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Welcome to Jeremy Cohen’s “Habilitation a Diriger des Recherches” (HDR) manuscript. This document is a synthesis
of the work I have done since my PhD thesis, and took almost two years to complete. The main scientific topic of this
manuscript is Low-Rank Approximations, and alongside my personal contributions, I introduce relevant existing results
and tools from numerical optimization, having in mind to reuse this material for teaching.

The book contains code snippets with barebone implemen-
tations of algorithms, numerical simulations and visualisa-
tions. This was done so that most results shown in the
manuscript are easily reproduced by the reader. The book
is available in .pdf upon request, but it is advised to read the
content from this website to get the best interface experi-
ence. The philosophy of the book design is further discussed
in How to read this manuscript.

The scientific content of the book is summarized in the Sum-
mary of HDR contents. Here is the table of content for quick
access.

Use of Al tools

Except for the picture above, generative Al has been used Fig. 1: (Generated with ChatGPT)
in this manuscript only for grammar and style checking, and
generate javascript codes for interactive plots.

Many pages contain code executed upon compilation of the
book for publication, below is their status.
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# define trainable parameters
Ah torch.ones (n, K,
#Ah torch.ones (n,

requires_grad=True)
# define loss function
def loss_fn (Y, W, H):

return torch.norm(Y - WQ@H) **2

# define MU updates

def MU_update (W, Y, Xinit,

X = Xinit.clone () .detach ()
WtW = W.TQRW

WtY = W.TQY

loss = [loss_fn (Y, W, X)]
sup_loss = []

for i in range (itermax) :
X X*WtY/ (WEWEX)
loss.append(loss_fn (Y, W, X))
if Xgt is not None:

itermax=1000,

(continued from previous page)

requires_grad=True)

# for tied weights

Xgt=None) :

# can be optimized using stored quantities

sup_loss.append(torch.norm(X — Xgt) **2)

return X, loss, sup_loss
# define unrolled MU updates

def NALMU (W, Y, Xinit, Ah, itermax=25,

X = Xinit.clone () .detach ()
loss = [loss_fn (Y, W, X)]
WtW = W.TEW

WtY = W.TQY

Xs = []

sup_loss = []

for i in range (itermax) :

Xgt=None) :

XAh = (X.T*Ah[:,1]).T
#XAh = (X.T*Ah).T # for tied weights
X = XAh*WtY/ (WtWEX)

Xs.append (X)
loss.append(loss_fn (Y, W, X))
if Xgt is not None:

# can be optimized using stored quantities

supl = torch.norm(X - Xgt)**2
sup_loss.append (supl.detach () .numpy () )
return X, Xs, loss, sup_loss

# define optimizer
optimizer torch.optim.Adam([Ah],
wsimplicity

# Training
for epoch in range (500) :
optimizer.zero_grad()

Hinit = torch.ones(n, p)
H_est, Hs, _, = NALMU (W, Y, Hinit,
loss = sum([nul[i]*torch.norm(Hs[i]

loss.backward()
optimizer.step ()
if epoch % 10

print (f'Epoch

{epoch}, Loss:

lr=1le-2)

{loss.item()

# using the Adam optimizer for.

Ah, itermax=K)

- H)**2 for i1 in range (K)]) # weighted loss

)

19.2. Toy example

175



Regularized low-rank approximations.

Test data fitting loss Supervised loss at test
] — MU ] — MU
106 5 —— NALMU 1 —— NALMU
105 - 1074
104 5 .
" 3
i 3 [=} 2
3 10
S &
10° 3 ]
10? 3 10 4 \\
101 5 ]
1 T T T T T T
0 50 100 0 50 100
Iteration sample

A few lessons to learn from this toy experiment:

Learned parameters Ah

Entry index

0
1
2

3

4

1.010

1.005

1.000
| 0.995

0.990

0.985
4 0.980
0 10

lteration

* The choice of the v, values greatly affect how far the weights Ay, are from one. With the proposed choice (loga-
rithmically spaced values in [10~7, 1]), the weights in the last layers are barely updated. Try setting all v, to zero
except the last one: the result is reversed, and the overall performance of NALMU decreases!

* Tied weights (when Ay does not depend on the iteration index) do not perform well in this example. This can
be checked by changing the definition of Ay;, and updating the NALMU rule accordingly. In particular, NALMU
with tied weights has difficulty reducing the NMF loss |Y — W HT||? over iterations.

* Unrolling algorithms is tricky in practice, and one needs to toy with the various hyperparameters and design choices.

176 Chapter 19. Unrolled MU for data-driven NMF
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CHAPTER
TWENTY

APPLICATIONS OF RLRA: SUMMARY

Regularizations in LRA are necessarily driven by the properties of the low-rank factors one seeks to recover from the
computation of LRA. Therefore, by understanding the applications of LRA in signal processing, one can derive both
interesting fundamental problems related to LRA and ideas for designing regularizations and algorithms. Conversely, in
some applications, such as medical imaging, theoretical guarantees on the quality of the reconstructed factors in rLRA are
important because interpretation errors in these methods’ outputs may have a significant impact. In an optical biopsy appli-
cation I contributed to, rLRA outputs allow a surgeon to decide whether to remove brain cells during surgery. Removing
too few may lead to cancer recurrence, but removing too much may harm critical brain functionalities.

In my work, I have focused on a few specific modalities to gain expert knowledge in these fields and making actually useful
practical contributions based on rLRA. The first modality is spectral imaging, both in remote sensing and in microscopy,
and the second is music information retrieval, in particular automatic music transcription. Around the end of my PhD,
I also worked on chemometrics datasets that included fluorescence spectroscopy [Cohen ef al., 2016], chromatography,
and nuclear magnetic resonance, which share similarities with spectral imaging in terms of signal processing.

20.1 Spectral imaging and rLRA

20.1.1 Basics of spectral representation of light

Note: The following paragraphs deal with radiative transfer, a scientific discipline in optics and physics that I am
not very familiar with. In particular, I have not read many scientific articles on this topic and have instead used
mediation materials, such as those found on Wikipedia. Here are some links for radiative transfer, color, and additive
and substractive mixtures.

In everyday life, color helps distinguish different objects and materials in space. Color, in fact, carries a lot of information
about our environment: one would probably never eat a light-blue apple because this unusual color is a sign that the apple
may contain unwanted chemical components. Tree leaves are typically orange-ish when they dry and are about to fall,
but typically green-ish in spring and summer. It is, therefore, a very natural and old idea to exploit color information in
science to obtain information on an observable system.

From a mathematical and informatics point of view, defining color formally is, maybe surprisingly, a large and complex
research domain. For simplicity, let us assume that colors can be represented in a three-dimensional space using the
basis vectors red, blue, and green. Any two-dimensional m by n color image is, in this simplistic model, a tensor of size
m X n X 3.

From a physical perspective, color is not a physical property of matter. It relates to human perception (and therefore varies
for each individual) of a physical property called wavelength, which characterizes the distance an electromagnetic wave
travels in a single cycle. More precisely, any wave can be decomposed in the spectral domain as the sum of sinusoidal
waves with a fixed wavelength. This is exactly the Fourier transform ubiquitous in signal processing. Any light emitted
or reflected by a source of interest has a specific spectrum that represents the amplitude of the individual additive sine

179


https://en.wikipedia.org/wiki/Radiative_transfer
https://en.wikipedia.org/wiki/Color
https://en.wikipedia.org/wiki/Color
https://en.wikipedia.org/wiki/Subtractive_color

Regularized low-rank approximations.

waves, and which contains information about the source, just like color. In fact, color, as described in the simplified RGB
format, is a compressed representation of the full light spectrum, in which spectral coefficients are grouped into three
blobs, respectively named red, green, and blue, see Fig. 20.1. This is mostly due to human perception: while human
ears excel at identifying the Fourier coefficients (the amplitude of each additive sinusoidal wave) of air pressure wave, the
human eye is much less sensitive; cones in the human eye that are sensitive to color naturally perform this dimensionality
reduction.

Fig. 20.1: [From hyperphysics.phy-astr.gsu.edu] “There are three types of color-sensitive cones in the retina of the human
eye, corresponding roughly to red, green, and blue sensitive detectors. Painstaking experiments have yielded response curves
for three different kind of cones in the retina of the human eye. The “green” and ‘red” cones are mostly packed into the
fovea centralis. By population, about 64% of the cones are red-sensitive, about 32% green sensitive, and about 2% are blue
sensitive. The ‘blue” cones have the highest sensitivity and are mostly found outside the fovea. The shapes of the curves are
obtained by measurement of the absorption by the cones, but the relative heights for the three types are set equal for lack of
detailed data. There are fewer blue cones, but the blue sensitivity is comparable to the others, so there must be some boosting
mechanism. In the final visual perception, the three types seem to be comparable, but the detailed process of achieving this
is not known. When light strikes a cone, it interacts with a visual pigment which consists of a protein called opsin and a
small molecule called a chromophore which in humans is a derivative of vitamin A. Three different kinds of opsins respond
to short, medium and long wavelengths of light and lead to the three response curves shown above. For a person to see
an object in color, at least two kinds of cones must be triggered, and the perceived color is based on the relative level of
excitation of the different cones.”

This fact has a few interesting consequences. First, the human eye is blind to wavelengths outside the visible range, limiting
our ability to detect spectral information in the infrared or ultraviolet. Second, two objects of the same color can have
very different spectra. Therefore, the human eye is a poor spectral sensor. Hopefully, it is possible to accurately measure
the light spectra of a single light flux using prisms that have the property to spread light beams spatially depending on the
wavelength. In other words, prisms perform, in some way, a Fourier transform of an incoming light wave and output the
individual sinusoidal light waves with pure wavelengths separated spatially. It is then possible to measure the spectrum
by essentially taking a black-and-white picture of the prism output. Devices that measure light spectra, using prisms or

180 Chapter 20. Applications of rLRA: summary
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other separation means, are called spectrometers.

Fig. 20.2: [From Wikipedia, credits Lucas Vieira] An illustration of the dispersion property of a prism. Incomming white
light is decomposed as a sum of monochromatic light beams with increasing wavelength.

20.1.2 Spectral mixing and unmixing

We are taught in high school that colors obey two sets of rules for mixing: additive and subtractive. Additive mixture
works for light and is typically described in the RGB color space: red + blue light yields magenta, red + blue + green light
yields white. This principle is ubiquitous in everyday life, since color screens rely on it to generate colors by combining
red, blue, and green light from tiny light sources for each pixel. Subtractive synthesis applies, for instance, to paint,
typically in CMY format: cyan + magenta yield blue, cyan + magenta + yellow yield black. The coexistence of these two
models can be slightly confusing: when is a mixture additive or subtractive? Is it possible to design additive mixtures of
paints and subtractive mixtures for light beams?

