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Abstract

We discuss the asymptotic behavior of time-inhomogeneous Metropolis chains for solving con-
strained sampling and optimization problems. In addition to the usual inverse temperature schedule
(Bn)nen=, the type of Markov processes under consideration is controlled by a divergent sequence
(0n)nen+ of parameters acting as Lagrange multipliers. The associated transition probability ma-
trices (Pg,, 0, )nen+ are defined by Ps o = q(z,y) exp (— B(Wa(y) — Wy(z))™) for all pairs (z,y) of
distinct elements of a finite set €2, where ¢ is an irreducible and reversible Markov kernel and the
energy function Wp is of the form Wy = U + 0V for some functions U, V : Q@ — R. Our approach,
which is based on a comparison of the distribution of the chain at time n with the invariant measure
of P3, 4, , requires the computation of an upper bound for the second largest eigenvalue in absolute
value of Pg, 9,. We extend the geometric bounds derived by Ingrassia (1994) and we give new suf-
ficient conditions on the control sequences for the algorithm to simulate a Gibbs distribution with

energy U on the constrained set Q = {z € Q: V(z) = min.cq V(2)} and to minimize U over Q.
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60J10, 65C05; secondary 15A42. Keywords: Markov chains, Metropolis dynamics, eigenvalues, constrained simulation,

constrained optimization.
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1 Introduction
Let 2 be a general but finite state space and let Q be a proper subset of €2 defined by

Q= {m €Q:V(z) = minV(z)} : (1.1)

z2€eQ
where V' is a nonconstant real-valued function on Q. Let U : @ — R be another nonconstant function.
Our primary goal is to study the asymptotic behavior of a class of discrete-time, nonhomogeneous Markov
chains controlled by a temperature variable together with a parameter acting as a Lagrange multiplier

in order to solve the following two problems.

Problem 1 (sampling with constraints): Let § € R} . Sample from the Gibbs distribution
g, (x) = Zgol I, co exp (— BoU(z)) , z €, (1.2)
where the constant Zgo, the partition function, is given by Zﬁo = Zzeﬁ exp ( — BOU(Z)).

Problem 2 (global optimization with constraints): Minimize U over (~2, that is, determine the set

Quuin = {;r €eq: U(z) = min U(z)} .
zeQ
The class of Markov processes under consideration is based on an extension of the dynamics introduced
by Metropolis et al. (1953). Let u be a probability distribution on  that charges every point and let ¢
be an irreducible transition probability matrix on 2 called the communication kernel. We assume that ¢
is p-reversible in the sense that u(z)q(z,y) = u(y)q(y,z) for all z,y € Q. Next, for any two parameters
8,0 € R, define the transition probability matrix Pg g on €1 by

a(z,y) exp (=B (Woly) — Wo(z))*) ify £,
P = 1.
ﬂvg(x7y) 1_ZPB70($7Z) lfy:.r, ( 3)
z#x
where wT := wVv0 and Wy : @ — R is a nonconstant function parameterized by 6. Under our assump-
tions, P3¢ is primitive (i.e., irreducible and aperiodic) and its unique equilibrium probability measure is

the “u-weighted” Gibbs distribution 75 ¢ at temperature 3! defined by
ma0(x) = Zgppu(x)exp (—BWy(z)), r €, (1.4)

where Zg g =3, . 1(z) exp (-8 Wy(z)) (the letter Z is used throughout this paper to denote appropriate
normalizing constants; the corresponding expressions will be omitted in the sequel provided there is no

ambiguity). Finally, let us put
Wy(z) = U(z) + 0V (x) for all z € Q (1.5)

and consider two strictly positive, nondecreasing sequences (8,,)nen+ and (6,,)nen+ such that lim,,—, o 0,

= +o00. We will study the family of nonhomogeneous Markov chains (X},),en with the initial law of Xg
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given by vy and transitions P(X, = y| Xp,—1 =) = Ps, ¢, (2,y), ,y € Q. Such chains are Metropolis-
type algorithms with state space €2, energy function (1.5) controlled by (6,)ren+, communication kernel
g, and inverse temperature schedule (3, )nen+. We shall use the notation M(Q, U,V,q,(Bn), (9n)) for
short.
Substituting (1.5) into (1.4), we find that, for any fy € R’ and for all z € Q,
lim g, 0(x) = 73y,00(T) = Z&)lm I, co (@) exp (—BoU () , (1.6)

0—+o0

which reduces to g, (1.2) when ¢ is symmetric. It can also be checked that 7g ¢ tends to a distribution

which gives strictly positive mass to every configuration x € Qumin as 8,6 — +o00. More precisely,

lim  750(7) = Too(z) 1= Z3

B,6—+00 ﬂ{zeﬁmin} (). (1.7)

From these observations, by analogy with the unconstrained case (i.e., V = constant), M(Q, U,V,q,
(Bn), (6)) will be referred to as stochastic relaxation if 3, = constant and as simulated annealing if
limy, 4 o0 B = +00. The key idea is that, for sufficiently slowly increasing control sequences, the law v,
of X,, should be close to w3, g, and we can expect that

lim sup ||y, —I|var =0, (1.8)

=100 e M(Q)

where M () denotes the set of all probability measures on Q, Il =7g, oo (1.6) or 7o (1.7) depending on
whether relaxation or annealing is considered, and the variation distance between probabilities v, 7 on a
finite set 2 is defined by

[V =7 llvar = max|v(E) —n(E)| = Y v(e) —w(@)].
z€eQ

Discrete-time Metropolis algorithms have been extensively studied during the last fifteen years. We
refer to Metropolis et al. (1953), Hastings (1970), Peskun (1973) and Kirkpatrick et al. (1983) for original
accounts, to Hajek (1988), Chiang and Chow (1988), Holley and Stroock (1988) and Catoni (1991a,b,
1992) for theoretical work on annealing, to Ingrassia (1994) and Frangois (2000) for results associated
with relaxation, and to Azencott (1992), Tierney (1994) and Gidas (1995) for synthetic reviews. However,
most of the available convergence results concern the unconstrained case. Actually, when dealing with
deterministic constraints, some theoretical results relating to the Gibbs sampler on a finite product space
can be found in Geman and Geman (1987) and Winkler (1990) (see also Geman (1990) and Gidas (1995)),
whereas for Metropolis chains, the only convergence results we are aware of were recently established by
Yao (2000) (see Gidas (1995) for the continuous-time case). Adopting Dobrushin’s contraction technique,
Yao (2000) proved that (1.8) holds for both relaxation and annealing if the control sequences satisfy

Bubn = (In(n+c1) +c2
for some constants ¢; >0, ¢ >0, and 0 < ¢ < (£oy)~ !, where

y = max{|V(y) - V()| :z,y €, qlz,y) > 0}
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k+£

and ¢ is the smallest integer such that [],Z; ., Pps, s, is a positive matrix for k large enough. Still, this

sufficient condition can be greatly improved. For any z,y € (2, let us denote by I';, the set of all simple
paths (admissible for ¢) from z to y and let

