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MULTIPLE RELAXATION TIME LATTICE BOLTZMANN MODELS
FOR MULTI-GRID PHASE-FIELD SEGMENTATION OF TUMORS
IN 3D ULTRASOUND IMAGES*

KHAC L. NGUYEN | MOHAMED M. TEKITEK?!, PHILIPPE DELACHARTRES, AND
MICHEL BERTHIER}

Abstract. We address the problem of tumor segmentation in 3D ultrasound images. Although
many studies have examined this subject, there is still a need to improve segmentation algorithms
so as to obtain the best estimation of tumor volumes. In this paper we propose a new approach
based on a variational formulation and a multi-grid implementation of a multiple relaxation time
lattice Boltzmann scheme. The data attachment term, resp. the regularization term, of the energy
to be minimized is given by a log-likelihood, resp. the Allen-Cahn reaction diffusion equation. We
investigate the stability and accuracy of the proposed scheme with D3Q7 and D3Q19 lattices. Most
particularly, we show how to choose the relaxation parameters to obtain a fourth-order order exact
scheme which is shown to be much more relevant than a single relaxation time, Bhatnagar-Gross-
Krook, scheme. Experiments conducted on images with ground truth given by a dermatologist show
that the proposed algorithm significantly increases the Dice index (by 10%) and the sensitivity (by
25%) compared with a level set algorithm, and is consequently a good alternative to investigate the
problem of volume underestimation.

Key words. Lattice Boltzmann Method, Multiple Relaxation Time, Bhatnagar-Gross-Krook,
Phase-Field Method, Nonparametric Estimation, Multi-grid, 3D Ultrasound Images, Tumor Segmen-
tation.
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1. Introduction. This paper addresses the problem of tumor segmentation in
3D ultrasound images. Practically speaking, there are two main difficulties that need
to be managed. The first one stems from the intrinsic characteristics of the images,
namely their size, about 300x299x832 voxels, the fact that the contrast is low and
the presence of speckle noise. The second one comes from the nature of the object
to be segmented and the precision required to estimate the volume. Many contri-
butions on this subject emphasize approaches based on graph cut [25] and level set
methods [5], [37]. In particular, the latter are well adapted to handle the variability
of tumor shapes and speckle patterns. They also provide time-efficient algorithms.
However, level set segmentations suffer from one major defect for concrete medical
applications. It appears that they tend to underestimate the volume of tumors and
that they lack accuracy regarding the detection of the tumor boundary. One of the
main objectives of this study was to discuss a new model, from both theoretical and
numerical viewpoints, that improves the performance of the segmentation in terms of
the Dice index, sensitivity and mean average distance (MAD). This model is based
on a variational formulation whose energy is given by a data attachment term and
a regularization term. Following [37], the data attachment term is chosen to max-
imize the log likelihood distance between intensity distributions inside and outside
the region to be segmented. Note that we use a nonparametric estimation based on
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Parzen estimates [32]. This choice is motivated by arguments involving the specific
characteristics of high-frequency images of the skin. It is shown in [37] and [36] that
the region surrounding a skin tumor is composed of several tissues of different types
that create heterogeneity in the medium. This phenomenon makes the use of clas-
sical parametric distributions such as Rayleigh, Rice, Nakagami or K distributions
inadequate [12]. The main difference from the model studied in [37] is the choice of
the regularization part of the energy. The regularization term that we propose aims
at creating a smooth diffuse interface of a given size ¢ that can be thought of as a
fuzzification of the boundary sought. A natural choice is the Cahn-Hilliard energy
that I-converges, when e tends to 0, to the area of the boundary [4]. The L? gra-
dient flow of the Cahn-Hilliard energy is the Allen-Cahn reaction diffusion equation
[1], which is known to be a relevant model to describe phase transitions in various
physical or chemical applications [20], [17]. Despite its popularity and efficiency in
multiphase fluid dynamics, the Allen-Cahn equation is still little used in applications
regarding image processing. The reader may refer for instance to [28], [18] and [44]
for examples of segmentation algorithms based on this equation or to [2] for examples
of inpainting models based on the Cahn-Hilliard energy. The experiments discussed
in this paper show that the flexibility introduced by the diffuse interface makes it
possible to gain accuracy in the detection of the boundary. A significant part of
this work is dedicated to the numerical implementation of the gradient flow of the
variational formulation mentioned above. We investigate the performances of various
Lattice Boltzmann schemes [43]. Lattice Boltzmann models (LBMs) are widely used
to simulate solutions of physical phenomena, e.g. fluid dynamics, because of their easy
parallel implementation, see for instance [33]. As applications to image processing,
let us mention the contributions of [40], [42] for level set implementations and [9],
[23] for denoising and contour detection. One has to note that the use of LBMs in
image processing can be problematic. These models are based on time and velocity
discretizations of the Boltzmann equation on lattices. The consistency of the dis-
cretizations and the stability of the schemes are based on the conservation of several
moments which, although they are significant in physical problems, appear to have
no real meaning in image processing. This explains why the design of LBM schemes
in image processing is still an open question, especially with statistical estimations.
The major contribution of this work is the study of the efficiency of multiple relax-
ation time (MRT) LBM schemes using D3Q7 and D3Q19 lattices [13], [14]. We show
in particular how to choose the relaxation parameters to obtain fourth-order exact
schemes, the stability of which is numerically established using Von Neumann analy-
sis. These schemes, which are shown to be much more relevant than single relaxation
time Bhatnagar-Gross-Krook (BGK) schemes [3], [8], [35], are good examples of the
capability of the MRT method to gain accuracy and stability, even in a nonphysical
context. Concerning applications, we have conducted experiments on synthetic im-
ages as well as on images from a clinical data set. The latter were acquired at the
Melanoma Skin Cancer Clinic, Hamilton Hill, Australia. They measure 300x299x832
voxels, the last number corresponding to depth, with a lateral, resp. depth, resolution
of 50 pum, resp. 25 um. They were chosen to be representative of the diversity of
clinical cases and were manually segmented by a dermatologist. For each one of the
3D images, 150 ground truth contours were drawn in the (z, z)-planes (z is the vertical
axis) so as to obtain a 3D volume by interpolation. Comparisons with the level set
approach, ADLL, of [37] show that the proposed algorithm significally increases the
Dice index (by 10%) and sensitivity (by 25%). It is consequently a good alternative
to approach the problem of volume underestimation. The main contributions of this
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work can be summarized as follows.