A way to explain additive and subtractive mixtures, which I find useful, is to relate them to the physical process underlying
the mixture and to the full spectral description of color. An additive mixture is a matter of perception. Various light beams
with different spectra hit the human eye and are seen as a single light source by the lens, which focuses the input light onto
the cones, integrating the contributions of each light source. In the case of a spectrometer, an optical lens can be used
to produce a similar additive acquisition. Addition synthesis is therefore not a physical modification of the wavelengths
of a light wave, but rather the (spatial) superposition of different light waves. In contrast, a subtractive mixture is a
direct modification of the spectrum of a light wave that removes a part of that spectrum. A key concept to understand
a subtractive mixture is filtering: when a light wave hits an object, it is partially absorbed and partially reflected. The
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intensity of reflected light depends on the wavelength. The reflected light has a different spectrum than the input light,
filtered by the object’s spectral response. What we usually call the color of an object is, in fact, the projection in RGB space
of the resulting spectrum of “white” light after it has been reflected by the item. The absorption spectrum of an object is
the spectral filter by which the incoming light is multiplied to obtain the reflected light spectrum. A subtractive mixture
is simply the sequential filtering of a light source by several items, where spectral filters are combined multiplicatively.
When mixing paints, the chemical compounds in each paint are intimately mixed, and the paint after mixture essentially
filters light jointly for all paints.

Yellow Red

Magenta

Cyan Magenta Green Blue

Blue

Additive (light) Subtractive (paint)

Additive and subtractive color combinations

Fig. 20.3: [From intranet.mcad.edu] An illustration of additive and substractive mixtures. Additive mixture is essentially
a property of light, and allows to generate a large range of pure wavelengths in the visible range. Substractive mixture is
obtained by spectral filtering and is less expressive in general than RBG.

In scientific imaging, both additive and subtractive mixtures are usually encountered. The important point is that an
additive mixture is usually well-suited to linear models, whereas a subtractive mixture leads to non-linear models. Two
examples of additive mixture help illustrate this fact.

a. Fluorescence Spectroscopy in chemometrics. A mixture of several fluorophores is observed with a spectrometer.
Each fluorophore emits a light wave with a specific spectrum. Since the fluorophores are loosely mixed within the sample
and each emits a fluorescence signal individually, the measured spectrum is simply the sum of the fluorescence spectra of
each component. The light emitted by the fluorophores depends on the wavelength of the light exciting the sample; using
a laser excitation with a controlled wavelength leads to a series of spectra acquisitions, stored in a matrix (fluorescence
excitation emission matrix) Y with n columns corresponding to excitation wavelengths and m rows containing the mea-
sured additive mixture of fluorescence spectra. Additive mixture in this context is also related to the Beer-Lambert law,
and translates into an (approximate) low-rank NMF

Y ~WHT

where W is a matrix containing the spectra of each individual fluorophore in the chemical mixture, and H contains the
amplitude of each fluorophore response to the excitation wavelength. Applying NMF to the data matrix Y, or nonnegative
tensor factorization to several such measurement matrices, can in principle recover the individual fluorescence spectra,
essentially performing spectral unmixing.
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b. The linear mixing model in remote sensing makes the hypothesis that materials on an observed scene are spatially
distributed and non-overlapping. The scene is cut into pixels by the camera, and each pixel may therefore contain several
materials with proportions given by the portion of the pixel covered by each material. The spectral acquisition is then
the additive mixture of the reflectance spectra (the ambient-light spectrum, essentially white, filtered by each material).
For a single-pixel Y[:, 7] of the acquired spectral image Y with m spectral wavelengths (or spectral bands if spectra are
acquired in a compressed spectral representation) and n pixels, the additive mixture of K materials simply translates into
a linear model

Yisd) ~ Y W kHT [k,i); Y ~ WHT
k=1

where W contains columnwise the spectra of each material in the scene (supposing they are consistent over the whole
image), and H contains columnwise the proportions of the materials in each pixel, also called abundances. Extensions
of the linear mixing model that account for multiple reflections typically involve products of the matrix W with itself;
this is consistent with the subtractive mixture model, where the ambient light is filtered consecutively by several materials
[Kervazo et al., 2021].

WH?Y

Spectra

mmm Material 1

K
mm Materia L1 = . T 1
IIIMaEeria:g Y[ 7Z] ZW[ ,k]H [ka'
dJ k=1

Fig. 20.4: An illustration of the linear mixing model. Each pixels (squares in the top left grid) have different abundances of
each material. This translates into an additive mixture of the spectra contained in matrix W, weighted by these abundances
pixelwise.

To conclude this introduction to spectral unmixing, we can now answer the question above: Is it possible to mix paints
additively to produce white? The answer is nuanced. It is impossible to mix paint to produce pure white. Mixing paints
intimately will result in a filtering effect that attenuates the ambient light spectrum across all wavelengths, leading to black.
However, we can produce grey by juxtaposing paints on a surface and looking from afar. Spatial juxtaposition will result
in additive filtering of the filtered white light, as in the linear mixing model. If three paints red, blue, and green are used
in equal proportions, the resulting spectrum is the sum of blue, red, and green light but with reduced intensity, and the
object will appear gray. Screens can produce white because they can emit red, blue, and green spectra at full intensity,
which is not possible with reflectance spectra.
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20.1.3 Several applications of spectral unmixing

Spectral unmixing separates spectra from several acquisitions of additive mixtures with varying mixture conditions. A
popular example of spectral unmixing in the signal processing community is found in remote sensing, and I have often
motivated rather theoretical works with such images. Since my arrival at CREATIS in 2022, however, my work has fo-
cused on optical systems that enable optical biopsy. Optical biopsy is a non-invasive technique that enables the acquisition
of spectral information from tissues (e.g., brain cells) during live surgery without requiring tissue extraction. The idea
is to design lightweight optical systems with high-end processing pipelines to acquire spectral images, and then use both
spatial and spectral information to infer tissue nature (e.g., whether brain cells are cancerous). Most of my work on this
topic has been dedicated to the joint reconstruction and spectral unmixing for the single-pixel spectral camera, but I have
also contributed to a system working with RGB videos.

20.2 Automatic music transcription

Music information retrieval is a collection of music-oriented machine learning tasks, ranging from tempo detection to
automatic music composition. The tasks that compose music information retrieval are always evolving (see, for instance,
the MIREX competition that lists old and new tasks yearly). Automatic Music Transcription (AMT) is a challenging
task that aims at converting an audio recording into a MIDI file [Benetos et al., 2018, Bertin, 2009, Bittner et al., 2022,
Smaragdis and Brown, 2003]. Polyphonic instruments are typically the most challenging to transcribe, but singing voice
or wind/brass instruments also have inherent difficulties despite being monophonic, such as intonation. In what follows,
we focus primarily on piano transcription.

Remark

MIDI (Musical Instrument Digital Interface) is a numeric standard for storing and exchanging symbolic music notation
between musical instruments and computers. In the context of music notation, it contains for each played note its pitch
(in the Western system from CO to A7), its onset (the activation time with respect to the song start), its offset, and its
velocity (nuance) in 8 bits. While MIDI representations are in many regards much more precise than usual musical
notations found on music sheets, it is often insufficient to describe the full interaction of the artist with the instrument:
velocity may be time-dependent, pitch can be bent or microtonal, and activation may not be instantaneous.

Among existing AMT algorithms, many rely on a time-frequency representation of the audio signal. The rationale is that
for a single note played on the piano, a comb-shaped spectrum in the Fourier domain corresponds to the fundamental
frequency (440Hz for A4) and all harmonics. These harmonics, and in particular their relative intensity and position,
define the tone of the piano. Harmonic instruments are characterized by the existence of this comb-shaped spectrum,
while inharmonic instruments, such as drums, do not produce comb-shaped spectra. This is easily observed on a single
note recording, here extracted from the MAPS database [Emiya ez al., 2010].

from cmath import phase

import matplotlib.pyplot as plt
import soundfile as sf

import numpy as np

import scipy.signal as signal

A4_wav, sr = sf.read('../../tensorly_hdr/dataset/MAPS_ISOL_LG_F_S1_M57_ENSTDkAm.wav')
A4_wav = Ad_wav / np.max(np.abs(Ad_wav)) # audio normalization
A4_wav = A4_wav[:,0] # use only one channel if stereo

# Compute 1D Fourier transform
frequencies_1D = np.fft.fftfreg(len(Ad4_wav), d=1/sr)
fourier_1D = np.fft.fft (Ad_wav)

(continues on next page)
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magnitude_1D = np.abs (fourier_1D)
phase_1D = np.angle (fourier_1D)

# Plot 1D Fourier transform
plt.figure (figsize=(10, 8))
plt.subplot (2, 2, 1)

plt.plot (frequencies_1D, 20*np.logl0 (magnitude_1D))
plt.title('1D Fourier Transform')
plt.xlabel ('Frequency (Hz)")
plt.ylabel ('Power (dB)"')
plt.x1im (0, sr/2)

plt.subplot (2, 2, 2)

plt.plot (frequencies_1D, phase_1D)
plt.title('Phase Spectrum')
plt.xlabel ('Frequency (Hz)")
plt.ylabel ('Phase (radians)')
#plt.x1im (0, sr/2)

# Compute spectrogram

(continued from previous page)

frequencies, times, Sxx = signal.stft (Ad4_wav, fs=sr, nperseg=4096, nfft=4096,_

snoverlap=4096 - 882)

Sxx_dB = 20 * np.logl0 (np.abs(Sxx) + 1e-10) # convert to dB scale

Sxx_abs = np.abs (Sxx)

Sphase = np.angle (Sxx)

#Sphase_smoothed = signal.medfilt (Sphase, kernel_size=(25, 5))
half_fregs = len(frequencies) // 2

# Plot power spectrogram (up to 10kHz)

plt.subplot (2, 2, 3)

#plt.imshow (np.abs (Sxx), aspect='auto')

# use correct extent to display time and frequency axes

plt.imshow (Sxx_dB[:half_ freqgs,:], aspect='auto', origin='lower',

~times.max (), frequencies.min(), frequencies[half_ fregs]])
plt.title('Spectrogram')
plt.ylabel ('Frequency (Hz)'")
plt.xlabel ('Time (s)')
plt.colorbar (label="Intensity [dB]")

# Phase spectrogram
plt.subplot (2, 2, 4)

plt.imshow (Sphase[:half_freqgs,:], aspect='auto', origin='lower',

stimes.max (), frequencies.min(), frequencies[half_ freqgs]])
plt.title('Phase Spectrogram')
plt.ylabel ('Frequency (Hz)")
plt.xlabel ('Time (s)')
plt.colorbar (label="'Phase (radians)')
plt.tight_layout ()
plt.show ()

extent=[times.min (), .

extent=[times.min (), .
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We show above the spectrum of the full audio recording (about 15s) in both magnitude and phase (which is arguably
harder to interpret directly). Using a single spectrum to describe the frequency content of a long recording is often
innadequate. Over the 15 seconds of recording, there are times when the note is not played or when the timbre changes.
High frequencies tend to dissipate faster than low frequencies. Therefore, in audio signal processing, the spectrogram
(magnitude and phase) that contains spectra for small time windows is incredibly useful. We see that the magnitude
spectrogram of a single note contains rich information. The comb-shaped spectra fades over time, the hammer action
is visible at around 0.5s, and some noise occurs at around 12s. The phase spectrogram works similarly and, while it is
harder to read, it contains a lot of information. In particular, we can decipher the various partials of the comb. For AMT,
we typically use only the magnitude spectrogram and discard the phase spectrogram.

