2 � I2 � I6 ��£�±���� �u��A¬v¯�����¶ÏÈ µ�¯�£�³Yªs®±P¯�¬vµ�¥Aª���¬v¯�¥Ç¶�£¦¥P£¦¥�±®§?©/ªs±®§M¬v¯�¥Ç¶�£#Àyªs§?Á�°M£¦¥Ç¶�²�À�¬v®©/ªs±®§M¬v¯�¥Tª��t£��J¶�£�¥?�¦¬v©�³%¬ �¥®§?±®§M¬v¯�¥e©�µ�°?±®§?³�°M£¦¥-¶�£ �~Yªs©�³�¥�¶�£.¶�²�À�¬v®©/ªs±�§?¬v¯Ì£�±�¶ÏÈ»ªsµ�±®�£�³Yªs®±��g¯�¬vµ�¥-ª��t¬v¯�¥�¶�£¦¥�£¦¥®±®§?©/ªs±®§M¬v¯�¥¶�£�³�°?µ�¥-«O�ªs¯�¶�£¦¥S¶�²�À�¬v®©/ªs±®§M¬v¯�¥.ª���£���³%£�µ ¶�£r�¦¬v©�³%¬O¥®§?±®§M¬v¯�¥S¶�£��~Yªs©�³�¥��¨¢;ª ½�µ�£¦¥®±®§M¬v¯Í½�µ�§Â¥�£³%¬O¥�£P©/ªs§?¯�±�£�¯Yªs¯6±:£¦¥®±f¶�£A¥�ª��t¬v§?f½�µ�£�°?°M£A£¦¥®±4°�ª�©-£�§?°?°M£�µ��£A©/ªs¯�§MÄ��£T¶�£P³��¬��¦²¦¶�£�E³%¬vµ���8ªs°z��µ�°?£�E°M£¦¥¶�²�À�¬v®©/ªs±®§M¬v¯�¥P£�¯�±®�£T°M£¦¥:§?©/ªs«�£¦¥���� ; Ã��ä¶�£A°yÈ»ª��¦½�µ�§M¥®§?±®§M¬v¯ ��� ; á����
v�w{y�w{y�w{y Õ \ Ö Y�Þ[Y�Z�� Ö;Ú ×ÆÛg×�Y Ú ß���à �pY-Û�×�Û } � \YØvà���Z¸ÞR\ Ö Y

bÇ¬vµ�¥Sª��t¬v¯�¥S²��vªs°?µ�²�°�ª �¦¬v¯�¥®§M¥®±�ªs¯��¦£Æ¶�£¦¥ �~Yªs©�³�¥�¶�£�¶�²�À\¬v®©/ªs±®§M¬v¯G£¦¥®±®§?©-²¦¥�ª��t£��"°M£¦¥S¶�£�µ=·©-²�±
~�¬�¶�£¦¥��¼	�£�©�§MÄ��£�©-£¦¯�±��s¯�¬vµ�¥gª��t¬v¯�¥p�¦¬v©�³Yªs�²¨°�ª��¦¬v¯�¥®§M¥®±�ªs¯��¦£´¶�£¦¥#�~Yªs©�³�¥g¶�£¨¶�²�À\¬v®©/ªs±®§M¬v¯�¥g¬v¯7�¦¬v¯�¥®§ �¶�²��ªs¯�±A°M£¦¥%�~Yªs©�³�¥5�8ªs°z��µ�°M²¦¥A³Yªs
M1

�¦¬v©�©-£��²�À�²��£�¯��¦£��Ï¼g¬vµ�5�~Yªv½�µ�£7�~Yªs©�³)¶�£e¶�²�À\¬v®©/ªs±®§M¬v¯
UXY
£¦¥®±®§?©-²¿£�¯6±®�£m°yÈ §?©/ªs«�£