V ‘= mi V 1.9

(2,9) Jnin max (2) (1.9)

be the minimal communication level between x and y on the constraints landscape (€2,V, q). Let ﬁloc be

the set of proper local minima of (Q,V,q), that is, z € Quoc if it is not a global minimum (i.e., x & ﬁ)

and no state y with V(y) < V(z) is such that V(z,y) = V(z). We shall show that (1.8) is guaranteed by

the less restrictive condition ( < h;l, where the constant

hy = ;gaé)é {(V(z,y) = V() = V(y)} + I:HEISI% V(z) (1.10)
= _ max _ V(z,y) — minV(z),
T E€EQU Qloc, YEQ : z#Yy 2€Q

the critical height of (2,V,q), can be described as the minimal constraint barrier separating any local
or global minimum of (Q,V, ¢) from another state in Q. This non-negative quantity was first introduced
by Holley and Stroock (1988) and Chiang and Chow (1988); it reduces to the constant of Hajek (1988)
when the involved energy landscape has a unique global minimum. Still, our results differ from the
work of these authors in that the latter provide asymptotic annealing convergence conditions for the
unconstrained case, that is, as V' can then be assumed to be zero, conditions involving only (8,,)nen+ and
hw, = hu.

Clearly, hy < €0y whenever hy > 0 and the ratio £9y /hy is substantially large in many situations of
pratical interest (we are not interested in the special case hy = 0 which can be tackled with more efficient
approaches). Indeed, as far as annealing is concerned, paralleling the constrained optimization problem
with the unconstrained one shows that the improvement we offer here is similar to the improvement
provided by Holley and Stroock (1988) and Chiang and Chow (1988) over standard convergence results
based on ergodicity theorems (see, e.g., Geman and Geman (1984) and Mitra et al. (1985)). Before
proceeding with the outline of this paper, note that some related work about annealing with time-
dependent energy function can be found in Frigerio and Grillo (1993) and Del Moral and Miclo (1999).
Nevertheless, our contribution does not fit into this framework, as the associated assumptions would force
the sequence (6,)nen+ to be bounded above.

Let Lz(%), where 7 is a strictly positive distribution on 2, be the real vector space R’ endowed
with the inner product (¢,v)1/r = > ,cq @(x)¢(z)(x(x))"! from which we derive the vector norm

| li/x = (&, qﬁ)iﬁr Then, let us put m, := mg, g, as defined by (1.4) and (1.5) and let

§n = ||Vn_77n||1/1rn ) (1.11)

i.e., £2 is the chi-square contrast of v,, with respect to 7, (see, e.g., Brémaud (1999)). Since || v, —p, ||var <
%fn and lim,, 4o || mn — I ||var = 0, it turns out that lim,, 4 &, = 0 is a sufficient condition for (1.8)
to hold. Starting from this straightforward observation, the purpose of Section 2 is to compute an upper

bound on &, in the general case of a nonhomogeneous Markov chain with transitions (P, )pen+ having
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the property that, for all n, P, is irreducible and reversible relative to some probability distribution 7.
Our conclusions are contained in Theorem 2.1, the application of which goes through the estimation of
an upper bound on the second largest eigenvalue in absolute value of each P,,. In order to meet this
requirement, Section 3 is dedicated to the extension of the eigenvalue bounds computed by Ingrassia
(1994); it gives rise to new spectral estimates which may be of interest in their own right. Finally, in
Section 4, we make use of these estimates together with Theorem 2.1 in order to prove the main result
of this paper, Theorem 4.1, which states the basic conditions on the control sequences for the quantity

&, associated with Pg, g to be bounded above by a strictly positive power of n~!.

The convergence
properties of Metropolis-type relaxation and annealing then follow directly and we derive expressions for
the convergence rates which allow the measurement of the benefits resulting from our improvement in

the upper bound on (.

2 General results

Let €2 be a finite state space. We consider the general context of a discrete-time, nonhomogeneous Markov
chain (X,,)nen on  with irreducible and reversible transition probability matrices (P,)nen+. In other
words, each operator P, defined as [P.¢](z) = X, cq Pa(2,9)0(y), z € Q, ¢ : @ — R, is a self-
adjoint contraction on L?(m,), the real vector space R’l endowed with the inner product (¢, )., =
Y weq @(@)(x)my (x). Also, recall that theses hypotheses imply that, for all n, the spectrum of P, say
{Anjitim1,.. o is real with 1 = A1 > A2 > -0 2 Ay g = —1 and Ay, g > —1 if and only if P, is
aperiodic. We shall denote the second largest eigenvalue in absolute value of P,, by p(Py,) := A 2 V| Ay j0]-

Let v, be the law of X,, and let m, be the unique invariant distribution of P,. Our goal here
is to compute an upper bound on &, := |[v;, — Tull1/x, in order to provide a starting point for the
characterization of the variation distance between v,, and 7, in the specific case of Metropolis algorithms.

As will become clear, p(P,) plays a central role towards this end.

Proposition 2.1 For alln € N\{0,1}, we have &, < p(Pn)(anfn_l +bn), with a, = ||| D;l/zD;/_zl ||| )
and by := || Tp_1 =7 || 1/, , where Dy, := diag(my,) and || - |||2 is the matriz norm induced by the Euclidian

vector norm.

The proof appeals to the following lemma. We denote by 1 the function which is identically equal to

one on  (in vector notation, 1 = (1,...,1)7).

Lemma 2.1 Let P be an irreducible, w-reversible transition probability matriz on Q2. Then, for each
¢ : Q= R such that (¢, 1) =0, we have || Po||lx < p(P)|| &« -

Proof. Define S = D'/2PD~'/? with D := diag(w). Clearly, S and P have the same eigenvalues 1 =
A1 > A2 2 -0 2 Ajg 2 —1. Moreover, from the reversibility of P, the matrix S is symmetric and therefore
real orthogonally diagonalizable. Let {“i}izlv---\ﬂl be an orthonormal set of right eigenvectors of S such
V2 (i =1,...,]9])

form an orthonormal basis in L?(7) and they also form a set of right eigenvectors of P. Consequently, for

that v; corresponds to the eigenvalue with same subscript. The vectors w; := D~
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any ¢ : Q = R, we can write ¢ = (¢, w;)zw; and Pp =3, N\i(d, w;)rw; so that || @[|2 =D (¢, w;)2
and || Pol|2 =3, A2 (¢, w;)2 . Since wy = 1, it follows that if (¢, 1), =0, then

||P¢||ﬂ' _ i=2,...,|Q

el % w2

i=2,..,/0|

< PA(P). O

Proof of Proposition 2.1. Since v, — w1, = PTVn 1 —Dp1 = D,P, D v,y — D, P,1, we have
D;l/Q(Vn — ) = DY*p, (Dp'vn—1 — 1) and, hence, & = ||Pu(D; ver — 1) || . Observe that
(D 'vy—1 —1,1)x, = (V,—1,1) — 1 = 0. Therefore, applying Lemma 2.1, we obtain

& < p(Pa) [Drtvna = 1|, = p(Po)|vn-s =7l

< p(Pn) ( ||Vn71 _7rn71||1/ﬂ.n +bn) )

||D;1/2D1/2 D12

where ||Vn—1 - ﬂ'n—l”l/ﬂn n—1""n-1 (n—1 — ﬂ'n—l)Hz

VAN
)
L
~
l\?
H
\
(V)
(V)
tJ
S
—_
l\?
T
3
—
3
3
-
[NV}

= anép_1- O

Proposition 2.1 is all that is needed to initiate the proof of the following result.