- We designed a MRT LBM scheme of a multi-grid variational formulation that
combines statistical estimations and a phase-field model. To the best of our knowledge,
this is the first time that such a scheme has been proposed for image segmentation.

- A rigorous analysis of the consistency and stability of the scheme was conducted.
It was shown that, even in a nonphysical context, the MRT approach is a good strategy
to obtain relevant performances and leads to schemes that perform much better than
BGK schemes.

- Comparisons with a level set-based algorithm on images of a clinical data set
show that the proposed algorithm is a good solution to investigate the problem of
tumor volume underestimation. Moreover, this algorithm is easy to implement with
readily reproducible simulations.

This paper is organized as follows. Section 2 is devoted to the mathematical
description of the MRT LBM scheme for phase-field segmentation. The analysis of
the consistency and the stability of this scheme is detailed in section 3. In section 4,
we propose experiments on synthetic and clinical images and make comparisons with
other approaches. We then draw conclusions on the work presented.

2. MRT LBM scheme for phase-field segmentation. In this section we de-
scribe the lattice Boltzmann schemes based on the variational formulation involving
the Cahn-Hilliard energy. The gradient flow corresponding to this variational formu-
lation is a nonlinear diffusion equation [6], [7], [41], whose solution evolves in time to
minimize the given energy.

2.1. The variational formulation. The energy we consider is given by:

(2.1) E.(u) = —LL(u) + L~ ECH,

Cw
where p and ¢y are constants (see below). The data attachment term, —LL(u), is
minus the log likelihood ratio between intensity distributions inside and outside the
region to be segmented [37], and the regularization term ECH is the Cahn-Hilliard
energy:

(2.2) ECH (u) = /Q <ev;2 + 1W(u)> dz.

€

Let us elucidate these two terms. In the last equation W is a double-well potentiel,
typically defined by W (u) = u?(1 — u)?/2. It is well known that the L? gradient flow
of the Cahn-Hilliard energy is the Allen-Cahn reaction diffusion equation:

(2.3) % - (eAu - iW’(u)) .

The dynamic of this equation makes the phase-field function u evolve so as to take
the two distinct values, 0 and 1, in each of the phases. This process creates a diffuse
interface of size ¢ where u varies smoothly from 0 to 1. The gradient flow of E€H
is associated with a geometric minimization. It can be shown that the Cahn-Hilliard
energy I'-converges, when € tends to 0, to the area of the transition interface up to
the multiplicative constant cy = fol W (s)ds, which depends only on W. We refer
for instance to [19] and [30] for precise statements concerning the I'-convergence of
the minimizers of ECH and this geometric interpretation. We consider now that
the image to be segmented is divided into two regions. The first one, denoted €24,
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is the region of interest corresponding for instance to phase 1 and the second one,
Qp, is the background corresponding to phase 0. It is assumed that the intensity
distributions in Q4 and Qp are different. Following [37], the likelihood hypothesis
Hi: “the distributions of intensities I(z) in the two regions Q4 and Qp are i.i.d.
random variables with different distributions P4 and Pg” is compared to the null
hypothesis Hp: “all intensities in 24 and Qp are ii.d. random variables from a
single distribution Pg,uq,;”. The data attachment term of energy (2.1) is minus the
log-likelihood ratio of the two hypothesis, this latter being given by:

B [Lco, Pal(@)) [seq, Ps(x))
(24) L =log ( [Lcovsomy Pasns (1@) ) |
We write:
(2.5) LL= Y logPa(I(x))+ > log Pg(I

zEQA z€EQR

where ¢ is a constant that does not enter into consideration in the minimizing pro-
cess. In the sequel, the distributions P4 and Pp are estimated using nonparamet-
ric Parzen estimates denoted P4 and Pg. According to the asymptotic equipar-
tition theorem [11], we can replace (1/|Qf|)zzeQA log P4(I(x)) with the entropy
Y1 Pa(I)log Po(I) (and the same for Pg, P4 and Pg). A simple computation shows
that:

(2.6) ZPA )log PA(I) = |£Tl,4| > log Pa(I(x))
x€EQA

(2.7) = Divir(Pal|[Pa) + Y Pa(I)log Pa(I),
I

where Divgy denotes the Kullback-Leibler divergence. Consequently, we may con-
sider that the log likelihood ratio LL involved in the data attachment term can be
written as:

(2.8) LL = (Sa+ Sp),
with:

(2.9) SA_|QA|ZPA )log Pa(I), SB_|QB|ZPB )log Pp(I),

where [Q4] = [, dw, [Qp| = [, dr and:

[u?K,(I(z) —I)dz

(2.10) Pa(I) = s :

(2.11) Py(l) = ,

are Parzen estimates [24], [32], for the distributions P4 and Pp involving the phase
field function w. In the last equations, K, denotes a Gaussian kernel with standard
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deviation o. The proof of the following proposition (2.1) is very similar to [37] (Ap-
pendix A). As in [37], we assume that K, (I(x) —I) ~ §(I(x) — I), where 0 denotes
the Dirac distribution. This approximation can be justified by the discrete nature
of the data: the values of the Gaussian density are negligible outside the consider
voxel if o is small. We also assume that fm dr ~ fQ u?dz because the profil function

minimizing the Cahn-Hilliard energy is of the form s — £ — L tanh(Z) [10], [39].
These approximations are more and more valid as the number of iterations increases.