IX
£�±.°yÈ §?©/ªs«�£

IY
�Eª��t£��

X,Y ∈ {1, 2, ..., 10} X 6= Y
�
X
�
Y§?©/ªs«�£¦¥J¥®µ����¦£¦¥�¥®§��t£¦¥#¶=µ ��� ; á��'¯�¬vµ�¥#²��Oªs°?µ�¬v¯�¥#°�ªK�¦¬v¯�¥®§M¥®±�ªs¯��¦£/£�¯ �8ªs°z��µ�°�ªs¯�±�°Mª.©-¬¸Êt£�¯�¯�£-£�±°yÈÉ²��8ªs®±#±ËÊ6³%£�¶�£¦¥T¯�¬v®©-£¦¥J¶�£��t£���±�£�µ�J¶�£�¶�²�³�°�ª��¦£�©-£�¯�±e¶=µ �~Yªs©�³~¬vÁ�±�£�¯�µ)³Yªs#°�ª��¦¬v©�³%¬O¥�§?±®§M¬v¯¥®µ�§��vªs¯�±�£ �

UXY ◦ UY X
� j ¶�²8ªs°M£�©-£�¯�±Â°�ª��¦¬v©�³%¬O¥�§?±®§M¬v¯Æ¶�£^�¦£¦¥:¶�£�µ=·r�~Yªs©�³�¥��Oªsµ�±��8²��¬��2<ã³Yªs®±®§?¶�£^�~Yªs©�³�¥0�8ªs°z��µ�°M²¦¥P³Yªs:°�ª�©-²�±
~�¬�¶�£

M2
��°M£^�~Yªs©�³

U ′
XY

£¦¥®±Â¬vÁ�±�£�¯�µÆ³Yªs:µ�¯�£J¥®§?©�³�°M£��¦¬v©�³%¬ �¥®§?±®§M¬v¯ �
U ′
XY = UX6 ◦ U6Y

�Y¼g¬vµ�
M2

�Y¬v¯ �8ªs°z��µ�°M£J°�ª �¦¬v¯�¥�§M¥®±�ªs¯��¦£�¶=µ �~Yªs©�³�¥Ç¶�£J¶�²�À\¬v®©/ªs±®§M¬v¯¬v¯/³��¬��¦²¦¶�ªs¯�±EÅ#½�µYªs±®�£0�¦¬v©�³%¬O¥®§?±®§M¬v¯�¥ �
UX6 ◦U6Y ◦UY 6 ◦U6X

� j ¶�²8ªs°M£�©-£�¯�±��.�¦¬v©�©-£Â³%¬vµ� M1
�°M£A�²¦¥®µ�°?±�ªs±P¶�£A°�ªn�¦¬v©�³%¬O¥®§?±®§M¬v¯Æ£¦¥®±E°M£^�~Yªs©�³"¯�µ�°��

�A£�µ=·6§MÄ�©-£�©-£�¯�±��Ï¯�¬vµ�¥Tª��t¬v¯�¥%�¦¬v©�³Yªs�²�°�ª �¦¬v¯�¥�§M¥®±�ªs¯��¦£�¶�£¦¥%�~Yªs©�³Y¥T¶�²�À�¬v®©/ªs±®§M¬v¯)£�¯ �¦¬v¯�¥®§ �¶�²��ªs¯�±A°M£¦¥%�~Yªs©�³Y¥5�8ªs°z��µ�°M²¦¥A³Yªs
M2

�¦¬v©�©-£��²�À�²��£�¯��¦£��x�Tªs¯�¥%�¦£��8ªv¥���¥�¬v§?±
U6X
µ�¯ �~Yªs©�³ ¶�£¶�²�À�¬v®©/ªs±®§M¬v¯ �8ªs°z��µ�°M²S³Yªs

M2
��¼g¬vµ�e°�ª"©-²�±
~�¬�¶�£

M1
¯�¬vµY¥�ª���¬v¯�¥e¶=§��Ï²��£�¯���§M²S°�ª"³�~Yªv¥�£S¶ÏÈ §?¯�¥ �³�§?�ªs±®§M¬v¯G¶�£�°�ªb³�~Yªv¥�£Æ¶ÏÈÉ£�·=³�§?�ªs±®§M¬v¯8�F<P§?¯�¥®§��´¥®§