Theorem 2.1 Assume that there exists a constant N € N\ {0,1} and two bounded functions f,g
(o, 400) = Ry, with a < N, such that the following hold:

(i) for all positive integers n > N, f(n) < —1n (p(P,)an) and g(n) > p(Py) by, ;

(ii) f and g are continuously differentiable and decreasing in («, +00) ;

(iii) there exists a real constant c € (—1,+400) such that (g(;z:))f1 (g/f)l(;r) >c forall z € [N+1,+00).
Then, for all positive integers n > N ,
g(n+2)
fn+2)’
where Zn_1 (see (2.2)) is a positive constant determined by the initial law vy and the transitions

(Prn) 2¢n<n , F is a primitive of f in (o, +00), and x := sup {g(m)/g(m +2):z€ [N,+oo)}.

&n < En-1exp(—F(n+1)+F(N)) + exp (f(n+1)) (2.1)

1+¢

Proof. Taking that [])_, p(Px)ar =1 if { > n, Proposition 2.1 gives

&< & oPar + 3 oPa)bn [ oPar = = (22)
k=2 m=2 =

for all n > 2. Observe that, for all n >

I Py o = (Emm)(ﬂ Py ) <HpPk >p< > f<k>>,

k=m k=mVN
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n n+1
with > fk) > / f(x)dz = F(n+1)— F(mVN).
k=mVN mvN
Hence, setting S, := Z g(m) exp (F(m + 1)), we obtain
m=N
én < En—rexp (= F(n+ 1)+ F(N)) +exp(— F(n+1))S,. (2.3)
We have Sp < X Z g(m +2) exp (F(m + 1))
m=N
n+1
< xZ., I, = / g(z + 1) exp (F(z + 1)) dx. (2.4)
N

Our task now is to derive an upper bound on Z,,. The substitution y = F(z + 1) yields
F(n+2)
= / (GoF™)(y) exp(y) dy,
F(N+1)
where G is a primitive of g in [N +1,+00). Note that (GoF 1) (y) = (go F ') (y)/ (fo F ') (y) >
0 for ally € [F(N + 1),400). Integrating by parts, we get

n+2
—— M xp (F — In
[f(y) ¢ p( (y)) N+1 n
' F(n+2) o ‘ (G o F’l)”(y)
= oF~! X n min -—
with In = /F(NH) (GoF7) (y) exp(y)dy > I, e GoF 1))
_ (g
= e 9(0) (f) @) > Ine,
and it follows that
_19(y) 2 _ g(n +2)
Finally, from (2.3)—(2.5), we obtain
— + 2
&0 < Evorexp (= Fn+1) + F(N)) + 1 i —exp (F(n+2) = F(n+1)) %

and the theorem follows from the fact that since f is decreasing, F' is concave and, hence, F'(n + 2) —
Fn+1)< f(n+1). O

A straightforward example of functions satisfying conditions (ii) and (iii) in Theorem 2.1 is given by
fl@) = K;z7% and g(z) = Ko x™°2, where K, €3 and &1 < €3 A1 are strictly positive constants and
K1 > (g3 —e1)(N + 1)** 71, In this case, the interesting thing is that the upper bound in (2.1) has the
limit 0 as n — +o00. Indeed, in Section 4, a similar choice will be made for the application of Theorem 2.1
to the convergence of the class of algorithms M(Q, U,V,q,(Br), (Hn)) However, to be able to do so, we
must provide some upper bounds for a,, b, and p(P,). This task turns out to be easy when considering
a, and b, (see Lemma 4.1), but the lack of spectral estimates for generic Metropolis chains makes it
much harder for the second largest eigenvalue in absolute value. The following section is intended to

introduce some results that will allow us to overcome this difficulty.
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3 Geometric bounds for eigenvalues of Metropolis chains

Consider an irreducible, reversible transition probability matrix P on a finite set Q and let p(P) be
the second largest eigenvalue in absolute value of P, that is, p(P) = X2 V |\g||, where XAy < 1 and
Al = —1 respectively stand for the second largest and the smallest eigenvalues. Motivated by the
well-known fact that p(P) governs the rate of convergence of the time-homogeneous Markov chain with
transition P, several authors (Sinclair and Jerrum (1989), Diaconis and Stroock (1991), Sinclair (1992)
and Desai and Rao (1993)) have developed upper bounds for Ay and lower bounds for A\ig (see Ingrassia
(1993) for a synthetic review on the subject). Nevertheless, these spectral estimates depend on some
geometric quantities associated with the transition graph of P, which are difficult to compute for generic
updating dynamics like the Gibbs sampler and Metropolis-type algorithms. In such situations, the tightest
eigenvalue bounds known to us were derived by Ingrassia (1994) from the estimates of Diaconis and
Stroock (1991).

When treating Metropolis chains, Ingrassia (1994) restricted his study to specific symmetric communi-
cation kernels. Here, we extend the results of this author to any irreducible and reversible communication.
We first introduce some definitions and we recall the estimates of Diaconis and Stroock (1991) in order
to state the problem clearly. Then, an upper bound on As and a lower bound on A g are proved for the
purpose of studying the constrained relaxation and annealing processes described in the introduction.
Although these results allow us to bound the mixing time of general Metropolis chains, it is worthwhile
noting that tighter convergence time bounds can be obtained for specific problems involving particular
instances of either the Metropolis dynamics or the closely related Glauber dynamics. For instance, poly-
nomial time bounds were proved by Jerrum and Sinclair (1989) for sampling nearly perfect matchings
in bipartite graphs and matchings in weighted graphs (see also Jerrum and Sinclair (1996)). Positive
results of a similar flavor can be found in Jerrum (1995) and Dyer et al. (2001) for sampling vertex
colorings of a low degree graph, and in Jerrum and Sorkin (1998) for the graph bisection problem. Still,
in addition to our preoccupation, general bounds can be useful for understanding complex chains such as
the ones that arise in image processing inverse problems (see, e.g., Geman and Geman (1984) and Robini
et al. (1999)) or for other problems that have been shown to produce negative (i.e., super-polynomial or
exponential time) convergence results — such problems include finding maximum matchings in arbitrary
graphs (Sasaki and Hajek (1988)), reaching a maximum clique in a random graph (Jerrum (1992)), or
the g-state Potts model and the independent set problem on rectangular subsets of an hypercube lattice
(Borgs et al. (1999)).