We have the following result.

PROPOSITION 2.1. Assuming the above approzimations, the gradient flow of en-
ergy (2.1) is given by:

(2.12) % = 2ulog Py(I(x)) 4 2(u — 1) log Pg(I(z)) + — <€Au - —W’( )) .
cw

Proof. We compute the functional derivative 654 /0u:

(2.13) 55“ = ‘m‘" ZP )log Pa(I)

6P . SP4(
(2.14) +|Qa] Z g‘ log Pa(I) + |Q4] Z §u ).
I I

Since [Qa| = [, dv =~ [, u*dz, we have:

(2.15) 1| Pa(l) = / W25(I(x) — Dde,

(2.16) 5'&‘" Pa(l) + |04 |5PA( ) _ ous((z) - 1),

(2.17) IQAI(SF?# = 2u[d(I(x) = I) = Pa(1)].

Consequently, we obtain:

(2.18) % = 2u 21: Py(I)log Pa(I) + 21: 2u[d(I(x) — I) — Pa(I)]log Pa(I)

(2.19) + ; 2u[d(I(x) — I) — Pa(I)]

and:

(2.20) @ = QUZ 6(1 I)log Pa(I) +2uy 6(I(x) —I) —2uy  Pa(l)
T T

We also have:

(2.21) > 6(I(x) = I)log Pa(I) ~ 6 + log Pa(I(x)) = log Pa(I(x)),

I

This manuscript is for review purposes only.



6 K. L. NGUYEN, M. M. TEKITEK, P. DELACHARTRE AND M. BERTHIER

192
195 (2.22) Y 6(I(x)-T)~5x1=1,
I
194
195 (2.23) > Pa(l)=1.
I
196 This means that:
197 (2.24) %“ = —2ulog Ps(I(z)).
198 We obtain in the same way:
199 (2.25) {Sﬁ = —2(u —1)log Pg(I(z)). O
u

200 Flow (2.12) can be written as a diffusion equation with a source term:

0

201 (2.26) 8—7; — V. (KVu)+ F,
202 where the diffusion coefficient /C is given by:
203 (2.27) K= 6—”,

ew
204 and the source term F' reads:

. . 1
205 (2.28) F = 2ulog Pa(I(z)) + 2(u — 1) log Pp(I(z)) — Cigw’(u).
w

206 The dynamic of gradient flow (2.12) makes the energy E. decrease to a local minimum
207 that may depends on the chosen initial condition since the underlying optimization
208 problem is nonconvex. At the same time, the L? energy ||ul|2 of the solution of the
209 nonlinear diffusion equation may increase in time if the initial condition is located
210 inside the tumor. Figures 1 shows results for the synthetic image shown in Fig. 4. In
211 this example, the local minimum is reached after about 70 iterations.

5
Eal 180
55 B0f e
5 .
_~ 140
w45 =
120
4
35t el 100
3 80
0 20 40 60 80 100 120 0 20 40 60 80 100 120
iterations iterations
(a) (b)

FiG. 1. (a) Energy Ec as time evolves. (b) L? energy |lull2 as time evolves.

212 [H]
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2.2. LBM schemes. LBMs provide very efficient schemes to simulate solutions
of physical phenomena, e.g. fluid dynamics. The reader may refer for instance to [43]
for an introduction and the basic definitions used below. As mentioned before, the
major contribution of this work is the design and the rigorous analysis of 3D imple-
mentations of the diffusion equation (2.26) using LBM. Lattice Boltzmann equations
are a special discretization of the Boltzmann equation. The distribution u depends
on space, time and velocity: u = u(z,v,t). The v-space is discretized by introducing a
finite set of n+ 1 weighted velocity directions e;, and associated distribution functions
u; = u;(z,t), which are governed by the discrete Boltzmann equation. We :

(2.29) u = [ug, U, .., Uun) T,

with:

(2.30) u(z,t) = ui(z,t)
i=0

and:

(231) F= [FOaFla"'aFn]T,

where F; = ¢, F with ¢; the weight of the lattice in the direction e; [43]. The discrete
Boltzmann equation reads:

(2.32) ui(x + 7, t +7) = ui(z, t) + 7F; + Q4

for i = 0,1,...,n and where ¢; = ce;, with ¢ = dz/7 the speed of the lattice, oz and
7 being the lattice spacing and time step. One usually distinguishes two classes of
LBM schemes depending on the choice of the collision operator Q);, namely the BGK
schemes and the MRT schemes. In the BGK case, also called the single relaxation
time (SRT) case, the collision operator is given by:
(2.33) Qi = wlug? —uy),

7

where w is the relaxation parameter and:

(2.34) we? = [ul? ul, ., uc)T

is the equilibrium distribution, typically the Maxwell distribution. For the problem
under consideration, it is given by [43]:

(2.35) uil(z,t) = tiu(z,t) .
The BGK discrete Boltzmann equation is:
(2.36) uwi(x+ et +7) = (1 — w)uy(z,t) + wui(z,t) + 7F; .