X
£¦¥®±Sµ�¯�£Æ§?©/ªs«�£Æ§?¯�±�£�®©-²¦¶=§�ªs§?�£¿¶�£Æ°�ª)³�~Yªv¥�£¶ÏÈÉ£�·6³�§?�ªs±®§M¬v¯ °?£7�~Yªs©�³

U ′
6X

£�¯�±®�£�°M£¦¥Ç§?©/ªs«�£¦¥
I6
£�±

IX
£¦¥�±?�8ªs°z��µ�°M²e³YªsÇ°M£�¥%�¦¬v©�³%¬O¥®§?±®§M¬v¯�¥T¥®µ�§ ��vªs¯�±�£¦¥ �

U ′
6X = U65◦...◦UY X

�¸ª��t£��
Y ∈ {2, 3, 4, 5}, Y > X

� ��§
X
£¦¥®±;µ�¯�£2§?©/ªs«�£¨§?¯�±�£�®©-²¦¶=§�ªs§?�£

� £ º �



��� ������� �����������
	 ��� ���� � 	 	���� ��������� � ������	���� � ����	���������� 	 �! #"%$'&("

¶�£T°�ª�³�~Yªv¥�£#¶ÏÈ §?¯�¥�³�§?�ªs±®§M¬v¯�°M£��~Yªs©�³
U ′
6X

£�¯�±®�£#°M£¦¥:§?©/ªs«�£¦¥
I6
£�±
IX
£¦¥®±��8ªs°z��µ�°M²��¦¬v©�©-£�¥®µ�§?± �

U ′
6X = U67 ◦ ...◦UY X

��ª��t£��
Y ∈ {7, 8, 9, 10}, Y < X

�O¢;ª5�¦¬v¯�¥®§M¥®±�ªs¯��¦£:£¦¥�±2²��vªs°?µ�²¦£��¦¬v©�©-£E³��² ��¦²¦¶�£�©�©-£�¯�±T£�¯��8ªs°z��µ�°�ªs¯�±A°�ª-©-¬¸Êt£�¯�¯�£e£�±P°yÈÉ²��8ªs®±A±ËÊ�³%£e¶�£¦¥?�~Yªs©�³�¥A¬vÁ�±�£�¯�µ�¥Ç³Yªs%�¦¬v©�³%¬O¥®§?±®§M¬v¯8�
j ¶�²8ªs°M£�©-£�¯�±���°M£¦¥E�²¦¥®µ�°?±�ªs±�¥Â¶�£^�¦£¦¥��¦¬v©�³%¬O¥®§?±®§M¬v¯�¥P¥�¬v¯�±:¶�£¦¥��~Yªs©�³�¥Â¯�µ�°M¥��
P�ÒRQ�Ò�� � %=opVS%�� . m q 0 Ô * V	� '+0
��.
vxwzyxw��xw�| Õ ��Ü Ú ��Ü4Ûg×�Y�H\%Ü���àb×�Y g � �

¢¤£¦¥ �¦¬v¯�±�¬vµ��¥.¶�£�°Mª)±®µ�©-£�µ��¥�¥�¬v¯�±�¶�²���®§?±�¥��¦¬vµ�³%£�³Yªs �¦¬vµ�³%£Æ³Yªs�¶�£¦¥S³%¬v°?Ê6«�¬v¯�£¦¥.¹���� <³Yªs®±®§?¨¶�£¦¥ �¦¬v¯�±�¬vµ��¥ @%� ���s¯�¬vµ�¥	�£��¦¬v¯�¥®±®®µ�§M¥�¬v¯�¥2°M£ �t¬v°?µ�©-£f±®µ�©-¬v�ªs°Y£�¯�µ�±®§?°Î§M¥ ªs¯�±	µ�¯/ªs°?«�¬v®§?±
~�©-£¶�£-�£�©�³�°?§M¥�¥ ªs«�£/¶�£-³%¬v°?Ê�«�¬v¯�£¦¥��pbÇ¬vµ�¥�ª��t¬v¯�¥eªs³�³�°?§M½tµ�²/µ�¯qªs°?«�¬v®§?±
~�©-£.¹�� �¦¬v¯�¯�µ~¥�¬vµ�¥#°M£-¯�¬v©¶�£-°yÈ»ªs°?«�¬v®§?±
~�©-£�¶=µ)¯�¬v©�Á��£S¶ÏÈÉ£�¯��¬vµ�°M£�©-£�¯6± � � £ Ã �4¥®µ���~Yªv½�µ�£c�¦¬vµ�³%£Sª�·=§�ªs°M£��;½tµ�§ �¦¬v¯�±®§M£�¯�±�µ�¯
�¦¬v¯�±�¬vµ�Â±®µ�©-¬v�ªs°���¶�£^�~Yªv½tµ�£T§?©/ªs«�£���� ; Ã�� ¶�£T°yÈ»ª��¦½tµ�§M¥®§?±®§M¬v¯ ��� ; á�����¼g¬vµ�0�~Yªv½�µ�£T³%¬v§?¯�±¶�£ �~Yªv½�µ�£ �¦¬vµ�³%£ �¦¬v¯�±�£�¯Yªs¯�±"µ�¯ �¦¬v¯6±�¬vµ��¶�£¿°�ª~±®µ�©-£�µ���E§?°T¥¸È»ªs«O§?±"¶�£¿±�£¦¥®±�£�"¥®§T°M£¿³%¬v§Î¯6±"¥�£±®�¬vµ��t£#¬vµ"¯�¬v¯"°yÈ §?¯�±�²�®§M£�µ�Ç¶=µ"³%¬v°?Ê6«�¬v¯�£#¶�²u��¯�§M¥�¥�ªs¯�±:°M£^�¦¬v¯�±�¬vµ���H�Aªs¯�¥:°yÈ §?©/ªs«�£ º��?¾ £�¯ �\ª��f¯�¬vµ�¥ª��t¬v¯�¥Â§?°?°ÎµY¥®±®�²#°�ª �¦¬vµ�³%£eª�·=§�ªs°M£J¬v®§?«O§?¯Yªs°M£�ª���£��#µ�¯"À\£�¯ ��±®�ªs«�£eªv¶�²¦½tµYªs±P©-£�±®±�ªs¯�±Ç£�¯Æ²��6§M¶�£�¯��¦£J°M£¦¥§?¯�±�£�¯�¥®§?±�²¦¥TªsµÆ¯�§��t£8ªsµm¶�£J°�ª-±®µ�©-£�µ����°M£ �¦¬v¯�±�¬vµ�A¶�£J°�ª-±®µ�©-£�µ�A£�¯ ��ÁH�Â£�±P°M£ �¦¬v¯�±�¬vµ�Ç�£�©�³�°?§�£�¯
�����u�

�\ª�� ��ÁH� �����
�������%º��?¾�� j °?°?µ�¥®±®�ªs±®§M¬v¯ �¦¬v¯�±�¬vµ��¥��2�;�¬v§M¥EÀ\£�¯ ��±®�ªs«�£¦¥P¶=§���²��£�¯�±�¥P¬v¯�±Â²�±�²#µ�±®§?°?§M¥�²¦¥:³%¬vµ�Â©-£�±®±®�£J£�¯²��6§M¶�£�¯��¦£E¥®µ��µ�¯�£F�¦¬vµ�³%£f±® ªs¯�¥
��£��¥ ªs°M£ ���\ª��;°M£¦¥�§?¯6±�£�¯�¥®§?±�²¦¥2¶�£¦¥�³%¬v§?¯�±�¥2ÅP°yÈ §?¯�±�²�®§M£�µ�¨¶�£¦¥	³%¬vµ�©-¬v¯�¥��
��ÁH�4°M£5�¦¬v¯�±�¬vµ�?@%� �â¶�£T°�ªe±®µ�©-£�µ�7�����4µ�¯�£#¥�£���±®§M¬v¯�¶=µr��¬v°?µ�©-£T±®µ�©-¬v�ªs°��
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