3.1 Notation and preliminaries

We assume that the irreductible Markov kernel P : Q x Q — [0, 1] is reversible with respect to its invariant

distribution =, that is,
Q(a,y) = 7(2)P(a,y) = Q(y,x)  forall z,y € Q.

The transition graph G(P) = [Q,ff ] associated with P is the directed graph with set of vertices
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and set of arcs A= {z =y : z,y € Q, P(z,y) > 0} ; we shall use the notation @ = (a_,ay) for an arc
with initial vertex a_ and end vertex a..
Given any two vertices z,y € ), we denote by <,, a path from z to y on G(P) and we define its
Q@-length by
helo = > (@) (3.1)
€Yy
Since P is irreducible, we can construct a collection I' = {7y : z,y € Q, & # y} of paths on G(P)
containing one simple path for each ordered pair of distinct vertices (x,y) € @ x Q. The first geometric

quantity of interest, the “Poincarré coefficient”, is

Kr = max Y alen@) w(y). (3.2)

€A Yoy ELivay D@

o

Assuming that P is aperiodic, we can choose a set ¥ = {0, : & € Q} of cycles on G(P) containing
one cycle with an odd number of arcs for each vertex. The second geometric quantity to be considered is

related to ¥ as follows:

ly = max Z lozlo m(z), (3.3)
0, EX:0.Da

where the @Q-length |o,|¢ is defined by analogy with (3.1).

This notation allows us to state the spectral estimates computed by Diaconis and Stroock (1991).

Proposition 3.1 Let P be an irreducible, m-reversible transition probability matriz on . Then, the

second largest eigenvalue A2 of P satisfies
Ay < 1—rpt (3.4)
with kr defined in (3.2). Moreover, if P is aperiodic, then its smallest eigenvalue \q| satisfies
Ao = —1+24" (3.5)

with vs defined in (3.3).

Obviously, for some particular case of interest, the quality of the eigenvalue bounds that can be derived
from the above results depends on making a judicious selection of the sets I' and ¥. In the following

subsections, we focus on Metropolis chains with transition probability matrix P on 2 defined by

P(z,y) = q(z,y) exp (=B (W(y) - W(2))") ify#uz, (3.6)

where the inverse temperature 8 € R} is fixed, the energy function W : Q@ — R is nonconstant, and
the communication kernel ¢ : @ x © — [0, 1] is taken to be irreducible and reversible with respect to its
invariant distribution g . Therefore, P is primitive and its equilibrium probability measure is the Gibbs
distribution 7 (x) = Zglu(:v) exp(—BW(z)), = € Q.
To compute our spectral estimates, we shall adopt the approach of Ingrassia (1994) based on Propo-
sition 3.1. Let
S(z) = {yEQ\{x}:x—)yE/f}
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be the set of proper neighbors of x and let d, := max,cq |S(z)|. The results of this author are limited to

symmetric communication kernels of the form

(d*)_l if Y € S(LE),
a(z,y) = § (d) " (d — |S(z)]) ify=a,
0 otherwise,

with the additional assumption that |[S(z)| = d, for all z € {y € Q: (3z € S(y)) [W(2) > W(y)]} =
T when considering the smallest eigenvalue. Our contribution is to extend these results to arbitrary
irreducible and reversible q. The same proof techniques are used and this generalization mainly involves
dealing with the two following awkward elements: ¢(x,y) is no longer constant for all pairs (z,y) such

that y € S(z) and ¢(z, ) is not necessarily zero if z € T.

3.2 An upper bound on ),

Given any pair of distinct vertices (z,y) € Q x Q, the set of all simple paths from z to y on G(P) will be
denoted by I'y,. Let h be the critical height of the energy landscape (2, W, q) defined by analogy with
(1.9) and (1.10). A path 7, is said to be W-admissible if
znelsfi W(z)—W(x) —W(y) + Iznelg W(z) < h (3.7)
(it is said to be strictly W-admissible if the inequality is strict). Obviously, there is at least one W-
admissible simple path between every pair of distinct vertices (z,y) € @ x Q. Like Ingrassia (1994),
we consider a set I' = {7,y : 2,y € Q,  # y} of W-admissible simple paths on G(P). Let br be the
maximum number of paths v € I' that use the same arc and let 1 be the length of the longest path in
[, that is,
br := ma)§|{'y€F:’yB&'}| (3.8)
acA

d (r = 3.9
an r glg;clvl, (3.9)

where |v| denotes the number of arcs in 7. The following result is obtained by means of (3.4) in

Proposition 3.1.

Theorem 3.1 Let P be a transition probability matriz of the form (3.6) with irreducible and p-reversible

communication kernel. Then, the second largest eigenvalue A2 of P satisfies

|Qmin| Gmin

A2 <1

exp(—pSh), (3.10)
where Quin = {z € Q : W(z) = min,cq W(z)} is the set of global minima of W, gmin = min{ ¢(a@) :
ace A‘, a_ # ay} denotes the minimum communication probability over proper transitions, and p, =

max{ p(z)/pu(y) : ©,y € O} measures the fractional communication dissymmetry.
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Proof. We have Q(a@) = w(a_) P(@) = Z;" u(a_) q(@) exp (= B(W(a-) vV W(ay))) and hence

Neyle (@) m(y) = Z5" (@) uly) (n(a=) q(@) ™" exp (B(W(ao) V W (ay) = W(z) - W(y)))
aE'Yzy

for any v,, € I'. From our choice of I' (3.7), since W(a_) VvV W(ay) < max{W(z) : z € vy}, we have

Meslo (@) wly) < 25" () ply) exp (8 (h—min W (2))) 3 (ula-)q(@) "

aE’Yzy

2
< % exp(Bh), Zg = g}exp (—5(W(2’) - I;ggW(x))) .

Thus, by the definitions of by (3.8) and £ (3.9), and since Zz > |Qminl, the quantity kp (3.2) satisfies

2
Rp < 7M* br EF

X
|Qmin| Gmin

exp(fBh)

and the theorem follows from Proposition 3.1. O

Note 3.1 The upper bound (3.10) is similar to the one computed by Holley and Stroock (1988), the
difference being that we can express the constant appearing in front of exp(—gh). In addition to intrinsic
importance, this specification is needed to set the basis for the proof of our main results (Section 4) because

of the dependence upon € in the case of relaxation and annealing with constraints.

Note 3.2 In place of (3.4), other geometric estimates can provide a starting point for computing an
upper bound on \,. For instance, based on some previous work (Sinclair and Jerrum (1989)), Sinclair

(1992) proved the following bounds:
1

-— p=~g 71

)\2 < 1- 87]12 ) nr = énea;; (Q(a)) o EFEI,Y:MJ s 7T(.’IJ) W(y)7 (311)
1 _

o <1 T = max (Q(@) Y haln@) (). (3.12)

Yoy ET Y2y D@
Adopting a similar reasoning as in the proof of Theorem 3.1, the bound (3.11) gives

. 1 <|Qmin| Gmin

A2 <1 ‘

) exp(—26h), (3.13)

whereas (3.12) leads to the same upper bound as (3.10). Alternatively, provided that W has a unique
global minimum 7 and m(Z) > (/3 + 2c71/3 -2 )2 ,ci=32 +@ , the approach proposed by Francois
(2000) leads to an estimate of the form

A2 < 1— Kexp(—25h) (3.14)

for some constant K > 0 and ( large enough. Finally, one can resort to the results of Desai and Rao
(1993) from which it is possible to obtain

Ay < 1— K'exp(—BAw) (3.15)
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for some constant K’ > 0 and Aw := max{ W(z) — W(y) : =,y € Q}. Still, except for the trivial case
h = 0 and the extreme case h = Ay, the upper bound of Theorem 3.1 becomes sharper than (3.13)—
(3.15) as 3 increases. Furthermore, this observation holds in the context of relaxation and annealing with

constraints.

