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Data Consistency Conditions for Cone-Beam
Projections on a Circular Trajectory

Rolf Clackdoyle, Laurent Desbat, Jérome Lesaint, and Simon Rit

Abstract—The well-known Helgason-Ludwig data consistency
conditions (DCCs) for parallel projections of a two-dimensional
function take the form of homogeneous polynomials in cos ¢ and
sin ¢, where ¢ is the angle of the parallel projection. In this note,
we establish necessary DCCs for cone-beam (CB) projections of a
three-dimensional function taken along a circular trajectory. Our
DCCs take the form of homogeneous polynomials in cos A and
sin A, where A is the angular position of the CB projection. This
trigonometric polynomial format for the DCCs is particularly con-
venient for medical imaging applications, and these new DCCs for
the standard CB geometry will potentially lead to new DCC ap-
plications in X-ray computed tomography (CT) and pinhole single
photon emission computed tomography (SPECT) where CB pro-
jections are measured. If, as is usually the case, the object intersects
the trajectory plane, then singularities appear in the DCC formu-
las. We describe how to interpret and handle these singularities
as generalized functions. Numerical simulations are provided for
illustration.

I. INTRODUCTION

N IMAGE reconstruction from projections, data consis-
I tency conditions (DCCs) are mathematical expressions that
precisely describe the small redundancy that exists between
projections. For the case of parallel projections, complete (nec-
essary and sufficient) DCCs have been known for some time [1],
[2]. They are known as the Helgason—Ludwig conditions and
they take the form of trigonometric polynomials. DCCs are also
known for parallel projections that have undergone constant ex-
ponential attenuation [3], and in the 2-D case, spatially-varying
attenuation [4]. These DCCs have seen extensive applications
in positron emission tomography (PET) [5]-[9], and in single
photon emission computed tomography (SPECT) [10]-[13].

For applications in X-ray computed tomography (CT), the
projections are collected in fan-beam or cone-beam (CB) for-
mat. There has been a number of descriptions of DCCs for fan-
beam [14]-[23] and for cone-beam [14], [15], [18], [24]-[29]
geometries. However, satisfactory DCCs for divergent projec-
tions have yet to be established for the common situation of
a circular trajectory of the X-ray source, with the detector po-
sitioned opposite and moving in tandem with the source. For
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these cases of circular source trajectories, there are still no con-
ditions known where a small finite collection of cone-beam or
fan-beam projections can be evaluated directly for consistency.
Some of the conditions require al/ projections, uniformly sam-
pled on the whole circle (or at least on a short scan) so that
a simple conversion to parallel geometry is possible. Several
of the published conditions do allow a pairwise consistency
evaluation of divergent projections, but implementation of this
method tends to be cumbersome. However, one recent method
[29] forms a weighted sum of the CB projections whose DCC
is independent of the projection angle, similar to the order-zero
Helgason—Ludwig conditions. The work we present here is a
generalization of this result to higher orders.

In Section II, we first review the Helgason-Ludwig condi-
tions, in particular to note the trigonometric form. We then
introduce and prove CB DCCs that are of the same convenient
trigonometric form. Section III concerns illustrations using com-
puter simulations.

II. DATA CONSISTENCY CONDITIONS
A. Helgason—Ludwig Conditions

We briefly review the Helgason—Ludwig conditions. In two
dimensions, we define the conventional parallel projection
p(¢, ) at angle ¢ of the density function f by

p(6.1) = Rf(6,7) = / f(rag +s8,)ds (1)

for ¢ € [0,7), r € (—o0,00), where oy = (cos ¢, sin¢) and
By = (—sin, cos ).

For each nonnegative integer n, the nth moment of the pro-
jection is defined by

5@ = [ po.rmar @
—00
Now if p = R f for some f, then J,, (¢) will be a homogeneous
polynomial of degree n in cos ¢ and sin ¢, i.e.,

Jn (@) = ZAk cos" ¥ ¢ sin® . 3)

k=0

Equations (2) and (3) are called the nth-order Helgason—
Ludwig conditions and they follow easily from (1). We do not
discuss the converse here.