Since the weight ¢; sum to 1, equation (2.35) expresses the conservation of the moment
of order 0. The idea behind MRT schemes is to perform the collision of the particles in
the space of momenta so that additional relaxation parameters, which can be adjusted
to gain accuracy and stability, can be introduced [13]. The distribution vector u is
mapped by means of a linear transform with matrix M to the n-dimensional vector
space of the first n momenta of the distribution:

(2.37) m = Mu.

This manuscript is for review purposes only.
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The single parameter w of the BGK approach is replaced by a diagonal matrix S that
contains n relaxation parameters. In the same way, the equilibrium distribution u?
is replaced by an n dimensional vector m®? of equilibrium momenta. The collision
reads:

(2.38) m(z,t) = (I—S)m(z,t) + Sm®(z,t) + 7F o (2, 1),

where F,,, is the expression of the source term in the space of momenta. After the
collision, the streaming process is performed in the initial space,

(2.39) u(z,t) = M 'm(z, ),

(2.40) ui(x + 710, t+ 1) = wi(z,t) .
The MRT collision operator is defined by:
(2.41) Qu=M"'SM(u —u) .

The numerical experiments we propose in the sequel are made with D3Q7 and D3Q19
lattices. The choice of these lattices can be justified as follows. The most accurate
D3Q27 lattice involves many more computations that do not appear to significantly
improve the results of the segmentation. The D3Q15 lattice is known to introduce
numerical oscillations due to the checkerboard (parity) invariance problem [14].

2.3. The proposed multi-grid scheme. To reduce computation times, a cru-
cial issue for practical use in a clinical context, and to gain accuracy and stability, we
propose a multi-grid version of flow (2.12). The image is broken down into cells of
size a whose coordinates are denoted Z with z = aZ. We denote also Qz = {z € z}
and Pz (I) the Parzen estimate of the intensity distribution in the volume Qz. Writing
(0E-/ou)(u) = |Qz|(0E: /ou) (@), we obtain:

ou 054 0SB, _ 1,
2.42 — =0 — — | eAu— -
e Gl @ G+ L (s tww) |
The following equation must be satisfied:
)
(2.43) 2|2 SA 2u( " log Pa(I(x
TET

and the same for Sg. Using the approximation:

(2.44) ZlogPA Zm |Ps(I)1og Pa(),

we deduce:
(2.45) %(a) =20y Py(I)log Pa(I)
I
and:
6Sp . R R
(2.46) (@) =2(a—1) > Pi(I)log Py(I) .
I
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Finally, up to the multiplicative term |{z|, the multi-grid flow reads:
(2 47)

20y Py(I)log Pa(I)+2(—1 ZP )log P (I)+ - (Au— W’(u)),
T cw

where A denotes the Laplacian at scale a. As before, this flow can be written as a

diffusion equation with source term

polo,
2.4 F=2 P 1)1 P 2(w—1) P 1)1 P I)——-w
(2.48) UZ )log Pa(I) +2(u Z ) log Pp(I) p— (@),

and the diffusion coefficient:

e
2.4 = .
(2:49) K a’ew

As mentioned in section 2.2, we consider two MRT LBM implementations of this
equation. From now on, we adopt the notations: Az = dx, At = |Qz|T and A =
Az /At. The first implementation involves a D3Q7 lattice with velocity directions
and weights defined by:

_ {(0,0,0), t=0
(250) = { (i1a070)7 (O7ila0)7 (070’11) i=12..6

[ 1/4 i=0
(2.51) ti= { 1/8 i=1,2,..,6
The transformation matrix M in (2.37) is
(1 1 1 1 1 1 1 ]
0O X =X 0 0 0 0
0O 0 O A =X 0 0
(2.52) M=|0 0 0 0 0 X -\
-6 1 1 1 1 1 1
o 2 2 -1 -1 -1 -1
00 0 1 1 -1 -1 |

As already noted in the introduction, we can choose the equilibrium momenta so
as not to take into account physical properties [29]. In this implementation, these
equilibrium momenta are given by:

(2.53) m°? = (u,0,0,0, au,0,0)7,

where « is a free parameter. The relaxation matrix we consider is:

(2.54) S = diag(0, s1, $1, S1, S2, S3, S3),

where s1, so and s3 are the relaxation parameters. The vector F,,, is defined by:
(2.55) F..o = [F,0,0,0,aF,0,0]T

The second implementation involves a D3Q19 lattice whose velocity directions and
weights are given by:
(Oa O? 0)7 Z - 0
(2.56) e; =< (£1,0,0), (0,£1,0), (0,0,£1) 1=1,2,...,6
(£1,+£1,0), (£1,0,+£1), (0,£1,£1) ¢=7,8,...,18

This manuscript is for review purposes only.
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1/3 i=0
(2.57) ti=4 1/18 i=1,2,..6
1/36 i=71,8,..,18

The transformation matrix M in (2.37) is:

(2.58) M =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1]
-30 -11 -11 -11 -11 -11 -11 8 8 8 8 8 8 8 8 8 8 8 8
12 4 -4 -4 -4 4 -4 1 1 1 1 1 1 1 1 1 1 1 1
0 A =X 0 0 0 0O A =2 A =2 X =X X A 0 0 0 o0
0 -4 4 0 0 0 o 1 -1 1 -1 1 -1 1 -1 0 0 0 O
0 0 0 A =X 0 0O X A =X =X 0 O 0 0 A =2 X =X
0 0 0o -4 4 0 o 1 1 -1 -1 0 0 0 o 1 -1 1 -1
0 0 0 0 0 A =X 0 O 0 0O X A =2 =2 X A A =X
0 0 0 0 o -4 4 0 O 0 o0 1 1 -1 -1 1 1 -1 -1
0 2 2 -1 -1 -1 -1 1 1 1 1 1 1 1 1 -2 -2 -2 -2
0o -4 -4 2 2 2 2 1 1 1 1 1 1 1 1 2 -2 -2 -2
0 0 0 1 r -1 -1 1 1 1 i -1 -1 -1 -1 0 O 0 O
0 0 o -2 -2 2 2 1 1 1 i -1 -1 -1 -1 0 O O O
0 0 0 0 0 0 o 1 -1 -1 1 0 O 0 0o 0 0 0 O
0 0 0 0 0 0 0O 0 O 0 0o 0 O 0 o 1 -1 -1 1
0 0 0 0 0 0 0O 0 O 0 o 1 -1 -1 1 0 0 0 O
0 0 0 0 0 0 o 1 -1 r -1 -1 1 -1 1 0 0 0 O
0 0 0 0 0 0 0o -1 -1 1 1 0 O 0 o 1 -1 1 -1
L O 0 0 0 0 0 0O 0 O 0 6o 1 1 -1 -1 -1 -1 1 1 |

In this implementation, the equilibrium momenta are given by:

(2.59) m°? = (u, au, Bu,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)%,

where o and S are free parameters. The relaxation matrix we consider is:
(2.60) S = diag(0, s1, S2, S2, Sa, S2, S2, S2, $2, 81, S2, 81, S2, S1, $1, $1, S2, S2, S2),
where s; and s, are the relaxation parameters. The vector F,,, is defined by:
(2.61) F... = [F,aF, 3F,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]" .

The resulting algorithm is described in (2.1) where we drop the overbar to simplify
the notations. Note that we use the so-called strong splitting [21] when adding the
source term in the moment space. The main loop of the algorithm stops when the
L? distance between two successive iterations is less than 0.1% (moment evaluation).
Finally, the segmented region of interest is the set where v > 1/2. In the experiments
described below we compare this new implementation with the BGK implementation
of [9].

3. Consistency and stability of the LBM MRT multi-grid phase-field
schemes. We explain in this section how to choose the various parameters of the MRT
schemes described above in order to gain accuracy and stability. This is a crucial step
that may lead to confusion when comparing LBM implementation strategies. For
instance, in [31], the authors cannot find relevant parameters for MRT schemes. As
shown in the sequel, and concerning our application, MRT schemes perform much
better than BGK schemes when parameters are suitably tuned.
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Algorithm 2.1 LBM MRT multi-grid phase-field segmentation
Initialize u
Compute source term F
Compute source lattice vector F
Compute M, M1, S and F,,,
while Tol > 1072 do
Map to moment space: m®) = Mu(*)
Add source term (strange splitting): m®*) « m® + AtF®) /2
Evaluate moments
Do collision (moment relaxation): m®) « (I — S)m® + Smee*)
Add source term (strange splitting): m®) < m® + AthﬁZ,/Q
Map to initial space: u®) = M~ tm(*)
Compute boundary conditions: anti-bounce back conditions
Do streaming;: ul(-kﬂ)(ac +oTt+T) ugkﬂ)(m‘, t)
Update distribution: u = ug + - -+ + uy,
Update source term F
Update source lattice vector F,,,
end while
return u

3.1. Consistency. We follow the approach of [16] where the authors explain
how to adjust the so-called quartic relaxation parameters in order to enforce fourth-
order accuracy for the thermal model and diffusive relaxation modes of the Stokes
problem. Recall that the parameters of the D3Q7 MRT scheme are «, s1, s and s3
and those of the D3Q19 MRT scheme are «, 8, s; and s3. We drop the overbar to
simplify notations.

PROPOSITION 3.1. There exist sets of parameters so that the D3Q7 and D3Q19
MRT diffusion schemes are fourth-order consistent, i.e.:

(3.1) % — V- (KVu) = O(AtY),

and thus free of numerical diffusion.

Proof. We refer to [16] for details and give only the main arguments of the proof.
Recall that A denotes the Az /At ratio. Using Taylor expansions, one can show that

ou

(3.2) o~ V- (KVu) + AAt? + BAE? = O(AtY),
with:
(3.3) IC*)\—QAt(GJr ) 1.1
' 21 Y\s T 2)
for the D3Q7 scheme and:
A2 1 1

for the D3Q19 scheme. Choosing the following quartic parameters for the D3Q7
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scheme:
—1
6+a /1 1 30+ 4 1
(3:5) 52 = 1a<s‘2>+ T T3]
! 12(a-1) (£ -1)
—1
1 1
(36) §3 = + s

we obtain A = B = 01in (3.2). In the same way as [26], choosing the following quartic
parameters for the D3Q19 scheme:

1 2

(3.7 51 = ) S2 =

N|—=
B

i
I5+
we also obtain A = B =0 in (3.2). o
In the experiments described below, we set s = s; = 2/(1/v/3 + 1) for the D3Q7

scheme and s = sy = 2/(1/v/3 + 1), B = 0 for the D3Q19 scheme. The value of all
the other parameters are set by the value of the diffusion coefficient K.