3.3 A lower bound on A

Let Ap be the set defined by Ap = {z € Q : P(z,z) > 0}. For any vertex x € 2, we denote by r, the
minimum number of arcs of G(P) that are needed to join z to an element of Ap. In other words,

ry = lg¢pa,1 min min .
T {z¢Ap} yEAP 1€ e, |'7|

Following Ingrassia (1994), we consider a set ¥ = {0, : z € Q} of odd cycles on G(P) reaching Ap

through a minimum number of arcs, that is,

TT if ¢ S A y
— r (3.16)

(’7-7)?47 Yyy> ”)/yw) otherwise,
where 7., := ¢ — x, the vertex y is an element of Ap, the path 7, is such that |v,y| = rz, and vy,
stands for v,, reversed. Finally, let J be the minimum nonzero jump of W over proper transitions,

¢ := min min Wiz) =W :
ves yES(w)=W(y)¢W(m)| () )|

and let by, be the maximum number of cycles o € L' := X \ {73, : © € Ap} that use the same arc,

Theorem 3.2 Let P be a transition probability matriz of the form (3.6) with irreducible and p-reversible
communication kernel, and let py and gmin be as defined in Theorem 3.1. Then, the smallest eigenvalue
Ajq| of P satisfies

—1
Gmin 1
> 1+ 2qmm | A2 B| 1
Alo| 2 +2q |: < Vl—exp(—ﬁ5))+ :| (3.17)

min

where A =by pux+1, B = 2byr, s with v, = max{r, : x € Q}, and q,,;, is the minimum nonzero
self-loop communication probability if such exists, that is, G;, = min{g(z,z) : ¢ € Ay} if Ay :={z €
Q:q(z,z) >0} # 0, otherwise Gy, = 1.

Let us start with a few lemmata to keep the proof simple.
Lemma 3.1 x ¢ Ap if and only if ¢(x,x) =0 and W(z) < W(z) for all z € S(z).
Proof. The lemma follows directly from the fact that

r¢ Ap <= Z q(z,2) exp (=B (W(z) = W(x))t) = 1. O
2€8(z)
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Lemma 3.2 Assume that Q \ Ap is nonempty. Then, any path v = (x;)1=0,..... on G(P) such that
x ¢ Ap for alll € {0,..., L} is a path of constant energy.

Proof. If W(x;) > W(x;-1) for some | € {1,...,L}, then ;1 € Ap by Lemma 3.1. Likewise, as
xz € S(y) <= y € S(x) from the irreducibility and the reversibility of ¢, W (z;) < W (x;—1) implies that

x; € Ap. Hence, v must be of constant energy. O
Lemma 3.3 For any x € Ap, we have P(2,%) > Tuin AN (Gmin (1 — exp(—46))).
Proof. On one hand, if W(z) < W(x) for all z € S(x), then ¢(x,2z) > 0 by Lemma 3.1 and

P(z,z) = 1- Z q(z,2) = q(2,7) 2 Qi -
z€8(x)

On the other hand, if there exists zg € S(x) such that W(z9) > W(z), then

P(x,x)

\Y}

<1 - > Q($>Z)> — q(x, 20) exp (— B(W (20) — W(x)))
{z0}

z€8(x)\
2 q(z,20) — q(, 20) exp(—p0)
> gmin (1 — exp(—f39)) . 0
Proof of Theorem 3.2. The approach is similar to the proof of Theorem 3.1 in the sense that we shall
compute an upper bound on the geometric quantity ¢ (3.3) in order to apply (3.5) in Proposition 3.1.

For any @ € A, we can write

Yo oelem@ = Y (Lgegary + Lwenry) loelo m(x) (3.18)
0e €EX:0,2a 02 €EX:0,3d
so that the cases © ¢ Ap and ¢ € Ap can be considered separately.

Let us first assume that « ¢ Ap. Then, by our choice of ¥ (see (3.16)), 0z = (Yazs Vay» Yyys Yyzs Vea)»
where y € Ap, 7y, is a self-loop from y to y, the path 7,, = z — y is simply an arc with z ¢ Ap,
and 7,. has all its vertices in Q \ Ap and length |vy,.| = 7, — 1. Note that from Lemmata 3.1 and 3.2,
W(z) > W{(y) and 7, is a path of constant energy. Since ) is symmetric, we have

loz|qm(z) = 2(|%cz|Q () + Y2yl 77(37)) + [yylo m(@) - (3.19)

We can provide an upper bound for each of the three terms that appear in the right-hand side of (3.19).

First, as ;. is of constant energy,

heslom(@) = 3 (n(an) P@) ‘n(@) = Y (ula-)q(@) ‘u(z) < (r— 1)

A€Yaz A€Yaz

@) pe)
W(Z)P(Zay) H(Z)q(zay) = qmin'

Second, since W(z) = W(z) = W(y), |vzylon(z) =
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Third, appealing to Lemma 3.3, we have

m(z) (@) _ -t
mr) = < < 9min A Qmin 1-— exp _65 .
wlem(@) = p < i Pl < (T (a1 - exp(=50))
275 Iy 1 1 )
Consequently, |o.|o 7(x) < + —V and it follows that
Y | $|Q ( ) h Gmin Hx (qmin qmin(]- - exp(—B(S)) )
> o e (@) < L by,  dmin \, ! +B (3.20)
{$¢AP} T Q X qnlin I’L* ) qnlin 1 _ exp(—ﬁ(S) . -

o, EX:0,Da

Now, let us consider the case x € Ap. Then, the cycle o, € ¥ is a self-loop from z to = and the

corresponding treatment is easier. Making use of Lemma 3.3, we have
1 _ -1
oelo (@) = (P@,2) ™" < (Twin A (guin (1 = exp(=52)) ) -

Hence, as Z Tipenpy <1 forallde A’,
0, EX:0.Da

1 min 1
Y lpeapyloelen(@) < (q v ) (3.21)

0, EX:0,Da Gmin amin 1- exp(—ﬁ&)
Finally, from (3.18), (3.20), and (3.21) and by the definition of ¢y, (3.3), we obtain

1 Gmin 1 > :|
1y, < Al = V + B
> Ggmin |: <Qmin 1- eXp(_Bé)

and the theorem follows from Proposition 3.1. O

3.4 An upper bound on the mixing time

Starting from a given configuration z € Q, the rate of convergence of a primitive Markov chain with
transition probability matrix P and equilibrium distribution 7 can be measured via the “mixing time”
T : R — N defined by

To(e) = min{n e N : (Vm > n)[[| P"(z,") — 7 ||var <€]}.
As noted by Sinclair (1992), 7, (¢) can be bounded above in terms of p(P) and w(z):
To(e) < (1= p(P)) ™ In (1/en(x)). (3:22)

Hence, Theorems 3.1 and 3.2 give an upper bound on the time to reach (quasi-) equilibrium from a given

initial state. The following result is noteworthy, although we shall not use it in the sequel.