An interesting property of the spectrogram of a single note is that it is well approximated by a rank-one matrix. This
suggests using a low-rank model to analyse more complex signals and perform AMT. NMF for AMT, however, has
several issues: the rank-one hypothesis is overly strong, the source mixture is non-linear, and there are too few guarantees
of uniqueness. I addressed these issues partially in my work on weakly-supervised convolutive NMF for AMT; my
contributions are detailed in Automatic Music Transcription.
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20.3 Music structure estimation

We can also use spectrograms of full songs to detect similarities between bars. I will not detail this contribution in
this manuscript; it was already detailed in length in Axel Marmoret’s PhD manuscript [Marmoret, 2022]. There are
also available tutorials in the BarMusComp toolbox link and the more recent Autosimilarity Segmentation toolbox link.
The main methodological tool to enhance the similarity detection is the Nonnegative Tucker Factorization of the tensor
spectrogram obtained by stacking spectrograms of each bar of a song [Smith and Goto, 2018]. See also the related
paragraph in the HDR summary.
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AUTOMATIC MUSIC TRANSCRIPTION

Reference

[Wu et al., 2022] H. Wu, A. Marmoret and J. E. Cohen, “Semi-Supervised Convolutive NMF for Automatic Music
Transcription”, SMC2022, pdf code data

21.1 Nonnegative matrix factorization for automatic music transcrip-
tion

Spectrograms of piano recordings contain the spectral information of the notes played over time. An interesting property
of the spectrogram of a single piano note recording is that it is typically well approximated by a rank-one matrix. For
instance, on a recorded piano A4 (440Hz) from the dataset MAPS [Emiya ef al., 2010], the best rank-one approximation
of the magnitude spectrogram looks similar to the magnitude spectrogram, in particular when using KL-divergence as a
loss function, see the end of the section on NNLS for a discussion on the rank-one approximation closed-form algorithm.

from cmath import phase

import matplotlib.pyplot as plt
import soundfile as sf

import numpy as np

import scipy.signal as signal

A4_wav, sr = sf.read('../../tensorly_hdr/dataset/MAPS_ISOL_LG_M_SO0_M69_ENSTDkAm.wav')
A4_wav = Ad_wav / np.max (np.abs(Ad_wav)) # audio normalization
A4_wav = A4_wav[:,0] # use only one channel if stereo

# Compute spectrogram

frequencies, times, Sxx = signal.stft (A4_wav, fs=sr, nperseg=4096, nfft=4096, .
snoverlap=4096 — 882)

half_fregs = len(frequencies) // 2

frequencies = frequencies[:half_freqgs]

Sxx = Sxx[:half_ freqgs, :] # keep only lower half

Sphase = np.angle (Sxx)

Sxx_dB = 20 * np.logl0 (np.abs(Sxx) + 1e-10) # convert to dB scale

Sxx_abs = np.abs (Sxx)

# Best rank-one approximation of magnitude spectrogram in the Frobenius sense
U,s,V = np.linalg.svd(Sxx_abs)

rl_approx = s[0]*np.outer(U[:,0],V[0,:])

# in dB

rl_approx_dB = 20 * np.loglO(rl_approx + 1le—-10)

(continues on next page)
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(continued from previous page)
# Same in KL sense with NMF
ukl = np.sum(Sxx_abs, axis=1)/np.sqrt (np.sum(Sxx_abs))
vkl = np.sum(Sxx_abs, axis=0)/np.sqrt (np.sum(Sxx_abs))
rl_approx_kl = np.outer (ukl, vkl)

rl_approx_kl _dB = 20 * np.loglO(rl_approx_kl + 1e-10)
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Magnitude spectrograms are rather well approximated by rank-one matrices. This suggests using low-rank NMF to analyse
recordings containing multiple notes. Assuming a linear additive mixture of time signals, however, does not yield an exact
low-rank model of the magnitude spectrogram, as explained next.

21.1.1 Simplified model and low-rank spectrograms

Assume two notes are played simultaneously by the piano, with time signals s, (¢) and s,(t). We focus on a single time
window in the STFT. We assume linear mixing, and record the sum of the two signals s(t) = s (t) + s,(t). The Fourier
transform of the summed signal F [s](v), by linearity of the Fourier transform, is exactly F [s;](v) + F[s,](v).

As we saw in Applications of rLRA: summary, the phase of the spectrogram is not low-rank even for a single note, therefore
we only want to compute the magnitude spectrogram |F [s](v)|, where the modulus is taken elementwise. However if we
assume that |F[s,](v)| are rank-one matrices, we find that

T = |F[s1) () + Flsa) ) = [F[s1] ) + | F [s2] () + 2Re (F[s,]* () F [s5) ()

and by Cauchy-Schwartz, the spectrogram computed from the recording is rank-two if and only if F[s;](v) =

A, F[85](v) for each v and A,,u > 0. This condition is equivalent to assuming that the two signals are in phase, ie.,
Im (F [s:]" (V) T[] (v)) = 0.

A particular case of the equality condition in Cauchy-Schwartz is obtained when the two frequency spectra have disjoint
support, in which case A, is null. In other words, if the notes s;(¢) and s,(t) have no partials in common, then the
spectrogram of their additive mixture in the temporal domain should remain low-rank, and one can hope to recover each
rank-one spectrogram by performing a rank-two NMF. This assumption is related to time-frequency masking, a technique

that has been used for decades in audio source separation and has remained in use at the start of the era of deep learning
[Araki er al., 2025].

The disjoint support hypothesis is useful, but incorrect in practice. For instance, two notes separated by an octave have
similar spectra, but the colinearity condition will be significantly violated. Not only are the fundamental frequencies and
partials different in amplitude, but the phase of each signal can also change. This can be observed on the MAPS dataset
below with notes A4 and A3. Observe that the imaginary part of the cross product is, in particular, nonzero at locations
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where the sum of the modulus is far from the modulus of the sum, and that this corresponds to partials of interest. This
implies that methods based on low-rank approximations of spectrograms are particularly prone to octave errors.

from cmath import phase

from re import A

import matplotlib.pyplot as plt
import soundfile as sf

import numpy as np

import scipy.signal as signal

A3_wav, sr = sf.read('../../tensorly_hdr/dataset/MAPS_ISOL_LG_F_S1_M57_ENSTDkAm.wav')
A4_wav, sr = sf.read('../../tensorly_hdr/dataset/MAPS_ISOL_LG_M_S0_M69_ENSTDkAm.wav')
A4_wav = Ad_wav / np.max (np.abs(Ad_wav)) # audio normalization

Ad4_wav = Ad_wav[:,0] # use only one channel if stereo

A3_wav = A3_wav / np.max (np.abs(A3_wav)) # audio normalization

A3_wav = A3_wav([:,0] # use only one channel if stereo

# Use short time window (rectangular window for simplicity)
t_1 = 2*sr

t_2 = 3*sr

A4_segment = A4_wav([t_1l:t_2]

A3_segment = A3_wav([t_1:t_2]

# Compute 1D Fourier transform

frequencies_1D = np.fft.fftfreg(len(A4_segment), d=1/sr)
fourier_1D_A4 = np.fft.fft (A4_segment)

fourier_1D_A3 = np.fft.fft (A3_segment)

magnitude_1D_A4 = np.abs(fourier_1D_A4)

phase_1D_A4 = np.angle (fourier_1D_A4)

magnitude_1D_A3 = np.abs (fourier_1D_A3)

phase_1D_A3 = np.angle (fourier_1D_A3)

# Compute sum of magnitude and magnitude of sum
fourier_sum = fourier_1D_A4 + fourier_1D_A3
magnitude_sum = np.abs (fourier_sum)

fourier_magnitude_sum = magnitude_1D_A4 + magnitude_1D_A3
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Note: AMT entered the MIREX competition as polyphonic transcription in 2024 (in fact, it was just piano, not guitar,
organs, synthesizers, or others), even though it was already a research topic in the early 2000s. Single-instrument
transcription remains an open problem, and there is much to do in a multi-instrument setting, particularly for joint
source separation with AMT.

21.1.2 NMF for AMT: useful but limited

Remark

Spectrograms have a few hyperparameters that should be fixed, most importantly the time window size and type,
and the amount of overlap for the windows. In the following, we use parameters from the literature [Cheng ef al.,
2016]: Hann windows, 4096 samples per window, and 4096 - 882 overlapping samples. This yields a time resolution
of about 20ms (the sample rate is usually 44kHz), with spectra computed over 93ms, and a frequency resolution of
about 10.7Hz, which is a reasonable time-frequency resolution trade-off for piano transcription.

Given a spectrogram Y of an audio recording, based on the observation that individual notes have approximately rank-
one spectrograms, and assuming both linear mixture and marginally overlapping support of the spectrograms, one may
hope to recover each individual note spectrogram with NMF. In fact, if the supports of the spectrograms of each note
do not overlap, NMF is separable (each row of the data spectrogram belongs to exactly one note spectrogram), and
therefore, the unique NMF solution can be recovered by any reasonable NMF algorithm. On top of estimating each
individual spectrogram, these spectrograms are factorized into a temporal activation, which indicates when each note is
played and at what intensity, and a frequency spectrum containing the fundamental and partials characteristic of the note.
A simple post-processing step thus involves identifying the fundamental frequency for each rank-one NMF component,
and thresholding the time-activation [Vincent ef al., 2008]. Although more elaborate strategies could be designed, this
pipeline is essentially what has been used in the AMT literature to post-process NMF factors.

We can try this on a simple recording from the MAPS dataset [Emiya er al., 2010] with many isolated notes and few
chords. The first example below is performed on a song with only isolated notes (first three bars). Notice how good the
reconstruction is. There are six distinct notes played in the first six seconds of the recording. We used a rank seven NMF.
One of the component models the hammer action; this can be seen by the spectral signature, which is not comb-shaped,
and the time activation following each played note, except the high F, which has a softer attack.

