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ABSTRACT

We consider the construction of a multiresolution
triangular mesh for 3D model-based segmentation. In the
3D Snake approach this model needs to be both uniform
and regular for convergence purposes. We propose here a
remeshing algorithm to compute such a model from an
arbitrary triangular mesh. The input mesh is first
parameterized in 2D. The output mesh connectivity is
fixed by a subdivided base mesh. Its geometry comes
from the input mesh via the parametric domain
tessellation with respect to uniformity constraints.
Experiments were carried out with both synthetic and
organ models. They prove the low geometry remeshing
error and the uniformity of the resulting mesh.

1. INTRODUCTION

X-ray Computed Tomography (CT), Magnetic
Resonance Imaging technique (MRI), Positron Emission
Tomography (PET) produce large 3D images. When
extracting anatomic features from voxel data using
segmentation we are faced with decision uncertainty due
to different tissues that produce quite similar gray levels.
In most cases the shape of the anatomic feature is
approximately known. Such knowledge can be used to
construct a geometrical a-priori model of the anatomic
feature of interest. The model is then used as an
initialization of a Snake algorithm to improve its
robustness and the quality of the results.

Some biomedical applications (screening of
transgenic mice, for example) require rapid segmenting of
the data to reach acquisition rate and analysis automation
constraints. For such applications, the model and the
volume can be decomposed into several levels of details,
each being the approximation of the previous one and
used in an iterative, multiresolution segmentation
algorithm. This approach both enhances the robustness
and reduces significantly the computation cost. It was
proved effective in 2D [3]. We have in mind to extend
this approach in 3D based on a general 3D multiresolution
scheme [13].

The extension of that framework to 3D proved to be
delicate. In practice the fine mesh model is extracted from
a reference volume using the Marching Cube Algorithm.
The resulting mesh contains thousands to millions of
triangles and is irregular, i. e. there are many stretched
triangles and the connectivity is highly irregular. This

results in numerical instabilities during the snake
evolution. The usual solution to overcome this problem is
to resample the surface during the segmentation when a
quality indicator goes below a threshold. Unfortunately,
we cannot resample the approximations of the original
mesh. The details are computed before the segmentation
process. Details are defined as differences between two
approximations and depend on their connectivity.
Resampling one of the approximations would change its
connectivity and thus the details would not be relevant
any more. In other words, resampling would break the
multiresolution representation of the model.

Supposing that with a good initialization (always
possible with a registration at coarse level), the
displacements of the nodes of the mesh are small, we need
to have a uniform and regular multiresolution model to
avoid resampling. To achieve higher processing rates, it is
desirable not to resample during the segmentation but
before the segmentation. The multiresolution model
should be built once only before processing the data. In
this paper we propose a novel remeshing algorithm to
create such a model.

The novelty of this algorithm can be summarized as
follows:

1. Itis applied prior to the segmentation (offline).

2. It builds multiresolution meshes.

3. It takes into account the constraints associated with
the snake algorithm: uniformity and regularity.

The paper is organized as follows. Section 2
introduces basics about discrete active contours and points
out constraints resulting from the discretization of the
algorithm. Section 3 gives an overview of the existing
remeshing solutions. Section 4 describes our proposed
algorithm. Results and discussion conclude this paper.

2. DISCRETE ACTIVE CONTOUR

The reader can refer to [12] for an extensive
explanation on deformable surfaces.

A snake, [4,6], is a surface in a volume which
dynamically updates its position according to the
minimization of an energy functional E. As we are using
discrete surfaces, we are going to apply the equation only
at a discrete set of locations (vertices). Using finite
differences, we can define a discrete approximation of E.
This supposes that the surface is uniformly sampled.
Snake convergence requires uniformly sampled surfaces.



Also note that, for discrete contours, expressing the
first order and second order derivatives is easy, but that it
is not possible for discrete surfaces like triangulations.
Only estimators are available which can lead to too coarse
or even wrong estimation if the surface connectivity is not
regular enough. For the estimation of curvature, we need
the model to be as regular as possible.

3. MULTIRESOLUTION AND REMESHING

Remeshing consists in modifying sampling and
connectivity of a given mesh to create a new one, with the
same geometry. Many remeshing algorithms have been
proposed in the literature.

Most of the remeshing algorithms that build
multiresolution mesh [5,8,9] start with a base mesh with a
low number of vertices which best approximate the
geometry of the original mesh. They then subdivide
regularly each triangle into four. The resulting mesh is
semi-regular: every vertex has valence six except some
vertices of the base mesh.

Recently two algorithms to uniformly remesh a given
surface have been proposed [1,2]. First a “density
function” or “map of interest” is computed in a parametric
domain p € R ?. Then D is point-sampled with respect to
a density function using an error diffusion algorithm
(Half-toning). Alliez et al build a Delaunay triangulation
out of this point sampling and finally improve the
resulting mesh. In [1] this improvement is based on
univariate laplacian smoothing, whereas [2] uses Lloyd's
algorithm [10,11] to converge to a Centroidal Voronoi
Tessellation (CVT).

Since the remeshing algorithms of both [1,2] are
based on point sampling and does not take connectivity
into account, those techniques can not produce
multiresolution meshes.

4. PROPOSED ALGORITHM

4.1 Notation and definitions

Assume a given input mesh M = (V. £ F)
where V is the set of vertices /' = ir. 5 in®’ , E is the
set of edges, and F is the set of triangular faces © = i} .
The set V defines the geometry; E and F define the

connectivity of the mesh M. A subdivision connectivity
mesh S of L levels has the further property of being a

0
refinement of a base mesh S , 1.e., it is the last element of
a sequence of meshes

S°..87,87 S*.
We denote
S/ =W/ E'F'),je [O,L],

the j-th 1:4 subdivided mesh of the base mesh §° where
each edge is split into two new edges and each face is split
into four new faces.