Corollary 3.1 Let P be a transition probability matriz of the form (3.6) with irreducible and p-reversible
communication kernel, and let py, br, fr, Qmin, Gmins 0, 4 and B be the quantities defined as in Theorems
3.1 and 3.2. If

~ 3 Quin | i
> (6~'In2 i | el (g (i o) | p =: p
B> ( n )V ( n{?ufbr(r( <§minv >+ >}> a
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p? In (1/en(z))

|Qmin| Gmin

then Tz(e) < br {r exp(Bh) . (3.23)

Proof. Let Ay and A be the upper bound on A and the lower bound on \jq| given in (3.10) and
(3.17), respectively. If 5 > g*, then

—1 —1
Gmin Gmin 1
u = 1 —2¢min| Al = 2 B = 1—2¢umin| Al = B > =L
4 o [ 4( 32 v2) + 8] o |42V gy ) 8] > N

min min

Therefore, p(P) < Ay and the corollary follows from (3.22). O

Note that (3.23) holds for any # € R} if one considers the slower Markov chain with transition
probability £ (I 4+ P) rather than P, where I is the || x |Q| identity matrix (i.e., if one introduces an
additional self-loop probability of % for each state). In both situations, the mixing time is governed by
the critical height of the energy landscape together with the geometric quantities by and fp associated
with some set of admissible paths. This confirms two basic intuitions about necessary conditions for
rapid convergence to equilibrium: the chain should not contain any bottleneck and the diameter of its

transition graph should be small.

4 Convergence towards equilibrium and the ground states

We now have all the necessary ingredients to study the class of Metropolis algorithms M(Q, U,V,q,(Bn),
(On)) defined in the introduction; that is, the family of nonhomogeneous Markov chains (X,)nen with
transitions (P3, g, )nen+ defined by Pgg(z,y) = q(z,y) exp (— B(Wy(y) — Wy(z))T) for all pairs (z,y) of
distinct elements of €2, where the following hold:

(A.1) ¢ is an irreducible, p-reversible Markov kernel on Q;

(A.2) Wy =U + 6V is nonconstant for all § € R .

For each n, the law of X, is denoted by v, and, for simplicity, we shall put P, := Pj3, ¢, and write m,
for the equilibrium distribution of P,.

In order to be able to apply Theorem 2.1 for establishing the convergence of relaxation and annealing,
—1/2 11/2
n D

we have to compute upper bounds on the quantities a, = ||| D e ||| o, and by = || mp1 — 7m0 || 1/x,
as well as on the second largest eigenvalue in absolute value p(ngg). These intermediate steps form the
subject of Section 4.1. They will allow us to prove our main theorem, Theorem 4.1, from which we deduce

the convergence results summarized in Corollaries 4.1 and 4.2.

4.1 Upper bounds on a,, b, and p(Psy)
Let us first consider a,, and b,. For each n € N\ {0, 1}, we set
0n = (Bubn — Bu-10n—1) (Auvb, ' + Av), (4.1)

where A stands for the oscillation of the function J : ) — R, defined as Ay := max (J(z) = J(y))-
a2,y
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Lemma 4.1 Assume that the control sequences (Bpn)nen+ and (0n)nen+ are strictly positive and mono-

tonic increasing. Then, a, < exp (%Un) and b, < exp(o,) —1 for all n € N\ {0, 1}.

(””‘1(”") )1/2 and

7 (T)

Proof. Since a, = max{)\l/2 A€ spectrum(Dngn_Q} = max

b = (Z (= —1)2%(@)1/2 < gy

€

-1 ()

() -1

)

it suffices to show that exp(—oy) < mp_1(z)/mn(z) < exp(oy) for all z € Q.

For each n > 1, let ¥,, be the real-valued function on ) characterized by

U, (z) = B [(U(;z:) — min U(z)) + 0, (V(J:) - minV(z))] .

119 z€Q

The equilibrium distribution 7, can then be expressed as m,(z) = Z, pu(z) exp (— ¥, (z)) with Z, =
> .eq i(z) exp (— ¥,(2)) and it is easy to check that

Z, T

exp (— max (\I’n(z) - \Pnfl(z)) Lip—1 = ﬂ'nzl')

z2€eQ

for all n > 2. The lemma follows from the fact that
\I’n(m) - lIln—l(x) < (ﬂn - Bn—l)AU + (ﬂnen - Bn—len—l)AV < o

forallz € Q. O

Note 4.1 It can be shown that for n sufficiently large, the inequalities given in Lemma 4.1 still hold if we
replace Ay by max{U(z) —U(y) :x € Q, y € ﬁ} in (4.1), where Q is defined by (1.1). Moreover, when
Bn = Bo € R for all n € N* (i.e., in the relaxation case), we obtain a, < exp (30,) and b, < exp(c’,) —1
with 0!, = Bo(0n, — 0n—1)Ay for all n > 2. However, we will not appeal to these tighter bounds, as they

do not lead to better convergence results.

Now, let us turn to the second largest eigenvalue in absolute value of Pz 4. Some of the quantities
involved in Theorems 3.1 and 3.2 are functions of 8 so that a little care is needed when applying these
results. In this context, it is important to keep in mind that the set of arcs on G(Ps) that are not
self-loops is entirely defined by the communication kernel ¢ and is therefore independent of U, V', f and
0. A few definitions are needed before stating our upper bound on p(Pgg).

Let Hy be the collection of ordered pairs of distinct states (z,y) € Q x Q such that

Viay) = V() = Vi) +minV(z) = hy,

where V(z,y) is the minimal communication level between x and y on (2,V,q) and hy is the critical
height of (2,V,q) (see (1.9) and (1.10)). Because ¢ is irreductible, we can construct a set [, = {vay :
(x,y) ¢ Hv, z # y} consisting of exactly one strictly V-admissible simple path on G(Ps) for each
ordered pair of distinct elements (z,y) € (2 x Q) \ Hy. A simple path ,, on G(Psy) is said to be
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V-critical if (z,y) € Hy and max{V(z) : z € 74y} = V(z,y). We denote by It a set {vy : (z,y) € Hv}
composed of exactly one V-critical simple path for each pair (z,y) € Hy and by G. the collection of all
such sets of paths. Finally, let

by = max brur. and by =4, V ( max Epc),

c€G. c€G.

where by and £ are respectively defined by (3.8) and (3.9).