# Load song
song, sr = sf.read('../../tensorly_hdr/dataset/MAPS_MUS-muss_1_ENSTDkAm.wav')

song = song / np.max(np.abs(song)) # audio normalization

(continues on next page)
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Fig. 21.1: Symbolic notation for the recorded audio sample. In green, the first six seconds with isolated notes, and in red,

the second part, up to eight seconds, with chords.

song = song[:,0] # use only one channel if stereo

# The song has six different single notes until 6s, then chords
# We cut the song after 6s (rectangular window for simplicity)
t_1 = O*sr

t_2 = 6*sr

song = song[t_1:t_2]

# Compute spectrogram

frequencies, times, Sxx = signal.stft (song, fs=sr, nperseg=4096,

snoverlap=4096 — 882)
half_freqgs = len(frequencies) // 2
frequencies = frequencies[:half_fregs]
Sxx = Sxx[:half freqgs, :] # keep only lower half

(continued from previous page)

nfft=4096, o

Sxx_dB = 20 * np.loglO (np.abs(Sxx) + 1e—-10) # convert to dB scale

Sxx_abs = np.abs (Sxx)

# NMF with KL divergence (function taken from paper with Quyen,
scode from tensorly_ hdr)

# Could also use spa or snpa on the rows

from tensorly hdr.nmf_ kl import Lee_Seung_KL

rank = 7

np.random.seed(0) # for reproducibility

W_init = np.abs(np.random.randn (Sxx.shape[0], rank))
H_init = np.abs(np.random.randn (Sxx.shape[l], rank)).T

using alternating MU, .

crit, W_k1, H_kl, toc, cnt = Lee_Seung_KL(Sxx_abs, W_init, H_init, NbIter=20,.

wsverbose=False, print_it=20)
# Normalize W columnwise and put the norm in H
W_k1_norms = np.max(W_kl, axis=0)
W_kl = W_k1 / W_kl_norms
H_k1 = H_k1.T * W_kl_norms

muting spectra in increasing fundamental frequency
from tensorly_hdr.image_utils import permute_spectra
perm = permute_spectra (W_k1)

W_kl = W_k1[:, perm]

H k1l = H kl[:, perm]

21.1. Nonnegative matrix factorization for automatic music transcription
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KL Components Frequency Profile KL Components Time Activation
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Remark

The components are ordered by increasing fundamental frequency. The notes played in the recording are, in order,
G3, F3, Bb3, C4, F4, D4, C4, F4, D4, Bb3, C4, G3, F3. We can see that the components match that order.

While this is promising, we knew the correct number of notes in the recording. Also, the rank-one spectrograms are not
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well located in time when analyzed on a logarithmic scale. For instance, the spectrogram of C4 has small but nonzero
values when all the other notes are played.

Adding the next few seconds makes things much harder to analyse. The audio contains two chords, each with five notes,
for a total of 14 distinct notes played. We see in the experiment below that NMF-KL does not identify all the notes.
Instead, it introduces components to refine its approximation of the already identified notes.
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This suggests a few problems with NMF:

¢ The rank-one hypothesis for isolated notes is not good enough. Therefore, the model tends to use several com-
ponents to model a single note. This makes the choice of the rank harder, and the post-processing also more
challenging.

* We have little guarantee that the output spectra are indeed interpretable as comb-like spectra with a clear fundamen-
tal frequency. We clearly see in the above example that the components with the smallest fundamental frequency
are hardly interpretable. Their time activation is also far from the standard attack-hold-sustain-decay pattern. In
other words, the uniqueness of NMF is unclear as soon as many notes overlap in time and frequency, which is
usually the case with chords in tonal music.

Tentative improvements to blind NMF for AMT involve parameterizing the time activations to actually follow and attack-
decay pattern [Cheng ez al., 2016]. We used a different route and utilized the so-called Convolutive NMF with supervision.
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21.2 Convolutive pretrained NMF for improved piano transcriptions

In [Wu ez al., 2022], we proposed to address both issues: the modeling errors of spectrograms of single notes are reduced
by introducing convolutive rank-one components, while the interpretability is ensured by pretraining the dictionary W
on isolated notes recordings, thus switching from an unsupervised setup to a (weakly) supervised framework. Let us first
discuss convolutive NMF.

21.2.1 Convolutive NMF, a better model for notes spectrograms

As mentioned in Applications of rLRA: summary, magnitude spectrograms of single piano notes are not exactly rank-one
matrices. While it is rather accurate that a single activation vector can describe the dynamics of the note over time, the
description of a single note as a fixed frequency spectrum is wrong. The spectrum near the attack contains transients that
rapidly dissipate. It therefore may differ significantly from the spectrum measured when the note is sustained. Ideally, to
obtain a linear model, we could split attack and decay/sustain spectra as proposed in [Cheng ef al., 2016]. We proposed
to model each single note spectrogram Y[ f, t] as the convolution of a small time-frequency matrix with a time activation:

T-1
Y(f. 4= WIf, rlhlt — 7], (21.1)

7=0

where T is the size of the convolution window. This rank-one convolutive model can also be seen as a constrained rank
T NMF if we consider the Toeplitz matrix H obtained by stacking rows of A shifted by one:

Y =WH.

Convolutive NMF is obtained by modeling a nonnegative matrix as the sum of rank-one convolutive terms as defined
in (21.1), that now depend on the component index g. It was proposed originally in the context of speech separation
[Smaragdis, 2006], and writes

Y = W[fv7—7q]H[q7t_T]'

The figure below compares NMF and CNMF on a visual example.

18] L P LL

Fig. 21.2: Hlustration of the CNMF model compared to NMF.

Computing CNMF is typically done in an alternating fashion. Here, we do not need the full update of the tensor W in
CNMF, since we will only use rank-one CNMF during training. The update for H provided in the original CNMF paper
is a heuristic, but it was later refined using majorization-minimization techniques [Fagot et al., 2019] similar to what we

21.2. Convolutive pretrained NMF for improved piano transcriptions 197



Regularized low-rank approximations.

describe in Nonnegative regressions: NNLS and NNKL. In terms of optimization, multiplicative update rules for CNMF are
obtained essentially with the same majorization techniques as introduced in Nonnegative regressions: NNLS and NNKL.
Indeed, the MU algorithm relies on a majorization that removes the dependence of each variable on the others, and, in
that respect, CNMF has the same structure as NMF. The updates for tensor W*) and matrix H(¥) and iteration k can be
written in matrix format as follows (following the MM2 algorithm from [Fagot ez al., 2019]):

XAWT W s YLt 4T
W(kH)=W<k)*m—~andH<k+l)[:,t]=H<k>[:,ﬂ* v me[,t ' ],
1@, HH:, 1] Zf’T W[, 70, e

where ¥ € R™*" is the reconstructed dataset, matrix H is computed from matrix H by shifting each row 7" times and
concatenating the results, resulting in a block-Toeplitz matrix. Recall that X, , denotes the tensor contraction on modes
1 and 2, and here corresponds to the broadcasted inner product of slices of % with each slice of tensor 1¥ along the third
mode. Zero-padding can be considered to handle the border of the input spectrogram.

Similarly to NMF, CNMF is a nonconvex problem. Personal observations lead me to believe that CNMF is significantly
harder, with many non-trivial local minima, and therefore initialization is crucial.

21.2.2 A CNMF dictionary of pure notes with rank-one CNMF

Armed with the iterative algorithm we just described, we can decompose the spectrogram of a single note, say A4, with
rank-one CNMF. The template tensor W, which has a single slice for rank-one CNMF and is therefore essentially a
matrix, is initialized by copying the slice of the input spectrogram Y[:, ¢, — 3 : ¢, — 3 4+ T'] where ¢, is the index of the
maximum column in #; norm, and 7" is set to 10. This corresponds to selecting the most intense 0.2 seconds of the input
spectrogram. This way, we ensure that the CNMF template is interpretable as a part of the spectrogram of A4. Random
initialization may lead to a smaller loss function at convergence, but the results are harder to interpret. Separable CNMF
has been studied in the literature [Degleris and Gillis, 2020].

Ad4_wav, sr = sf.read('../../tensorly_hdr/dataset/MAPS_ISOL_LG_M_SO0_M69_ENSTDkAm.wav')
A4_wav = Ad_wav / np.max (np.abs(Ad_wav)) # audio normalization
Ad4_wav = Ad_wav[:,0] # use only one channel if stereo

# Work on the first few seconds to avoid learning the recording noise around 10s

Ad4_wav = Ad_wav([sr//3:sr*4]

# Compute spectrogram up to 10kHz

frequencies, times, Sxx = signal.stft (Ad4_wav, fs=sr, nperseg=4096, nfft=4096, .
snoverlap=4096 - 882) #8192

# Cut for speed

half_fregs = len(frequencies) // 2

Sxx_dB = 20 * np.logl0 (np.abs(Sxx[:half_freqgs,:])) # convert to dB scale for display

Sxx_abs = np.abs(Sxx[:half_freqgs, :])

# normalization

Sxx_abs = Sxx_abs / np.max (Sxx_abs)

# Testing rank—-1 CNMF

T = 20
from tensorly_hdr.cnmf import convolutive_nmf
W_rl, H_rl, err_rl = convolutive_nmf (

Sxx_abs, rank=1, T=T, itmax=10, eps=le-16, tol=0,
print_it=1, n_iter_inner=10, init="separable", verbose=False
)

W_cnmf=W_xr1[:, :, O]

h_cnmf = H_r1[0, :]
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Observe that the time activation profile is sparser than with the best rank-one NMF approximation, which is expected
since the template now contains short-time information. The template, however, has some issues. It captures correctly
the attack spectrum with a comb-shaped spectrum and many harmonics, but the high-pitch harmonics should decrease in
intensity. The content of the template after the attack above 4kHz is therefore not realistic.

This problem appears to be due to the rank-one model modeling echoes observed in the signal. To alleviate this issue,
one can compute a rank-two CNMF with the second template initialized randomly. Observe how this second component
captures noise and high-frequency decay spectra, effectively cleaning the first component. In particular, the second com-
ponent does not model the attack. For simplicity and computational speed reasons, we will work with rank-one CNMF
approximations of single notes, as done in regular NMF.