These conditions are particularly useful for applications be-
cause they are in “projection form” (see [20]) and allow a finite
number of arbitrarily oriented projections to be checked for
consistency. On the other hand, if all projections are available
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Fig. 1. The CB geometry. The source travels along a circular trajectory of
radius R in the 3 = 0 plane. The detector is distance D from the source,
oriented conventionally. The perpendicular unit vectors «; and [3; respectively
indicate the direction of the source and the u-direction on the detector. The
v-direction is parallel to the z3 axis.

then a Fourier series can be used to check that J,, has the ex-
pected behavior (see [30, Sec. 8.2]; [31, eq. (14)]; [32, Sec. 4];
and [20, eq. (7)]).

B. New Cone-Beam DCCs

We are only considering CB projections on a circular “source”
trajectory, parametrized by A € [0, 27). The radius of the circle
is R, and the unit vector «; = (cosA,sinA,0) indicates the
angular position in the x3 = 0 plane. The CB projection of a
3-D function f is defined by

(1) = /0 " F(Roo + t9) dt @

where ~y indicates the ray direction (so 7y is an element of the
unit sphere S2). If a detector is now introduced, in the stan-
dard orientation and positioned at distance D from the source,
we use unit vectors 3; = (—sin A, cos,0) and e3 = (0,0, 1)
to indicate the v and v directions, respectively, on the de-
tector. See Fig. 1. The ray direction now becomes 7, , =
(uBy + ves — Do)/ with 6 = vu? + v + D?. Recognizing
D /4 as the cosine of the incidence angle on the detector, we de-
fine the usual cosine-weighted CB projection (see, for example,
[33]-[36]) as

. D [~
auv) =5 [ F(Ras+ i) dr )
0
We now define
R o0 o0 R un
N, (3) = /m [m 0 0) o dudo. ©)

Our main result is that if g, satisfies (5) for some function f,

then for any nonnegative integer n, M, (1) is a homogeneous

polynomial of degree n in cos A and sin A:

M, (A) = Zak cos™" P sin® A @)
k=0

(The case n = 0 has been presented in 2016 [29].) The 1/v"*2

term in the integral needs to be addressed. This singularity can
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be completely avoided if the compact support of f does not
intersect the x5 = 0 plane. For, in this case, we are ensured that
for some £ > 0 we have §; (u,v) = 0 for |v| < e.

This mathematical requirement is too restrictive, because the
common situation in practice is that the object being imaged
is positioned near the center of the circle and would certainly
intersect the source trajectory plane. Rather than avoiding the
singularity, we will allow the support of f to intersect the x5 = 0
plane, and we will handle the situation of g (u, v) # 0forv =0
as follows. We assume that f and g, are smooth functions and
we replace 1/v"*2 by the distribution (generalized function) h,,
which we define as an inverse Fourier transform:

hn(s) = /OC H,(0)e*™ " do )
with
B (_27.‘.7;)n+2 .

It is easily verified from (8) and (9) that for any nonzero scalar
7, we have h,, (7s) = h,,(s)/7""? and therefore h,, is homoge-
neous of degree —(n + 2).

C. Demonstration of the New DCCs

We demonstrate (6) and (7) by a slightly circuitous route, via
the following proposition. Let

M= [[ a6 6y b a0

We will show below that the right-hand sides of (10) and (6)
are equal, so M, (1) = M, (). The immediate goal, however,
is to demonstrate that M,, (1) is a homogeneous polynomial of
degree n in cos A and sin A. To that end, we replace g (7y) with
its definition (4), and apply the formula h,, (y) = t""2h,, (tv)
to obtain

= [ [ e ydin e () by
= / /5 wa(RaH ) hn (1 - €3) (b - B,) L2dt dy
:///RS F(Roy + @) hu (2 - €3) (2 - B)" d’
= // | J@h((@=Res) - e2)(z—Rey) - )" dz
://m F@) byl e3) (z- B)" da