3.2. Stability. We propose numerical experiments in order to demonstrate the
stability of the D3Q7 and D3Q19 schemes when dealing with the above choice of
quartic parameters. These experiments are based on the classical Von Neumann
analysis in the Fourier space (see [27]). The initial condition is given by a plane wave
of small amplitude with a wave vector k = (kg, ky, k.), a uniform density v and
possibly a uniform vector velocity V = (V,,V,, V). Let

(3-8) f=r+ef

where fO = (fo,...,f;) (¢ = 6 for the D3Q7 scheme and ¢ = 18 for the D3Q19
scheme) represents the uniform equilibrium state specified by the uniform and steady
density u and the vector velocity V' = (V,,V},,V.) and §f is a small perturbation. In
our context, there is no convection and therefore we can choose V, =V, =V, = 0.
Inserting equation (3.8) in the the discrete Boltzamnn equation (2.32) with collision
operator (2.41) leads to:

(3.9) flz,t+ At) = Gf(x,t),
where G is the amplification matrix. Let p = e’*», and ¢ = ¢*v and r = e’*+ be the
phase factors. The amplification matrix G of the D3Q7 scheme can be written as the

product:

(3.10) G =PM oM,
where:
(3.11) P = diag(1,p,q,1/p,q,1/q,7,1/7),
1. 0 0 0 0 0 0]
0 s; 0 0 0 0 O
0 0 st 0 0 0 0
(3.12) =10 0 0 s 0 0 0 |,
0 0 0 0 s, 0 0
00 0 0 0 s3 O
00 0 0 0 0 s3]
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and M is given by (2.52). The stability of the scheme is based on on equation
(3.9), which is an eigenvalue problem and therefore requires the determination of
the eigenvalues of the amplification matrix GG. These eigenvalues are obtained by
numerically solving the following dispersion equation [27]:

(3.13) det(G—z Id) =0,

where z = €2t is the time factor. The scheme becomes unstable when one of the eigen-
values of G is greater than 1 or equivalently when one of the solutions z;, j = 1,2...,7,
of the dispersion equation (3.13) satisfies (In z;) > 0 [38]. Simulations illustrated in
Figure 2 show that the D3Q7 scheme is effectively stable when considering the quartic
parameters chosen. A similar study can be conducted for the D3Q19 scheme. The

results are shown in Figure 3.

6=0; =0 6=0; g=xl6 0=0; g=al3 0=x16 ; g=nl6

|
\

8 R[M 8 .
‘Ne[lo‘gg(zuf
T

“

|

—
o
N

F1G. 2. Logarithmic eigenvalues Re[ln(zqa)| versus absolute value of wave number |k| for the
D3Q7 scheme. (a) The wave number k has azimuthal angle 8 = 0, and polar angle ¢ = 0; (b) 6 =0,

¢p=m/6; (c)0=0,¢=m/3; (d) 0 =n/6, ¢ =m/6.

0=0 ; ¢=0

0=0 ; ¢=xl6

0=0; ¢=xl3

0=rl6 ; ¢=xl6

Reflog(z,)]

T

Reflog(z,)]

T

Reflog(z, )]

T

Reflog(z, )]

~o W4 w2 34

Ikl

(b)

(d)

Fi1c. 3. Logarithmic eigenvalues Re[ln(za)] versus absolute value of wave number |k| for the
D3Q19 scheme. (a) The wave number k has azimuthal angle 6 = 0, and polar angle ¢ = 0; (b)
6=0,6=m/6; (c) =0, 6=r/3; (d) 0 =/6, 6 = /6.

4. Experiments. First, we propose expriments on two kinds of synthetic images
to emphasize the importance of the multi-grid aspect of the proposed algorithm. We
investigated only the D3Q7 case; similar results can be obtained with the D3Q19
scheme. In terms of stability, we then compared the above-described MRT schemes
(with well-chosen quartic parameters) with a BGK, SRT, scheme using both synthetic
and clinical images. Finally, we describe the results obtained on eight images from a
clinical data set with ground truth given by a dermatologist and compare these results
with those given by the ADLL level set algorithm of [37]. We make use of the four
following classical measurements to evaluate the performance of the segmentation [15],
[34]. Let us denote  and R the segmented and the reference volumes to be compared.

- The sensitivity S is defined by S(Q2, R) = |2N R|/|R).

- The precision P is defined by P(Q2, R) = |2 N R|/||.
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(a) (b) () (d) ©

Fic. 4. D8Q7 MRT segmentation results for a simple synthetic image at different scales: (a)
a=1, (b)a=2, (c)a=3, (d) a=4, (¢) d=75. The time step is set as At = 0.002. Reference
contour in red.

- The Dice index is given by the harmonic mean of S and P:

20N R|
4.1 D(Q,R) = —
(4.1) (%, R) QIR

- The mean absolute difference (MAD) makes it possible to determine if the
boundary of the segmented volume fits well with the boundary of the reference volume.
Let us denote Nygq, resp. Nyg, the number of voxels in the boundary 0f2, resp. JR,
of the segmented, resp. reference, volume. The (symetric) MAD(, R) is defined by:

d(z|R) d(x|€)
(4.2) MAD(Q, R) = — —
o 2surf(0f?) S 2surf(OR)

In this definition, d(x|R) = min, esr ||z’ — x| is the distance of the point z to the
boundary 9R, and the same replacing R with Q. The terms surf(OR) and surf(9f2)
denote the number of voxels in the boundaries OR and 0f2. Note that the MAD is
measured in pm. In practice, it can be useful to adjust the double-well potentiel W (u)
to improve the segmentation. Let us denote Wy the potential defined by Wy(u) =
OW (u). A simple computation shows that the diffusion coefficient K = pue/a’cy
of equation (2.47) becomes K = pe’/a’cy with 0’ = ¢ and the coefficient p/ecy
of W'(u) becomes p/e'0cyy. This means that equation (2.47) is now considered to
involve three parameters, namely p, € and 6. Choosing p and K determines € and
the relaxation parameters of the MRT scheme. In all of the experiments the space
step Az is given by Az = 1/N with N = max(N,, N, N,) with N,, N, and N, the
number of pixels in each of the directions of the image. In short, the parameters that
have to be tuned for the experiments are p, IC, 0, the time step At and the scale a.