W_r2, H_r2, err_r2 = convolutive_nmf (
Sxx_abs, rank=2, T=T, itmax=10, eps=le-16, tol=0,
print_it=1, n_iter_inner=10, init="separable", verbose=False

)
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21.2.3 Transcription example on MAPS

In this document, we simply provide a toy example of AMT with pretrained templates. Our goal is to transcribe the same
audio recording as above with isolated notes and two chords. We know the notes utilized in the recording, and MAPS
has all single notes recorded individually. Therefore, we can perform rank-one CNMF on each note recording, and then
transcribe the recorded music.

import os

import re

import numpy as np

import soundfile as sf

from scipy import signal

from tensorly_hdr.cnmf import convolutive_nmf

# Directory with your .wav files

data_dir = '../../tensorly_hdr/dataset/notes_to_learn'
T = 10
rank = len(os.listdir(data_dir)) # 14

# Templates 1ist

Wlist = []
names = []
display = ""

# Learning the templates
# perform the code below but with every file in ../../tensorly_hdr/dataset/notes_to_

wlearn
for filename in os.listdir(data_dir):
midi_num = re.search(r'M(\d+)_', filename) .group (1)

display += f"Processing MIDI note: {midi_num} \n"
names.append (midi_num)

(continues on next page)
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(continued from previous page)

filepath = os.path.join(data_dir, filename)

A4 _wav, sr = sf.read(filepath)

A4_wav = Ad_wav / np.max(np.abs(Ad4_wav)) # audio normalization

A4_wav = A4_wav([:,0] # use only one channel if stereo

# Work on the first few seconds to avoid learning the recording noise around 10s
Ad wav = A4 _wav([0:sr*4]

# Compute spectrogram up to 10kHz

frequencies, times, Sxx = signal.stft (Ad4_wav, fs=sr, nperseg=4096, nfft=4096, .
snoverlap=4096 - 882) #8192

# Cutting last few time frames (40ms) because there are artifacts (probably from.
sthe windowing above)

Sxx = Sxx[:,:-2]

times = times[:-2]

half_freqgs = len(frequencies) // 2

Sxx_dB = 20 * np.logl0 (np.abs(Sxx[:half_freqgs,:])) # convert to dB scale

Sxx_abs = np.abs(Sxx[:half_freqgs, :])

# normalization

Sxx_abs = Sxx_abs / np.max (Sxx_abs)

# rank—1 CNMF
# Only init
W_rl, H_rl, err_rl = convolutive_nmf (Sxx_abs, rank=1, T=T, itmax=10, eps=le-16,.
stol=0, print_it=10, n_iter_inner=10, init="separable", verbose=False)
Wlist.append(W_rl1[:, :, 0])
h_cnmf = H_r1[0, :]
display += f"Reconstruction error: {err_rl[-1]} \n"
print (display)

# Post-process Wlist into a tensor
W = np.zeros ((Wlist[0].shape[0], Wlist[0O].shape[l], rank))
for r in range (rank):

W[:, :, r] = Wlist[r]

# Permute by increasing MIDI name
perm = np.argsort (names)

names = np.sort (names)
W = W[:,:,perm]
names_music = [HGZH, "A2", HFSH, "GB", HASH, lle}", IIC4", "D4", "F4", "G4", "Bb4", "C5

()n, "D5ll, "F5"]

Processing MIDI note: 45

Reconstruction error: 30.902170020850857
Processing MIDI note: 65

Reconstruction error: 13.281670437794645
Processing MIDI note: 57

Reconstruction error: 16.41841723313163
Processing MIDI note: 77

Reconstruction error: 12.29054938682003
Processing MIDI note: 62

Reconstruction error: 69.544849487878
Processing MIDI note: 58

Reconstruction error: 35.808382524387284
Processing MIDI note: 74

Reconstruction error: 28.388713018691245
Processing MIDI note: 70

(continues on next page)
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Reconstruction error:
Processing MIDI note:
Reconstruction error:
Processing MIDI note:
Reconstruction error:
Processing MIDI note:
Reconstruction error:
Processing MIDI note:
Reconstruction error:
Processing MIDI note:
Reconstruction error:
Processing MIDI note:
Reconstruction error:

10.

72

29.

535

LS o
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60
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60.

53

39.

952840654037638

03727098089707

88201846548771
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024161144483852

42459961908096

660180152500374

(continued from previous page)

Now that the training is performed, we can transcribe the audio recording!

from tensorly_ hdr.cnmf import convolutive_regression
H_tr, err = convolutive_regression (Sxx_abs, W,

Iteration initial, loss:

Iteration: 25, loss:

Iteration: 50, loss:

94752.47307634767

19.216221084630558

19.02185542594544

itmax=50, verbose=True, print_it=25)
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The song is now well transcribed. In particular, the last two chords have the right five notes, played simultaneously. The
chord activations are still imperfect, but this is expected because of the non-linear mixing artifacts and the frequency
similarity between octaves. We also see that all components slightly activate on each attack. This might be due to the
hammer-action sound, which is the same across all notes and has not been taken into account separately.

The full model, weakly supervised on all piano notes, has performance close to that of fully supervised networks but is
not robust to distribution shift (e.g., changing the piano or the recording conditions) [Wu ez al., 2022]. Improving these
aspects and the training procedure is part of my research project.
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TWENTYTWO

SINGLE-PIXEL HYPERSPECTRAL IMAGE RECONSTRUCTION AND
UNMIXING

Reference

[Hariga et al., 2024] S. Hariga, J. E. Cohen and N. Ducros, “Joint Reconstruction and Spectral Unmixing from Single-
Pixel Acquisitions”, EUPSICO 2024. hal

[Hariga er al., 2025] S. Hariga, A. Repetti, N. Ducros, J. E. Cohen, “Approche plug-and-play pour la reconstruction
des cartes d’abondance en imagerie hyperspectrale mono-pixel” GRETSI 2025 hal

[Ducros, 2024] N. Ducros, J. E. Cohen, L. Mahieu-Williame, “Freeform Hadamard imaging: Back to the roots of
computational optics”, under review, hal

22.1 Single-pixel hyperspectral imaging principle

Spectral cameras are invaluable tools for acquiring detailed spectral information. They function by spatially spreading
an incoming light flux across its constituent wavelengths. This spectral-spatial (Fourier) transformation implies that, by
design, it is difficult to acquire spectral images with high spatial and spectral resolution. This is particularly true if the
imaging device must remain affordable and lightweight.

Although the idea of compressive acquisitions in computational optics precedes the development of compressive sensing
[Nelson and Fredman, 1970], Duarte and co-authors proposed the single-pixel camera for Single-Pixel Imaging (SPI),
which uses spatial multiplexing to feed focalized masked images into a high-resolution point spectrometer [Duarte and
Baraniuk, 2012, Duarte ef al., 2008]. In the setup available at CREATIS, the compressed light flux is the input of a spec-
trometer. The hyperspectral cube containing both the spatial information (images) and the spectral information (spectra)
is then reconstructed by solving an inverse problem, following a long tradition of reconstruction imaging techniques in
the computational imaging community [Beneti Martins ez al., 2023].

Let us formalize the problem. Let Y € R'"*? be the acquired matrix, with m the number of measurements or patterns,
and p the number of spectral bands measured by the spectrometer. Each acquisition, say the k-th, is obtained by summing
the pixels of a masked image a;, %, 5 X, where a;, € {0,1}™1*"2 is a binary mask and X, € R}*""*"" is the unknown
hypespectral cube to reconstruct, with n; X n, pixels. The elementwise product %, , indicates that the mask is applied
on each slice X, [:, :, ¢] of the hypercube. It can be convenient to vectorize the spatial dimension and consider the vector
patterns A[k, :] € {0, 1}™1"2 as well as the unknown matrix X € R'/*"2"”. The noiseless acquisition is therefore modeled

linearly as Y = AX.

The noise model for single-pixel imagers is standardized as a Poisson-Gaussian mixture, see the EMVA Standard 1288.
For the sake of simplicity, and since Gaussian noise is typically weak in these acquisitions, we consider the noise to be
pure Poisson. Poisson noise arises because the spectrometer counts photons hitting its electronic sensors, and counting
errors/fluctuations are well modeled by the Poisson distribution. The model then writes

Y ~ P(aAX)
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Light source

Single-pixel
detector

Fig. 22.1: Representation of the single-pixel camera [credits: Séréna Hariga].

where « is the average photon count that can be interpreted as the signal strength. The signal to noise ratio can be shown
to be proportional to y/c: the higher « the less noisy the acquisition. We consider that the hypercube X has normalized
intensities in [0, 1].

The reconstruction of the hypercube X, knowing the measurements Y and the acquisition matrix A, is an inverse problem.
It is ill-posed in the sense that infinitely many measurements are required to obtain a perfect reconstruction, because of
Poisson noise. Furthermore, if the number of patterns is strictly smaller than the number of pixels n := n;n,, the linear
system Y = AX has infinitely many solutions. For both these reasons, regularization is essential in single-pixel image
reconstruction. The classical approach is to reconstruct each slice of the hypercube separately, wavelength by wavelength,
using state-of-the-art image reconstruction algorithms and priors. In the PhD thesis of Serena Hariga, co-supervised with
Nicolas Ducros, we have studied the joint reconstruction and unmixing of the hypercube using spectral regularization
[Hariga er al., 2024], as well as spectral unmixing directly from the measurements with spatial priors [Hariga et al.,
2025].

22.2 Reconstruction wavelength by wavelength (existing work)

22.2.1 Hadamard patterns

Before considering a baseline reconstruction method, it is necessary to discuss more about the choice of the acquisition
matrix A. There are both practical and theoretical constraints that guide the choice of A.

¢ Practically, the patterns are applied to the image by leveraging a micromirror matrix (DMD). The image is focused
on the DMD, which has small mirrors corresponding to pixels that can point in two different directions. All the
mirrors that point towards the lens that targets the spectrometer reflect light from the observed object and contribute
to the measured spectrum. The mirrors pointing in the opposite direction effectively block the incoming light.
Therefore, we may assume that the observation matrix is binary. Contrary to other imaging modalities, such as
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magnetic resonance imaging, the patterns can be changed at will for each acquisition.

* Theoretically, if the patterns could be negative in [—1, 1], the “optimal” acquisition patterns are known to be
Hadamard matrices [Nelson and Fredman, 1970]. Optimality here is meant in the sense of statistical minimal
linear reconstruction error, i.e., minimal estimation variance. In particular, Hadamard patterns are shown to out-
perform raster scan, which observes each pixel individually and therefore does not perform spatial multiplexing.
The theoretical gain of Hadamard matrices versus raster scan is known as the Felgett advantage.

Why are Hadamard patterns “optimal”

In 1970, Nelson and Fredman introduced the concept of Hadamard spectrocopy [Nelson and Fredman, 1970]. In
their seminal work, they prove that Hadamard patterns are an “optimal” choice for the acquisition basis. Let us clarify
in what sense this optimality is meant, and under which assumptions.

Nelson and Fredman are concerned with linear reconstructions of acquisitions y = Ax + e, where matrix A is either
the identity matrix (raster scan) or a complete Hadamard basis. The noise e is supposed to be additive, i.i.d. with
finite variance o, but the distribution of e is not necessarily Gaussian.

Linear reconstructions are of the form & = By with matrix B defined as the pseudo-inverse of matrix A. This choice
for the reconstruction corresponds to the least squares estimation of the unknown z; it is the MLE under Gaussian
noise. If the noise is not Gaussian, its statistical meaning is more ambiguous.