= // ‘ f(x) hy, (z3) (—21 sink + a2 cosh)” dx
' (11)

where we have performed the successive substitutions of vari-
ables 2’ =ty and = 2’ — Ra, and noting from their defi-
nitions that {«;, (5,3} form an orthonormal system. Finally,
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TABLE I

VALUES OF h,,

(1/24)

(kA), FROM (17)

n k=0 k even k odd
0 - _Z
2A2 E2A2
| 0 —k2m? —4 + k%2
2k3 A3 2k3 A3
) wl k2m? 4 — k272
24A1 2k A1 2k1TA1
; 0 Eirt —12k%x? kit +12k27% — 48
24k5 A5 24k5 AD
4 —76 —ktmt 4 12k2 72 ktrt —12k% 7% + 48
720A6 24k6 A6 2416 AG

from (11) we immediately obtain

M, (A) = Zak cos" Fa sinfa (12)

k=0

with

0 = (Z) // [ @ (@) (=) ) o 13

Note that the above demonstration works equally well if
h,, (v) is replaced by the ordinary function 1/v"*? (assuming
the support of f is known to not intersect the plane x3 = 0).
Conversely, for the situation without this restriction, we replace
1/v" "2 by h,, (v) in (6).

‘We now show that M,, = M,,, which then establishes (7) via
(12). From (10), the definition of M,,, we perform the change of
variables 7 — (u,v) using v = vy, = (uf +ves — Do) /6
with 6 = v/u? + v? + D?. The Jacobian of this change of vari-
ables is dy = (D/§?) du dv, which can either be seen from a
physicist’s approach as the surface area subtended by a small
rectangle (du dv) at a distance & which invokes a cosine-over-
distance-squared formula of (D/d)/§?, or can be seen by
expressing 7y = (v1,72,73) in terms of standard polar coor-
dinates, v = (cos ¢ cos 0, sin ¢ cos 0, sin #), and by an explicit
calculation of the partial derivatives (d¢ / du, etc.) to achieve
dy = cosfdpdf = (D/6*) dudv. Thus, starting from (10),
and noting that the change of variables results in v - e3 = v/d
and v - 85 = u/J,

1,0 = [[ a0 hGe) ()
-/ /R 03 () b (0/6) (u/0)" (D/6%) dusdo
=[] 0057 0) 8" (D)) o
- [[ st b (/5) duas
_ / /R 9 (0,0) b (0) " dudo = N, (3)

(14)

where we have associated h,, (v) with 1 /0" 2,

D. Implementing the Singularity at v = 0

Starting with the Fourier transform pair for the Hilbert trans-
form, we have

1 )
— = /(—isgn o) 2™ do

™s

s)

valid outside a neighborhood of s = 0. Taking successive deriva-
tives and slightly simplifying this equation yields, on the
right-hand side, the inverse Fourier transform of H, (o) for
n=20,1,2...[see (9)],

1 s
5= (21 [lojemiosdo (n=0)
1 3, 2mios
5= (27°i) | olole do (n=1)

1
s% = (47‘;) /02 lo| ™% dor (n=2) (16)
and so on. We note that the n = 0 case corresponds to the
well-known “ramp-filter” of filtered backprojection image re-
construction. For numerical implementation of (6), we follow
the textbook approach [37], [38] of band limiting the Fourier
transform, setting the bandlimit B to 1/(2A) where the sample
spacing is A, and evaluating the result at s = kA:

B
hiP)(s) = / H, (o) e*™* do. a7
-B
This procedure yields, for n = 0 (see also [39]),
2
—Tr
. AT k=0,
1/2
' (kA) =< k even, (18)
2

Table I gives the weights for n = 0...4. However, the sin-
gularities increase in severity with increasing n, so we propose
using a more heavily regularized version:

B
h(B)(s):/ H,(0)(1—|o|/B)"* e ds.  (19)
B

n

p(1/24)

Table 11 lists the values of h,, (kA) forn =0...4.
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TABLE II