4.1. D3Q7 multi-grid phase-field segmentation of synthetic images. The
first synthetic image we consider is shown in Figure 4. It measures 256 x 256 x 256
voxels, that is about 17 million voxels. It is corrupted by a Rayleigh distribution
noise. The segmentation is performed at scales a = 1,2,3,4,5. The time step is set
as At = 0.002 to ensure stability at the initial scale a = 1. We choose K = 0.4 x 1073,
p=0.02 and 6 = 10/a?. The results are presented in Table 1. We can see that the
Dice index slightly decreases when the scale increases. In contrast, the sensitivity
increases. This can be explained by the fact that the flow dynamic is less conservative
at higher scales and by the large number of iterations needed to get convergence at
the initial scale [22]. Computation times of a simple (nonparallel) implementation
show that the large size of the image does not allow reasonable segmentations at scale
1 or 2. Working at scale 3, one obtains a speed-up factor of about 2000. Moreover,
at higher scales the step time can be chosen much greater than 0.002. For a second
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TABLE 1
D3Q7 MRT segmentation results for a simple synthetic image at different scales and time step
set as At = 0.002.

a D S P MAD (pixels) Times (seconds)
1 0950 0.906 0.999 1.283 33447

2 0978 0.976 0.980 0.663 1271

3 0957 0.987 0.929 1.206 173

4 0931 0.986 0.882 1.893 152

5 0917 0.986 0.857 2.260 84

test we consider a synthetic image of a tumor measuring 322 x 142 x 172 voxels
corrupted by a Rayleigh distribution noise, see Figure 5. The parameters are given

by K = 0.2 x 1073, = 0.001, # = 10/a® and At = 0.002. The results are presented
in Table 2. These results confirm the observations made in the previous case.

(a) (b) (c) (d)

Fic. 5. D3Q7 MRT segmentation results for a synthetic image of a tumor at different scales:
(a)a=1, (b)a=2, (c)a=3, (d) a=4, (¢) d=>5. The time step is set as At = 0.002. Reference
contour in red.

TABLE 2
D3Q7 MRT segmentation results for a synthetic image of a tumor at different scales. The time
step is set as At = 0.002.

a D S P MAD (pixels) Times (seconds)
1 0595 0.423 1.000 7.020 6095

2 0.623 0.452 1.000 6.614 816

3 0.635 0.465 0.998 6.534 179

4 0.679 0.516 0.995 5.807 79

We focus now on scales 3 and 4 and increase the time step, which is impossible at scales
1 and 2 without losing stability. We set At = 0.03. The results of the segmentation
are shown in Figure 6 and evaluated in Table 3. Increasing the time step makes
the flow dynamic less conservative and gives much better results in terms of both
segmentation and computation times. For example, in the case a = 4 and compared
with the previous time step At = 0.002, the Dice index and MAD are improved by
31% and 63%, respectively, and the computational time is decreased by 73%.
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(a) (b)

Fi1G. 6. D3Q7 MRT segmentation results for a synthetic image of a tumor at scales (a) a = 3
and (b) a =4. The time step is set as At = 0.03. Reference contour in red.

TABLE 3
D3Q7 MRT segmentation results for a synthetic image of a tumor at scales a = 3 and a = 4.
The time step is set as At = 0.03.

a D S P MAD (pixels) Times (seconds)
3 0902 0.854 0.956 1.844 o6
4 0887 0.868 0.908 2.146 21

These first experiments clearly show the advantages of the multi-grid approach: it
makes the algorithm more stable, it significantly reduces the computation time and
it improves the results of the segmentation.

4.2. MRT wvs BGK segmentation. We concentrate now on comparing the
proposed MRT scheme with a classical BGK, SRT, scheme using both the D3Q7 and
D3Q19 lattices. The aim is to show the benefit of introducing additional relaxation
parameters to gain stability. For each scheme, we compute the relative error:

||“7L+1 —un ||2

(4.3) err =

[0 PR

where u” = u(t™ = ndt). This relative error should decrease in time if the scheme is
numerically stable. For the first comparison, we make use of the synthetic image of a
tumor introduced before. The parameters are set as follows: K = 0.3x 1073, u = 0.01,
0 =1, At = 0.04 and At = 0.05. The scale is a = 4. The results of the simulations are
shown in Figure 7. In the D3Q7 case, we can see that the BGK scheme is much more
sensitive to increasing the time step At and becomes clearly unstable for At = 0.05,
whereas the MRT scheme behaves in the same way. The D3Q19 case confirms this
observation and shows that the instability of the BGK scheme is not caused by the
choice of the lattice. We reach the same conclusion when using the image 10(d) of
the clinical data set. The parameters are set as follows: K = 0.5 x 1073, u = 0.079,
0 =1, At =0.015 and At = 0.025. The scale is a = 4. The results of the simulations
are shown in Figure 8. In conclusion, it appears that the MRT approach is a good
strategy to obtain relevant performance and leads to schemes that behave much better
than BGK schemes.