The quantity that Nelson and Fredman consider for measuring the quality of the reconstruction is the Root Mean
Square Error (RMSE), defined as

E [|lo — 2|7

RMSE is exactly the average estimation error in ¢, norm, and therefore is a reasonable error metric for Gaussian
noise. Because matrix B is the pseudo-inverse of the acquisition operator A, we see that the residual x — & amounts
to exactly Be, a centered noise with covariance B’ B (Z is an unbiaised estimate). The RMSE is thus easily derived
as

RMSE(B) = o+/Tr (BBT),
or for the ¢-th measurement only,
RMSE, (B) = E [(z[i] — 2[i))*] = o [>_ Bli, .
J

The Felgett advantage is obtained when comparing the RMSE of Hadamard patterns and raster scan. The ratio of the
RMSE, values, denoted by F, is simply

» _ RMSE,(B) UW:IIBU I

i T RMSE,(I,)

n

For raster scan the rows of matrix B have unit ¢, norm, while for Hadamard patterns the rows of B = %AT have
constant norm, /7, which leads to

F,=:F =/

A reasonable question is whether there exist better choices than Hadamard matrices for maximizing this ratio. Inter-
estingly, Nelson and Fredman show that the ratio F' is bounded by /n. Indeed, by the Cauchy-Schwarz inequality,

= ZB[i,j}A[Z}j} < | Bli; 3l AL, ]l

F;1

i
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Therefore, it holds that F; < || A, :]||, < /n where the last inequality assumes that the measurement operator A has
all values between —1 and 1. Hadamard matrices are thus MSE-optimal.

The optimality of the Hadamard patterns, however, is meant under many unrealistic assumptions:

* The measurement operator A has values in [—1, 1]. The bound on the magnitude is reasonable for SPI, but a
DMD can only implement nonnegative entries. Neslon and Fredman discussed this issue and introduced binary
S-matrices, which have a Felgett advantage of %, therefore quasi-optimal.

 The noise is additive. In SPI, the noise model is Poisson-Gaussian, so additivity is not a valid assumption.

 The reconstruction is linear. Most state-of-the-art reconstruction algorithms employ more sophisticated recon-
struction strategies.

* The error is measured with the RMSE, which is not a robust or statistically meaningful error metric for Poisson-
Gaussian noise.

There are, therefore, ample research avenues for improving upon the (nonnegative) Hadamard patterns design. Revis-
iting the acquisition patterns, MSE gains for Poisson-Gaussian noise and statistical estimators is one of my research
per. S]JL)CI ives.

A practical solution for implementing the Hadamard patterns on the DMD is to acquire the positive and negative parts
sequentially and concatenate the measurements into a single vector. If the image has n pixels and n Hadamard patterns
to be acquired, the number of measurements is then m := 2n — 1 (one pattern is full of zeros and ignored), and the
data vector y has size m. Doing so preserves the Poisson distribution. Another usual post-processing method computes
the difference of the positive and negative acquisitions, resulting in a simulated Hadamard acquisition, but the noise
distribution is modified. Formally, we define

where H here denotes a Hadamard matrix, and [x]~ > 0 is the negative part of a vector or matrix x. Matrix [H]~
contains a row of zeros that is usually removed.

Fig. 22.2: Examples of Hadamard patterns stored in the rows of matrix . Ones are shown in white, and minus ones
(zeros in practice) in black. The patterns are orthogonal and have the same number of black and white pixels, except the
first two (all white, all black).

In short, we suppose that measurements Y™ are stored in a matrix of size m X p, and assume the model Y ~ P («AX)
with A of size m x n a matrix with entries in {0, 1}.
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Hadamard matrices have both a simple form for the pseudo-inverse and a cheap matrix-vector product [Magoarou and
Gribonval, 2015]. It is natural to question whether one can apply, and invert, the split operator A at a similar cost, and
we show here that both operations can be performed efficiently when A is the split Hadamard matrix.

First, the product ATy can be obtained using the fast Hadamard transform. Indeed, [H]* = 1 [H +1]. Second, the
pseudo-inverse AT admits a closed-form expression, see section 3.5.4 in [Harwit and Sloane, 1979].

2 1
Ar= 2 <In— 71,%) AT
n n+1

where 1, ,, is a matrix of ones, and its contraction is implemented as a summation. This is obtained by noting that

n

and that (1, — 27 1,,.,) (I, + 1,0,) = 1

n+1-nxn n*

Inversion of the positive Hadamard matrix

Most matrices obtained from the Hadamard matrix admit fast inversion algorithms. The methodology, exemplified
on matrix [H|", is as follows.

Matrix [H|" is left-invertible, and by noticing that
1

1 1
EHT[H]J“ = §I+ 2e11T, e; = [1,0,...,0]7

we get that for any vector x € R"”,

T
1 z[j] =[2]  z[n]
~HT[H]*z = 1 — = ey ———
T = (o) + Y 20T T
g>1
and vector z is recovered as
1
r==(2I,—e;17) HT[H]" x.
n
We see that the pseudo-inverse of [H]" is computed as
1 T _ 1 T T
= (21, — e, 1")HY = = (2H" —eqe})

n n

which can be efficiently contracted with any vector x given a fast Hadamard transform algorithm.

We can easily simulate the acquisition with the help of the Python package spyrit, developed at CREATIS [Abascal er al.,
2025].

import torch, torchvision

from spyrit.core.meas import HadamSplit2d
from spyrit.core.noise import Poisson
import matplotlib.pyplot as plt

import tensorly as tl

tl.set_backend ("pytorch")

# Cat obtained from https://www.kaggle.com/datasets/mahmudulhaqueshawon/cat—image.
o (small)
x = torch.sum(torchvision.io.read_image("../../tensorly_hdr/dataset/cat.jpg"), axis=0)

(continues on next page)

22.2. Reconstruction wavelength by wavelength (existing work) 209



Regularized low-rank approximations.

(continued from previous page)

X = x/torch.max (x) # normalize to [0,1], this is realistic

plt.figure (figsize=(6,4))
plt.imshow(x, cmap='gray')
plt.colorbar ()

plt.title("A 64x64 cat image")
plt.show ()

A 64x64 cat image
1.0

0 10 20 30 40 30 60

We define the measurement operator and the noise model, then use fast transforms to efficiently simulate the acquisition.
Note that while the mathematical discussion in this section is focused on 1D vectors x, SPI involves 2D monochromatic
images (or 3D hyperspectral cubes when spectra are considered). The Hadamard and split Hadamard operators can be
defined in 2D using separability.

‘We can also visualize the measurements as coefficients in the Hadamard basis, which can be seen as a wavelet transform.
This is more meaningful here to display the coefficients corresponding to the split acquisitions, [H ] and [H] .

from matplotlib.colors import LogNorm

alpha=le2

meas_op = HadamSplit2d (64, noise_model=Poisson (alpha)) # this creates the split.
smeasurement operator A, and defines the model parameters (noise level)

y = meas_op.forward(x) # This sampled y~P(\alpha Ax)

y = y/alpha # rescale to get back the right intensity scale

print (f"We can check that the shape of y, {y.shape[0]}, is 6472*2=8192, as expected.
»for a split Hadamard of size 64x64, where the row of zero in A is not removed")

y_pos = y[0::2]
y_neg = y[l::2] # Note: y[l] is zero

f, axs = plt.subplots(l, 2, figsize=(12, 5))
# increase fontsize of the title

(continues on next page)
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(continued from previous page)

axs[0].set_title(r"sS\frac{l}{\alpha}lH"+xS$", fontsize=22)

# In logscale to better see small values

im = axs[0].imshow (y_pos.reshape (64, 64), cmap="gray", norm=LogNorm())
# add a colorbar, that fits the size of the image, and with fixed range
plt.colorbar (im, ax=axs[0], fraction=0.046, pad=0.04)
axs[1l].set_title(r"$\frac{l}{\alpha}tH"-x$", fontsize=22)

im = axs[1].imshow(y_neg.reshape (64, 64), cmap="gray", norm=LogNorm())
plt.colorbar (im, ax=axs[l], fraction=0.046, pad=0.04)

# remove axis for the both plots

axs[0] .axis('off")

axs[l].axis('off")

plt.show ()

We can check that the shape of y, 8192, is 6472*2=8192, as expected for a split.
Hadamard of size 64x64, where the row of zero in A is not removed

1+ 1y -
~H ™ x ~H~™x
a a
2.6 x 103
3
2.4x10 1.45 x 10°
2.2 x 103
1.4 % 103
2x10°
1.8 x 103 1.35 x 103
1.6 x 107
1.3x 103
1.4 x 103
1.25 x 103
1.2 x 103
1.2 x 103

22.2.2 Reconstruction

As long as the spectral dimension is ignored and reconstruction, that is, recovering the true image x from the measurements
v, is computed wavelength by wavelength, there are a variety of well-known available methods that are listed thereafter.

Pseudo-inverse reconstruction

The simplest reconstruction algorithm performs a least squares reconstruction,
S .t 5
X =—A"Y = argmin |-Y — AX|%.
« XeRmxp &
This reconstruction has several advantages.
* It is unbiased.

« It is reasonably cheap to perform as long as the observation matrix A is not too large. Recall that the pseudo-
inverse of matrix A is known in closed form, and its contraction with a vector or matrix leverages fast Hadamard
transforms.
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In practice, the spyrit package that we rely on does not yet implement these fast transforms for the split Hadamard
measurements without further processing, so the pseudo-inverse computation is quite slow. The solvers I use are not
compatible with fast Hadamard transforms and are also quite slow. Since the image is nonnegative, we can also use a
NNLS solver such as HALS.

# Reconstruction with pseudo-inverse

x_rec = torch.linalg.lstsg(meas_op.A, y).solution.reshape (64, 64)

print (f"The pseudo-inverse reconstruction has {torch.sum(x_rec<0) } negative entries")
# Bonus: we can use a nnls solver, also very slow without fast operators

from tensorly.solvers.nnls import hals_nnls

Aty = meas_op.adjoint (y) [:,None]

AtA = meas_op.A.T@meas_op.A

x_rec_nnls = hals_nnls(Aty, AtA, n_iter_max=20, tol=0) .reshape (64, 64)

The pseudo-inverse reconstruction has 6 negative entries

Reconstructed image using pseudo-inverse Reconstructed image using NNLS

0.6

0.0

Note that the pseudo-inverse reconstruction gives essentially the same result as the NNLS solver. The two reconstructions
are not the same, however, if we did not have to split the acquisitions and could acquire Hz directly, then they would be
the same. Indeed, H is an invertible matrix and therefore x* = H”'y minimizes the loss ||y — Hx|2. The same solution
would also minimize any positive loss g(z) equal to zero at 2*, which includes the MLE discussed next. This observation
suggests that the choice of reconstruction method may not significantly affect the results, and that the pseudo-inverse is a
good compromise among speed, simplicity, and performance.