A parameterization consists in constructing a
mapping 4 (an isomorphism), i.e. a piecewise, linear, one-
to-one correspondence between each triangle of the
original 3-D mesh M, and its image in a 2-D convex
domain p e ® 7. This isomorphism requires a mesh with
a boundary. If the input mesh is boundary-free we apply
the parameterization on two parts of the mesh [7] or by
patches [5,9]. We denote

T =AM)
the parameterization of the input mesh M, and
T'.T/, T .. T
that of a subdivision connectivity hierarchy § /. Note that
the connectivity graph of 7 is identical to that of M.

4.2 Basic ideas behind our proposal

In our approach the connectivity of the new model
will be defined by that of a subdivided base mesh. The
connectivity will be defined directly in D, using a
parameterization of the original surface. This will give us
the regularity.

Unfortunately this approach results in a uniform
sampling rate in p ¢ ®? but not in ®° due to the
distortion of the surface caused by the parameterization.
The distortion of the triangle area can be computed at
parameterization step. For a given triangle and its
corresponding triangle in D the distortion is defined as
— AZD (tl ) s

A5, (t;)

To enforce uniformity of the created model in % *
we solve the following inverse problem: move the vertices
of the created model in D in order to compensate for the
distortion. A solution has been independently proposed
for this inverse problem in [1] and [2] but without
consideration of the connectivity problem.

We propose here to combine the subdivision rule and
a relaxation method inspired by [2] and presented more in
detail in 4.4 to build each resolution of our model. This
approach is novel in the sense that it uses relaxation
within the process and not as a post process. Thus, each
T/ is as uniform as possible, with respect to the sampling
rate that is quite low at coarse levels. It doesn’t need to
reprocess every approximation to improve them, which
would be the case if you used a relaxation and then lifting
scheme.



4.3 Overview of our algorithm
Our algorithm consists in the following steps:
1. Initialization.
(a) Build the parameterization 4 of M on D ,
(b) Compute area distortion for every triangle,
(c) Construct the base mesh 7”in D
2. For all resolution levels j, build T
(a) Subdivide each 7/ face 1 to 4
(b) Move the new vertices in D (see 4.4)
(¢) Compute S’*' from its parameterization T
using barycentric coordinates interpolation
method as in [7].

4.4 Parametric Domain Tesselation by Lloyd’s
Algorithm

Following [2], in order to resample the input
surface in the parametric domain D with respect to a
density function we tessellate D.

The Lloyd’s algorithm (LA) [10,11] is a fixed point
algorithm that is used to compute Centroidal Voronoi
tessellation (CVT). In [2] it is used on the 2D case of
CVT to improve the placement of the vertices. The
method showed good behavior, improving the uniformity
of the mesh when using the area stretch factor as density
function.

Our derivation of this method overcomes the
following drawback. For arbitrary 2-manifolds the
Voronoi cell can extend outside the 1-ring if it has obtuse
triangles. In that case LA moves the vertex anywhere
inside the Voronoi cell. If the vertex is moved outside of
the 1-ring, triangle flips occurs. (See Fig.1)

We propose here another neighborhood definition N
that still defines a tessellation and where triangles are
never flipped when applying the Lloyd’s algorithm. We
compute the barycenter of each triangular cell into the 1-
ring of v. and the middle point of each edge using the
vertex v. One can check that we defined a tessellation:

- To one vertex v corresponds one and only one NV,

- The union of all N defines D,

- The intersection of two neighborhoods is empty,

We also enforced the desired property of N always lying
within the 1-ring of the vertex.

Now we have defined a neighborhood with respect to
connectivity we can implement the rest of the algorithm as
in [2]. The density function will be chosen as the triangle
stretching factor to build an as uniform as possible mesh.
For each vertex v the stretching factor is equal to

S = Z d' s
N
where d’ is a fraction of d with respect to the area of each
triangle of the 1-ring covered by N.
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Fig. 1: Left picture: a vertex with a non-convex I-ring. If
we use the dual cell there is a ‘flip-zone” (central
picture, colored zone). On the right, that with our
definition, the neighborhood is constrained within the I-
ring.

5. RESULTS AND CONCLUSION

We ran our algorithm on three models: synthetic model of
aneurysm, dog heart model and mushroom model.

We computed first the geometrical inaccuracy as the
mean square distance between the original mesh and the
remeshed one. The multiresolution algorithm ran without
the relaxation algorithm first to measure the impact of the
relaxation scheme.

Fig. 2 is an overview of our result. Note that relaxing
using our algorithm enhances the mesh quality: lower
geometrical error, bigger minimum angle, lower variance
and better shape factor. These good results are constant
across the resolutions of the remeshed surface and across
the models. Our experiments showed that the quality
could be further improved by improving the base mesh
and the quality of the parameterization. We are thinking
about improving the parameterization by means of
conformal energy minimization in the future.
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Fig. 2: Results of our algorithm on three models. From
top to bottom, we show results using a synthetic model of
an aneurysm, dog heart model and mushroom model of

figure 3. For each mesh, the geometrical inaccuracy (as a

percentage of the bounding box diagonal), the variance of
angles, the minimum angle; the variance of edge length
and shape factor are given in that order. Each column
gives results depending on the requested number of
triangles for the resulting model.
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Fig. 3: top left: D colored with the density function; the first row illustrates the evolution of the neighborhoods at different
resolutions, the second row illustrates the evolution of the corresponding mesh on D. The zoom on the right shows the
great uniformity of both the neighborhood and mesh after convergence.