4.3. MRT multi-grid phase-field segmentation of clinical images. We
now evaluate the proposed MRT scheme using the eight images of clinical data set
10. Let us recall that these images were chosen to be representative of the diversity of
clinical cases and were manually segmented by a dermatologist. For each one of the
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(a) (b)

Fic. 7. Stability comparison performed on the synthetic image of a tumor. D3Q7 lattice: (a)
Time step: At = 0.04, (b) time step A = 0.05. D3Q19 lattice: (c) time step: At = 0.04, (d) time
step A = 0.05. One slice of the MRT LBM phase-field segmentation: (e) D3Q7 lattice and time
step At = 0.05, (f) D3Q19 lattice at the time step At = 0.05. Reference contour in red.

v v it ovam) : it ovaml
[~ sar osor| |-~ ser osors) H |-~ skt osors)

I, U,

teratons. eratons. torations. torations.

Fic. 8. Stability comparison performed on an image of the clinical data set (10(d)). D3Q7
lattice: (a) time step At = 0.015, (b) time step A = 0.025. D3Q19 lattice: (c) time step At = 0.015,
(d) time step A = 0.035.

478 3D images, 150 ground truth contours are drawn in the (x, z)-planes (z is the vertical
479 axis) so as to obtain a 3D volume by interpolation. Nearly 50 values of the intensity I
480 are retained and the gel area (black area above the epidermis) is removed before the
481 tumor segmentation is performed. The entire process in described in Figure 9 and the
482 results of the segmentation with the LBM MRT D3Q7 algorithm are shown in Figure
483 10.

Epidermis
Utilisateur
Preprocessing : Mask
Contour s Gel
initialization
(box) Tumor

Dermis

Segmentation W

Interpolation

Region of interest (box) » Convert to grid

Segmented volume

FiGc. 9. MRT LBM phase-field segmentation process for clinical images.
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(b)

() () (h)

F1c. 10. Images from the clinical dataset and results of the LBM MRT D3Q7 segmentation.

The main objective of this section is to usewith the ADLL algorithm of [37], based on
a level set approach, for comparisons and to show that the new algorithm is relevant
to investigate the problem of the underestimation of the segmented volume. Let
us specify that the ADLL and the proposed MRT algorithms share the same data
attachment term and therefore that the difference between segmentation is only due
to the regularization term and the implementation. The performance indicators are
given in Table 4. The scale is a = 4.

TABLE 4
Comparisons between ADDL level set [37], LBM MRT D3Q7 and LBM MRT D3Q19 algorithms

Algorithm D S P MAD (pixels)
ADLL 0.755 + 0.086 0.647 = 0.134 0.934 %+ 0.065 344 £+ 106
MRT D3Q7 0.857 + 0.052 0.859 4+ 0.073 0.862 + 0.082 202 + 78
MRT D3Q19 0.858 + 0.048 0.849 + 0.064 0.873 £ 0.068 199 + 68

The parameters are tuned adaptively so as to maximize the Dice index for each lesion.
They are chosen as follows. For the ADLL algorithm: p € [0.001,0.01], At € [0.8, 2]
and T = [2,10]. For the MRT D3Q7 algorithm: K € [0.27 x 1073,1 x 1073], u €
[0.132,0.113], At € [0.01,0.025] and # € [0.01,3]. For the MRT D3Q19 algorithm:
K €[0.3x1073,2 x 1073], u € [0.01,0.16], At € [0.01,0.04] and 6 € [0.0056, 1.5].

It is not surprising that the ADLL algorithm gives the best precision P. Let us recall
that precision measures the fact that the segmented volume is indeed part of the tu-
mor. However this segmented volume is too small, as it is confirmed by the sensitivity
and the MAD. Sensitivity measures the fact that the entire tumor has been segmented
and the MAD the average distance to the boundary of the tumor. Quantitively, the
sensitivity of the ADLL algorithm is about 25% lower. As a consequence, the Dice
index is also lower, about 14%. This means that the proposed algorithm performs
better regarding the ability to segment the entire tumor. Moreover, this algorithm
gives a MAD about 42% higher than the ADLL algorithm, which is a very significant
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improvement of the performance concerning the detection of the boundary of the tu-
mor. A compact presentation of these results is given in the trade-off Figure 11 with
the level sets of the Dice index. Slices of segmentations are shown in Figure 12.

0.8 NG| : 08

© 06 O b o © 06 N © 06
o

04 O T 04 . - 04

Fic. 11. Sensitivity S versus precision P. (a) ADLL level set [37]. (b) LBM MRT D3Q7
lattice. (¢) LBM MRT D3Q19 lattice.

F1G. 12. Slices of segmentations. Top row: ADLL level set [37]. Middle row: LBM MRT D3Q7
lattice. Bottom row: LBM MRT D3Q19 lattice. First column: tumor 10(a). Second column: tumor
10(b). Third column: tumor 10(f). Last column: tumor 10(d). Reference contour in red.

The results of the MRT D3Q7 and MRT D3Q19 algorithms are very similar. For
obvious reasons due to computation costs, one finally may prefer the MRT D3Q7
implementation.

5. Conclusion. We have described a new algorithm for tumor segmentation in
3D ultrasound images. This algorithm is based on a variational formulation whose
regularization term is given by a phase-field model, namely the Allen-Cahn reaction
diffusion equation. An original implementation of the corresponding gradient flow
using LMB MRT schemes as been discussed. It has been shown that it is possible to
choose the relaxation quartic parameters to obtain a fourth-order exact scheme with-
out numerical diffusion. Moreover, the multi-grid implementation allows to get rele-
vant computation times for medical applications. Experiments have been conducted
to validate the stability of the scheme. Comparisons with a BGK, SRT, implementa-
tion have demonstrated the significance of the MRT approach. Finally, comparisons
with the ADLL level set algorithm have proved that our solution is a good alternative
to investigate the problem of underestimation of tumor volumes.
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