‘We can also show the error map for the pseudo-inverse reconstruction, to observe that the residual is not evidently spatially
correlated, despite the misfit between the noise model and the reconstruction loss.

plt.figure (figsize=(6,4))

plt.imshow (torch.abs(x - x_rec), cmap='gray')
plt.colorbar ()

plt.axis('off")

plt.title("Error map for pseudo-inverse")
plt.show ()
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Error map for pseudo-inverse
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The good performance of the least squares estimate for this Poisson noise problem can be explained by the fact that entries
of awAx are large and concentrated around the same value %a > i<, 2[i]. Indeed, except for the first row of A and the
row of zeros, all rows have exactly half their values set to 1, and the other half to zero. The measurements are therefore
essentially bootstraped mean evaluations of the image. This has two consequences:

* The empirical measurements y, are large enough to obtain a faithful approximation of the (elementwise) Poisson
distributions by Gaussian distributions of mean «A[i, :]z and variance o A[i, :]z.

* The variance is essentially the same for all measurements, except y[0] (corresponding to the row of ones) and
y[1] (corresponding to the row of zeros, and that could be ignored). We denote o = 5« >, x[i] the empirical
variance estimation. If we consider the model y ~ N (aAx, o), which according to the previous point, should
correctly approximate the Poisson distribution, then the pseudo-inverse is a reasonable approximation of the MLE
of the image. For Gaussian problems, it is known that the residuals are uncorrelated with the image, this can be
observed numerically on the previous example. Below we plot the histogram of the values in the measurement y,
to check that they are indeed concentrated around the same numerical value.
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Maximum Likelihood reconstruction

The MLE for Poisson noise is given by the minimizer of the KL-divergence

5 1
X = argmin Dy, (—Y,AX) ,
X>0 @

which can be approximately computed using, e.g., the MU algorithm. Below is an example of MLE reconstruction.

# Reco avec MU
from tensorly_hdr.nmf_ kl import Lee_Seung_KL_regression

# remove the second element in y and the row of zeros to avoid division by zero
= torch.cat ([y[0:1], vI[2:11)

= torch.cat ([meas_op.A[0:1,:], meas_op.A[2:,:]], dim=0)

yr
Ar

crit,
—sepsilon=1e-8,

Loss

Loss

Loss

x_mu, time,

_ = Lee_Seung_KL_regression(yr, Ar, Hini=x_rec_nnls.reshape (64**2),_
NbIter=60, tol=le-6, verbose=True, print_it=20)

at initialization: 20.84039878845215
at iteration 1: 20.840301513671875

at iteration 21: 20.84000587463379

at iteration 41: 20.839679718017578

at iteration 60: 20.839391708374023
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Reconstructed image using MU NMF KL Absolute error
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Arguably, in this context, the complication induced by using the Poisson MLE instead of the pseudo-inverse may not be
worth the gain in estimation performance. However, the MLE can be easily generalized to measurements that are not
Hadamard-based, such as a raster scan that acquires each pixel sequentially. We therefore work with this estimator in the
following, with least squares initialization.

Both the least squares and the MLE reconstruction are computed in parallel across wavelengths. Therefore, it is expected
that incoherent reconstruction artifacts will be found in the reconstructed spectra. The goal of the works presented
subsequently is to use known spectra or spectral priors to improve spectral reconstruction.

22.2.3 Undersampled reconstruction

The acquisition of the data matrix Y is performed in parallel along the wavelength dimension, but sequentially along the
spatial dimension: Hadamard patterns are loaded onto the DMD one after the other. Each acquisition lasts for a pre-
determined time At; the higher At, the more signal is acquired. Therefore, to reduce the total acquisition time, one may
either reduce At, which increases the noise level for all acquisitions, or acquire only a subset of the Hadamard patterns.
This second choice allows for the acquisition of the most important patterns with a good signal-to-noise ratio. However,
the reconstruction using the left pseudo-inverse is no longer available.

Remark

It is possible to interpret the Hadamard transform as a binary equivalent of the Fourier transform and to associate
with each pattern a notion of spatial frequency. In this context, the low-frequency patterns are typically crucial for
reconstructing the acquired image, while the high-frequency coefficients can help reconstruct finer details but are also
more susceptible to noise.

One may use the right pseudo-inverse instead of the left one, which is known to amount to solving a problem of the form
argmin || X 2.
—AX

Prior information about the image is typically incorporated into the model to ensure identifiability. Classical priors include
nonnegativity, sparsity in wavelet bases and sparsity in finite differences, also called Total Variation.

Denoting g(X) the negative log-prior, reconstruction in the Maximum A Posteriori (MAP) sense is then performed by
minimizing

Dy (Y, AX) + Ag(X),
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while the regularized least squares estimator is obtained by minimizing
[Y — AX|% + Ag(X).

We can illustrate the reconstruction by right pseudo-inverse and the effect of the nonnegativity prior with an NNLS solver,
in which case g(X) is the characteristic function of the nonnegative orthant.

# NNLS with subsampling

yr = torch.cat ([y[0:1]1, y[2:]11])

Ar = torch.cat ([meas_op.A[0:1,:], meas_op.A[2:,:]], dim=0)

# Removing the second half of measurements

yr = yr[:len(Aty)//2]

Ar Ar[:len(AtA)//2, :]

# Right pseudo-inverse

x_rec_ls_sub = torch.linalg.pinv (Ar)@yr

x_rec_ls_sub = x_rec_ls_sub.reshape (64, 64)

# MU initialized with the pseudo-inverse

crit, x_mu_sub, time, _ = Lee_Seung_KL_regression(yr, Ar, Hini=torch.abs (x_rec_ls_sub.
sreshape (64**2)), epsilon=1e-8, NbIter=40, tol=le-6, verbose=True, print_it=20)

x_mu_sub = x_mu_sub.reshape (64, 64)

Loss at initialization: 4.685630798339844
Loss at iteration 1: 4.685628890991211
Loss at iteration 21: 4.68560791015625
Loss at iteration 40: 4.685576438903809

Pseudo-inverse subsampled MU subsampled Absolute error
III
: 1.0 0.40
0.35
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0.20
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0.05

Again, in this setup, nonnegativity alone is essentially useless, since the subsampled pseudo-inverse reconstruction is
already nonnegative. This means that the reconstruction error for both the regularized least squares and the MAP is null
at X = A'y; both reconstructions may provide the exact same estimate. Moreover, we see on the error map that the
original image is poorly estimated around the edges. This observation is consistent with the absence of high-frequency
content. The image details cannot be reconstructed solely from the measurements.

22.3 Unmixing and reconstruction with known spectra and nons-
mooth priors
22.3.1 Joint reconstruction and unmixing principle

As discussed in the introduction of this section, when considering hyperspectral images, it is reasonable to assume that the
spectrum at each pixel is a linear combination of so-called endmembers, which are the spectra of pure materials present
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in the scene. When there are r different endmembers and r is smaller than the number of pixels n and the number of
spectral bands p, a simple but powerful model to represent the hyperspectral image is NMF,

X=UvT,

where the nonnegative matrix V' € RE*" contains the endmembers columnwise, and the nonnegative matrix U € R?*"
contains the abundance maps, that is, the proportion of each material at each pixel. Because the illumination of the scene
is not homogeneous spatially, and spectra may vary depending on other physical parameters such as the geometry of the
scene, we refrain from assuming that the abundances sum to one pixelwise, but we assume that they are bounded by one
elementwise.

Remark

The notations U and V' are used to avoid confusion with the Hadamard matrix H and the observation matrix A.

In preliminary works, we have assumed that the endmembers V' are known. The acquisition model then becomes
Y ~ P (aAUVT), (22.1)

and our goal is to design a state-of -the-art reconstruction algorithm that estimates the abundances U, therefore performing
jointly the reconstruction of the hypercube and its spectral unmixing.

22.3.2 Joint reconstruction and unmixing in one step

In [Hariga er al., 2024], a simple strategy to jointly reconstruct and unmix a single-pixel image was proposed, computing
the MLE from Equation (22.1) with an alternating optimization algorithm, in this case alternating MU. The update rule
for the spectra V' is the same as detailled in Nonnegative regressions: NNLS and NNKL, and for U it can be obtained
simply by 1) flattening the variables, 2) computing the classical MU rule and 3) folding the output into a matrix (see also
[Févotte and Idier, 2011]). This yields after simplification
) _ g, A amerV
AT,V

The code for the algorithm is slightly too complex to show here and is available in the tensorly_hdr package. A ¢
regularization is added on both factors, which adds a constant term in the denominator of the update and helps control
the dynamics of the factors, see Implicit regularization in rLRA.

Since the optimization problem

argmin Dy, (Y, AUVT) + A (U], + [V])
U>0,V>0

is jointly nonconvex, initialization is important. A viable optimization for simple unmixing problems is to first perform
the reconstruction, for instance, solving a NNLS problem, then use a pure-pixel selection algorithm such as SNPA [Gillis,
2014] to initialize V.

This procedure is illustrated below on, first, a synthetic exemple, and then on a real dataset acquired in CREATIS.
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Synthetic experiment

A dataset is generated in which two spectra have disjoint supports and lie on the boundary of the nonnegative orthant.
This way, the NMF decomposition may be unique. Moreover, the abundances are designed to include pixels that are
almost pure. No noise is added. We can observe that the reconstruction is good, but not perfect; this is mostly due to the
non-uniqueness of the NMF model (which would require sparse abundances).

# Separation on synthetic dataset (Eusipco + HCERES)
import numpy as np

from tensorly hdr.nmf k1l import MU_SinglePixel

from tensorly_ hdr.sep_nmf import snpa

W = torch.tensor([[2,1,2,1,1,0,0,0,0,0],[0,0,0,0,0,1,2,2,1,1]1], dtype=torch.float32).T
W = W/torch.sum (W, dim=0, keepdim=True) # normalize columns
n = 32

At = torch.rand (2, n**2)
At = At/tl.sum(At,axis=0)

At[0,0]1=0.99
At[1,1]1=0.99
At[0,1]1=0.01

At[1,0]1=0.01

# Measurement operator is Ar, noiseless

Xtrue = WEAt

alpha=le2

meas_op = HadamSplit2d(n, noise_model=Poisson (alpha)) # this creates the split.
smeasurement operator A, and defines the model parameters (noise level)

Ar = torch.cat ([meas_op.A[0:1,:], meas_op.A[2:,:]], dim=0) # TODO: adapt to use.
wforward with wavelengths

Y = torch.poisson (alpha*Xtrue@Ar.T)

#Y = meas_op.forward (Xtrue) # This sampled y~P (\alpha Ax)

Y = Y/alpha # rescale to get back the right intensity scale

# Init pinv+spa

#X_rec = torch.linalg.lstsq(Ar, Y.T).solution.T
X_rec = hals_nnls(Ar.TQRY.T, Ar.T@Ar, n_iter_max=10).T
_, W0, A0 = snpa(X_rec, 2)

# Reconstruction with NMF

W_est, A_est, crit = MU_SinglePixel (Y, Ar, tl.abs(A0), tl.abs(W0), lmbd=0, maxA=None, .
sniter=300, n_iter_inner=20, eps=le-8, verbose=True, print_it=100)

# Normalization of W_est and A_est

sum_W_est = torch.sum(W_est, dim=0, keepdim=True)

W_est = W_est/sum_W_est

A_est = A_est*sum_W_est.T

Iteration 0, Cost: 97.12303161621094
Iteration 100, Cost: 95.68405151367188

Iteration 200, Cost: 95.01849365234375
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Real data reconstruction and unmixing

An acquisition was performed in the laboratory, with a cat image layered with two color filters, red and green. There is
a thin spatial overlap between the two filters, which induces subtractive mixing; therefore, the hyperspectral image will
be rank-two plus nonlinear mixing terms plus noise. However, the abundance maps are mostly disjoint, and the spectral
bands where the green and red filters are intense also mostly do not overlap. Therefore, the separation problem is rather
simple and amenable to separable NMF algorithms.