VaLues of b4/ 22 (kA), FroM (19)

n k=0 k even k odd

—n? 2
0 5 0

6A2 k2A2

-2 24
k3 A3 m2k5 A3
5 w4 2 120 0
840A1 kAL w2 k6 AL
-2 360 3360
3 0 0 = - =
k5 AD T2ETAD  gAEIAD
4 -7 2 840 30240 0
332640A6 KOAG  r2kSAS T4 k10 A6

400 LS = v L T 1 L | 7 T T a7 LR
L My(n;) = 177.8 cos?; - 6.0 cos A, sin &; - 45.0 sin? A; + &, ;
|ga, < 17 _

200

M (1) =3242c0s 1 -89sin kit ey ;
[er,i < 4.42857%

-200—

bbbttt ettt

60 80

0 20 w0 100
Projection index 7
Fig.2.  Plots of M, (1;) [see (14)] for all 100 projections of the simplified and

offset 3-D Shepp-Logan phantom, for n = 0, 1,2 (+, *, X, respectively). Fits
of the nearest homogeneous polynomial of corresponding degree are shown
with solid lines. The maximum deviation ¢,, ; is observed to be smaller for
smaller 7.

III. NUMERICAL EXAMPLES

The formulas of Table II were verified for n =0, 1,2 us-
ing computer simulations of a half-size, simplified 3-D Shepp-
Logan phantom (only the five large ellipsoids, numbered 1
through 5 in Table 1 of [40], were included), centered at
x = (3,0,3) so the phantom was offset but still intersected
the trajectory plane x3 = 0. All units are given in centime-
ters. The detector size was 51.4 x 51.4. The radius R was
50 and the detector distance D was 100. One hundred pro-
jections of size 1025 x 1025 detector pixels were simulated
using analytic line-length calculations through the ellipsoids.
The 100 source positions were uniformly spaced over the
circle.

For each of the i = 1...100 projections, M, (1;) was com-
puted using (6) with a simple trapezoid rule applied for
the integral over u, and using the regularized h,(v) from
Table II for the v integration. A three-point smoothing (with
mask 1,2, 1]/4) was applied in v five times successively and the

Table II values were subsequently applied with A set to eight
times the detector pixel spacing. Only cases n =0,1,2 are
shown here.

Fig. 2 shows plots of the three curves M,, (A;) for each of
n =0,1,2. These curves were fitted to the nearest trigono-
metric polynomial, according to (7), with strong agreement, as
illustrated in Fig. 2.

These numerical demonstrations were repeated after adding
1% and 5% Gaussian noise to the simulated projections. The
resulting maximum derivations from the polynomials of Fig. 2
changed the bounds on |¢,, ;| from 2.5, 4.4, 17 (noiseless, Fig. 2)
to 4.0, 11.5, 23 (1% noise) and 13.2, 54.8, 100 (5% noise).
These results suggest reasonably stable DCCs with respect to
Zero-mean noise.

IV. DISCUSSION AND CONCLUSION

For the limiting case of an infinite radius circular trajectory,
the CB projections become 3-D parallel projections, which can
be treated as independent 2-D problems in each plane parallel to
x3 = 0. Combining the Helgason—Ludwig conditions, (2), (3),
in these planes immediately yields the CB DCCs, (6), (7).

For the case n =0, (10), (12), and (13) are related to
[41, eq. (2.2)], [41, eq. (3.9)], and the equation prior to [41,
eq. (3.5)] of [41], albeit in a different context.

Note: Both sides of (14) can be equivalently written as

1 q(n+1)(v)
M,(3) = —— U 2 dy (20)
(n+1!e=0 /e v
where
(1) A 0
% (U)*W /Rg,\(u,v)u du 2D

so M,, (1) is a principal value integral, and the increasing insta-
bility with n is manifest as nth-order derivatives.

The Helgason-Ludwig DCCs of (2) and (3) are neces-
sary and sufficient. The new CB DCCs presented here are
necessary conditions; we make no claim that they are also
sufficient.
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