Proposition 4.1 For any constant By, € R, there exists a constant 0., € R such that, for any 8 > B,
and for any 0 > 6y, p(Psg) < 1—Texp (— B(2Ay + 9hv)), where T := (uin (ui b,l*)f1

The proof resorts to the following simple lemmata.

Lemma 4.2 The critical height hw, of the energy landscape (2, Wy, q) satisfies —2Ay +0hy < hw, <
2Ay + Ohy .

Proof. Let us respectively denote by Juyin and Jyax the minimum and the maximum of a function J
on Q. It is straightforward to show that Ui, + 60V (z,y) < Wo(z,y) < Umax + 0V (z,y) for all pair of
distinct states (z,y) € 2xQ and the lemma follows by considering that Uwin+60Vinin < mingeq Wp(z) <
Unax + 0Viin - O

Lemma 4.3 There exists a constant 0], € R such that, for any 0 > 0,,, the collection of sets {I' =
[LUTI, : I, € G} contains some set {v4y(0) : v,y € Q, & # y} exclusively made up of Wy-admissible
paths.

Proof. By appealing to Lemma 4.2, we can make the following two observations.

(i) Any strictly V-admissible path becomes strictly Wy-admissible as 6 increases. Therefore, there
exists t, € R} such that any path in I}, is Wy-admissible if 6 > ¢,.

(i) Let 74y be a path joining two states z and y such that (z,y) € Hy. If 44, is not V-critical, then

max V(z) = V(z) —V(y) + min V(z) > hy

Z2€Yay zZEQ

and, hence, 7,, is not Wy-admissible for large values of §. Consequently, for 8 sufficiently large,
any Wy-admissible path linking (z,y) € Hy is V-critical. Because for every 6 € R’ , there exists
a Wy-admissible path between every pair of distinct points (x,y) € Q x Q, we deduce that for 0
large enough, at least one of the V-critical paths linking any pair (x,y) € Hy is Wy-admissible.
It follows that there exists ¢, € R} such that for every 6 > t., at least one of the sets ['c € G is

exclusively composed of Wy-admissible paths.
Setting 0!, = t, V t. completes the proof. O
Proof of Proposition 4.1. We denote by I'(f) a set of Wy-admissible simple paths on (Q, Wy, q) and

the dependence of Ay, Quyin (Theorem 3.1), Ajq|, 4, B, § (Theorem 3.2) upon 6 is indicated by the
subscript 6.
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Clearly, there exists ¥y, € R} such that, for all 8 > J,,

dp > min min Uz) = U — 50 > 0.
i S L a2 B

Then, applying Theorems 3.1 and 3.2 with |Qming| < ||, we obtain that, for any 6 > ¥y, a sufficient
condition for the upper bound on Az ¢ (3.10) to be greater than the absolute value of the lower bound on

Ajal,¢ (3.17) is given by

_ Q mi 1
hw, > B~ 'In | A (_m‘“ v > +B
we > F [2 1z bre) Lre) < "\unin 1= exp(—B00) ’

Hence, by Theorem 3.1 and using the fact that |Qming| > 1, if 6 > ¥m and hw, > L£(8,6), then

—: L(8,).

—mgexp (— Bhw,), Ty = Qmin(uzblﬂ(ﬁ)elﬂ(ﬁ))ila
—mexp (— B(2Ay 4+ 6hy))  (by Lemma 4.2).

p(Psp) < 1
<1
Consequently, given any fn € R, the above inequality holds for all pairs (3,6) such that 8 > i, and
0 € {V>Vm: hwy, > L(Bn,V)} =: Dy. Since sup{L(Bm,V) : ¥ € R} } < +o0 and hy, > —2Ay + Jhy

by Lemma 4.2, Dy D {¢ > 9.,} for some constant 9, > ¥,. The proposition follows by appealing to
Lemma 4.3 and then setting 6, =0/, v9,,. O

4.2 Main results

In addition to (A.1) and (A.2), we shall make the following assumptions on the control sequences (3,,)nen+
and (0,,)nen- :

(A.3)  (Bn)nen+ and (0,)pen= are strictly positive and monotonic increasing ;
(A4)  limy,yyoo 0 = 400;
(A.5) there exists real constants w € (—1,+00) and ¢ € (0, k') such that

Bnbn — Br—10n—1 < ((n+w)™! foralln e N\ {0,1};

(A.6) the sequence (6,/In(n + w)) decreases eventually.

nenN\{0,1}
By applying Theorem 2.1 together with Lemma 4.1 and Proposition 4.1, we obtain the following
theorem, which shows that the quantity &, (1.11) has the limit zero as n — 400 whenever (A.3)—(A.6)

are satisfied.

Theorem 4.1 Under assumptions (A.3)—(A.6), for any positive real constant

CAy
T(l + (JJ)GLV exp(—ﬁlﬁlhv)

c > =: Oy,

there ezists a constant M € N\ {0,1} such that &, < C(n+ w)C AV +hv)=1 for qllp > M.

Proof. In order to be able to apply Theorem 2.1, we must first provide bounds for the quantities
—In (p(Pn)an) and p(P,)b,. From proposition 4.1, we have In p(P,) < — Texp (— Bn(2Ay +9nhv)) for
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n sufficiently large. Therefore, by considering Lemma 4.1 and noting that (A.5) implies (3,60, — 8161 <
¢In((n +w)/(1 4+ w)), there exists n; > 2 such that, for all n > ny,

—¢(2Ap 6, *+hy) 1

—In (p(Pp)an) > 7 (n+w) — vp(n+w)”

with 7, := Texp ((Cln(l-{-w)—ﬁlﬁl)(QAU0;1+hv)) and v, = % (Apf;1+Ay) . Since lim, 400 0, =

+oo and Chy < 1, it follows that for any real constant d; satisfying

0 <6 < Em Tn = 7(1 +w)" exp(—B101hy) ,

n—-+o00

there exists ny > ny such that
—In (p(Pp)an) > 61 (n+ w)_C(ZAUa;lHLV) for all n > no. (4.2)

At the same time, using Lemma 4.1 and (A.5), we have p(Pn)b, < b, < exp (2vp(n+w)™) =1 = s,
for all n > 2. Clearly, under assumptions (A.3) and (A.4), the sequence (s )nen+ is monotonic decreasing
and lim,, sn/((AV(n + w)’l) = 1. Consequently, for any real constant d, > (Ay, there exists
n3 > 2 such that

p(Po)by, < Ga(n+w)™t for all n > ns. (4.3)

We now examine the conditions (i)-(iii) stated in Theorem 2.1. Let © : [1,4+00) — R} be any
monotonic increasing function such that ©(n) = 6, for alln > 2 and O(z)/ ln(z +w) decreases eventually.
We define the functions f and g by

Flz) = 61(z + w)~¢(2Av/O@+hY) and  g(z) = Sz +w)! (4.4)

so that, according to (4.2) and (4.3), it suffices to choose N > ns V n3 to obtain (i). Then, because the

derivative of f is

f(@) = ~¢ f@) {hv(ww)l +2AU%(%>},

there exists ap > 1 such that f is decreasing in [ap, +00) and, hence, (ii) holds for any a > ag. In

addition,

(7)1 = 5 () o -1 2cante o (M55

S Chy — 1 (1 + w) SCAT/O@)Hhy)=1

for = large enough

and thus, for any real constant ¢ € (—1,0), there exists ny > 2 such that (iii) is satisfied for any N > n4.
Finally, applying Theorem 2.1 with f and g defined by (4.4) and N > ny Vng V |ag + 1] V n4, we
obtain that for all n > N,

&n < En—1exp (= F(n+1) 4+ F(N))
(1+2(N +w)™ ),
(1 + 0)51

exp (f(n + 1)) (n+w+2) ((2Au0;¢2+hv)_1 ,
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where the first term in the right-hand side tends to zero exponentially fast as n — +o0o0. The theorem
follows from the fact that for any real constant ¢ > 0, the constants d;, d2, ¢ and N can be chosen in

such a way that
(14 2(N +w)™1)é,
(1 —+ 0)51

exp(f(n+1))—Co < ¢

for n sufficiently large. O

The following two corollaries give simple conditions on the control sequences for M(Q, U, V,q, (Br),
(0n)) to converge in variation to mg,. (1.6) and 7w (1.7) together with the associated asymptotic
convergence rates.

Corollary 4.1 (Relaxation) Assume that (5, = By € R} and
0, = By In(n+c1)+co for all n € N, (4.5)
where ¢ € (0, h‘_,l), c1 € R} and c; € Ry are given constants. Then, for any initial distribution vy,
190 = e Ivar = O DVEGD) a5 n— oo,

where 6 = min{V(z):z€ Q\ Q} —min{V(z) : z € Q}. (4.6)

Proof. According to (4.5), Bo(6n —0n—1) < ((n—1+¢1) ! for all n > 2 and the sequence (6,,/In(n—
1 +cl))n>2 is strictly decreasing. Therefore, assumptions (A.3)-(A.6) are satisfied and Theorem 4.1 gives

| vn = T [[var = O(n«zAUe;l*h")*l) = O(n"v 1), 4.7
For each n > 1, let ®,, be the real-valued function on 2 defined by
®,(z) = exp (= Bo|U(z) + 6,V (z)]), V(z) := V(z) —min{V(z) : z € Q}.

Clearly, ®,(z) = O(exp(—Bo8,V (2))) = O(n~¢¥@) for all z € Q\ Q and we can write m,(z) =
Z u(z)®,(z) for all z € Q. Hence, since Z, > Zg, 00 > 0,

() = O(n~Y@)  forall z € Q\ Q. (4.8)
Now, if z € ﬁ, we have
() = T ()] = Zzo 12 05 (= ol () 2220
= Tho,00(2) T (Q\ ),
whereas | m,(z) — 78,00 (¢)] = 7mp(z) for all z € Q\ Q. Consequently,
17 = 78y 00 llvar = T2\ Q)
= O(n=%) (by (4.8)). (4.9)

The corollary follows directly from (4.7) and (4.9) by the triangle inequality. O
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Note 4.2 Corollary 4.1 shows that whenever ¢ < (hy + 6;)7!, the asymptotic convergence rate of
constrained relaxation is governed by the difference 0, (4.6) between the smallest constraint outside the
feasible set 0 and the minimum constraint value. It appears that the fastest convergence rate is achieved
for ¢ = (hy + 6;) ! and, hence, rather surprisingly, setting ¢ arbitrarily close to h(,l takes us away from
best performance. Still, it can be checked that our improvement in the upper bound on ( with respect
to Yao’s result (Yao (2000)) allows for faster convergence if hy + 0, < £y, a situation which is likely to
arise in practice, and (£oy) ! < (< h‘_,1 (1 —o.:(¢ Ov)’l); the associated asymptotic convergence speed
gain is O(n°), where € € (0, & ((hyv + 6;) "> — (Loy)1)].

Corollary 4.2 (Annealing) Assume that (B,)nens and (8,)nen+ are strictly positive, monotonic in-

creasing sequences such that limy,_s oo B =limy_, 1o 0 = +00 and
Brnbn = CIn(n+cp) + o for all n € N*, (4.10)
where ¢ € (0, h(,l), c1 € R, and c2 € Ry are given constants. Then, for any initial distribution vy,
| vn — Too [var = O(exp(—Bnba)) as n — +00,

where 6a == min{U(z): 2 € 0\ ﬁmin} —min{U(z):z € SN)} . (4.11)

Proof. For each n > 1, let ®/ be the real-valued function on € defined by
P (z) = exp(—Bn [(7(;1:) + 60,V (2)]), U(z) := U(z) — min {U(z):z € SN)} .
Then, ®/,(z) = exp (= 8,U(z)) for all z € Q\ Quin and we can write m,(z) = (25,)~" u(x)®!,(z) for all
x € Q. Since Z], > Z,, > 0, we have
T (Q\ Qmin) = O(exp(—Bnd,)) (4.12)
and we shall complete the proof by showing that
0 = Too Ivar ~ Tn(Q\ Qmin) a8 n = +00. (4.13)

If £ € Qunin, we have |7m,(2) — Too(2)| = Z5' (@) (Zh = Zoo) | Zly = Too(@) T (0 \ Qunin), whereas
| 70 (2) — oo (z)| = () for all z € O\ Qmin. Therefore, || 7, — Too ||[var = T (Q \ ﬁmin) and it follows

that
|| Vnp —To ||Var

th — (1+vp)| < _ T <tp+ 1+, 4.14
| ( )| 7 (A Do) (4.14)
where t, = w and v, = M .
Tn (Q \ Qmin) Tn (Q \ Qmin)

It is easy to check that assumptions (A.5) and (A.6) are satisfied with w = —1+¢; and thus, by Theorem
4.1, there exists some real constants K,e > 0 such that || v, — 7y ||var < Kn~¢ for n sufficiently large. In

the same way, as (4.10) implies that

P! (z) = O(n—g(ﬁ(z)9;1+z(x))) for all = € 0\ €,
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there exists some real constants K’,¢' > 0 such that m,(Q\ Q) < K'n~¢ for n sufficiently large. Then,
since (4.10) and (4.12) give 7, (2 \ Qmin) = O (%) we deduce that t,,v, — 0 as n — 400 so that
(4.14) leads to (4.13). O

Note 4.3 What emerges from Corollary 4.2 is that the asymptotic convergence rate of constrained
annealing is controlled by the critical constant d, (4.11) defined as the difference between the second
smallest energy value in the feasible set Q and the constrained minimum. Clearly, the convergence rate
is better for problems with larger §, and for a choice of { close to h(,l together with a slowly increasing
control sequence (6, )pen+- It turns out that our improved upper bound on ¢ leads to faster convergence
provided that (3, is taken to be strictly increasing with respect to ( for n sufficiently large; the resulting

convergence speed gain depends on the sequence (6,,)nen+ and is up to O(nd’;l), €= h‘_/1 — (Loy) L.
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