We first load the data and the metadata and process them to permute the acquisitions correctly. Then we remove the dark
current, which is essentially the mean of the Gaussian noise in the Poisson-Gaussian mixture. We chose to ignore the
Gaussian noise and assume that the only source of measurement variation is the Poisson distribution. However, Gaussian
noise is not zero-centered, and the bias must be corrected. It can be estimated from the measurement acquired with the
first row of the negative patterns H —, filled with zeros. The data is then clipped and normalized to lie in the interval [0, 1].

# Loading
import json
import ast

# Fetching the spectral measurements

data = np.load("../../tensorly_hdr/dataset/obj_Cat_bicolor_thin_overlap_source_white_
oLED_Walsh_im_64x64_ti_9ms_zoom_x1_spectraldata.npz", allow_pickle=True)

Ymeas = data["spectral_data"]

# Fetching metadata

file = open("../../tensorly_hdr/dataset/obj_Cat_bicolor_thin_overlap_source_white_LED_
sWalsh_im_64x64_ti_9ms_zoom_x1_metadata.json", "r")
json_metadata = json.load(file) [4]

file.close ()

# replace "np.int32 (" with an empty string and ")" with an empty string

tmp = json_metadata["patterns"]

tmp = tmp.replace("np.int32 (", "").replace(")",

patterns = ast.literal_eval (tmp) # the list (of list of) of pattern indices.
y (evaluation because stored as text)

wavelengths = ast.literal_eval (json_metadata["wavelengths"])

" H)

# Permutation of measurements, that are acquired in an experiment-specific order
from spyrit.misc import sampling as samp

img_size = 64

acg_size = img_size

(continues on next page)
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(continued from previous page)

Ord_acg = (-np.array(patterns) [::2] // 2).reshape((acqg_size, acqg_size))
Ord_rec = torch.ones(img_size, img_size)

Perm_rec = samp.Permutation_Matrix (Ord_rec)

Perm_acqg = samp.Permutation_Matrix (Ord_acq) .T

Ymeas = samp.reorder (Ymeas, Perm_acg, Perm_rec)

# Post-processing of the measurements
Y = torch.tensor (Ymeas, dtype=torch.float32).T
del Ymeas

# Unbiased by removing the dark current, estimated as the minimum value of marginals.
wof Y (better?)

dc = tl.sum(Y[:,1])/Y.shape[0] # average of dc over all wavelengths

print (f"Estimated dark current to remove: {dc}")

Y =Y - dc

= tl.clip(Y, 0, tl.max(Y))

Normalization to [0,1]

=Y / tl.max(Y)

Ko K

# Showing the measurements after dark current removal
plt.figure(figsize=(10,5))

plt.imshow(Y.cpu() .numpy (), aspect='auto', cmap='gray')
plt.title ("Measurements after dark current removal")
plt.xlabel ("Pattern index")

plt.ylabel ("Wavelength index")

plt.colorbar ()

plt.show ()

Estimated dark current to remove: 688.939453125

Measurements after dark current removal
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We then follow the reconstruction procedure described earlier. We remove some elements from the data matrix: the
measurement with the row of zeros, which, apart from the dark current estimation, is uninformative, and some spectral
bands that acquired no signal; here, the first 16 bands. The remaining spectral bands are binned into groups of size eight
to reduce the dimension of the problem due to runtime issues. We first show here the pseudo-inverse reconstruction.

# Reconstruction with pseudo-inverse
from spyrit.core.meas import HadamSplit2d
import spyrit.misc.sampling as samp

# Patterns are acquired in order Acqg, compared to order nat
# Patterns are stored in order Rec in spyrit

acg_size = img_size

meas_op = HadamSplit2d(img_size)

A = meas_op.A # noiseless operator

Anz = torch.cat ([A[O0:1,:], A[2:,:]], dim=0)

print (Anz.shape)

# Remove row of zero and remove 16 first bands that are null

nbremove = 16

Ynz = torch.cat ([Y[nbremove:,0:1], Y[nbremove:,2:]], dim=1)

wavelengths_nz = wavelengths[nbremove:]

print (f"Measurements shape after removing zero rows and first 16 bands: {Ynz.shape}")

# five bands binning
bin_size = 8
Ynz_binned = tl.zeros((Ynz.shape[0]//bin_size, Ynz.shape[l]))
wavelengths_binned = []
for i in range (0, Ynz.shape[0O], bin_size):
if i+bin_size <= Ynz.shape[0]:

Ynz_binned[i//bin_size,:] = tl.mean(Ynz[i:i+bin_size,:], axis=0)
wavelengths_binned.append (np.mean (wavelengths_nz[i:i+bin_size]))
else:

Ynz_binned[i//bin_size,:] = tl.mean(Ynz[i:,:], axis=0)
wavelengths_binned.append (np.mean (wavelengths_nz[i:]))

Ynz = Ynz_binned

wavelengths_nz = wavelengths_binned

print (f"Binned measurements shape: {Ynz.shape}")

# define custom forward and adjoint forward functions
def forward(x):

# x@Anz.T or Anz(@x

# x i1s of shape (B, N**2) # batch first

# reshape to (B, N, N)

temp = x.reshape((x.shape[0], img_size, img_size)) # Whyyyyyyy >2?2227?

temp = meas_op.forward(temp) .T # shape (M, B)

# Removing the zero row of A changes the forward A@X

return torch.cat ([temp[0:1,:], temp[2:,:]1], dim=0)
def adjoint (y):

# Also implemented as a contraction in spyrit

return y@Anz

# Pseudo-inverse reconstruction, the NNLS is quite slow here
X_rec = torch.linalg.lstsgq(Anz, Ynz.T).solution.T

# Show cat reconstructed with all wavelengths

plt.figure(figsize=(6,4))

plt.imshow (np.rot90 (torch.sum(X_rec, dim=0).reshape(64,64), 2), cmap='gray')
plt.title ("Reconstructed image at all wavelengths")

(continues on next page)
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(continued from previous page)

plt.colorbar ()
plt.axis('off'")

plt.show ()

torch.Size ([8191, 4096])

Measurements shape after removing zero rows and first 16 bands: torch.Size([2032, .
-81917)

Binned measurements shape: torch.Size([254, 8191])

Reconstructed image at all wavelengths
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We now perform the pure-pixel selection and reconstruct/unmix jointly with an alternating MU algorithm. Observe how
the abundance maps are well estimated with both methods, but the spectra are slightly smoother with the alternating MU
algorithm. The third component (and in fact, most other components if the rank is increased) models the border of the
overlap zone between the filters, which is intense because at the center of the image, and is not well modeled by a linear
combination of the two filter spectra.

# Init pinv+spa
rank = 3
Kset, W0, A0 = snpa(X_rec, rank, verbose=True)

# Reconstruction with NMF

from tensorly_hdr.nmf_kl import MU_SinglePixel_fast

Imbd = le-4

W_est, A_est, crit = MU_SinglePixel_fast (Ynz, forward, adjoint, tl.abs(A0), tl.
-abs (WO0), lmbd=lmbd, maxA=1, niter=60, n_iter_inner=20, eps=1le-8, verbose=True, .
sprint_it=20) # regularization just for implicit scaling

print ("Computation done")

0 [0, O, O]
1 [1688, 0, 0]
2 [1688, 2547, 0]
(continues on next page)
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Returning [1688,

Iteration 0, Cost:
Cost:

Iteration 20,

Iteration 40, Cost:

2547,

181¢6]

3.2183761596679688

3.169161558151245

3.1316823959350586

(continued from previous page)
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Superimposed estimated abundance maps
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CHAPTER
TWENTYTHREE

NUMERICAL OPTIMIZATION FOR KL-BASED REGULARIZED
INVERSE PROBLEMS

The primary focus of my research over the past decade has been on rLRA. rLRA is a discipline at the intersection
of inverse problems, statistics, numerical optimization, and machine learning, with diverse applications such as music
information retrieval and spectral imaging that require specialized expertise. While I have always enjoyed embracing the
diversity of the mathematical tools required to make contributions to rLRA, in the coming years, I want to focus especially
on numerical optimization, with potential contributions beyond rLRA. I enjoy the idea that, in numerical optimization,
there is often a clear problem-solving objective, such as cost minimization or speed maximization, that allows us to
compare methods. I also enjoy the mathematical framework of both smooth and discrete optimization problems and
algorithms. Numerical optimization provides an opinionated view of the world, as many tasks can be expressed in this
framework. On the mathematical side, theoretical results and proofs are both intuitive and rigorously enunciated.

A family of problems that I want to study in particular, related to nonnegativity of the parameters and data, is KL-
divergence-based estimation, such as NN-KL. KL-divergence is a rich loss function to study because it lacks Lipschitz-
smoothness at zero (its gradient tends to infinity), but it is also asymptotically flat towards infinity. This makes the design
of global strategies, such as gradient descent with a fixed stepsize or global majorization-minimization, rather difficult.
In what follows, I explain why the KL-divergence arises in inverse problems, what the hypotheses and challenges of my
research project are, and its position in the state-of-the-art. I then detail the various contributions I have in mind for the
coming years with identified collaborators.

Other, smaller-scale aspects of my research project are detailed in a separate section. This section contains redundant
information on the basic mathematical tools described in the rest of the HDR manuscript to ensure that it can be read
independently, to some degree.

23.1 Scientific context

KL-divergence, a fundamental measure of similarity between probability distributions in machine learning, naturally
arises from Poisson maximum likelihood models [Fessler, 1995], but also provides a robust measure of discrepancies
compared to the Euclidean norm. This robustness is particularly relevant for audio spectrograms that exhibit large dy-
namic ranges and for low signal-to-noise ratio counting processes, which could be considered the future of many existing
computational imaging devices, offering reduced acquisition time. KL-divergence between two vectors y (the data) and
Az (the unknown) in R} is defined as

Dy Ae) = Y- oo (L) + et -1

Inverse problems aim at estimating physically meaningful parameters (images, audio representations, sources) from in-
complete and noisy data. In this research project, I focus on two problems: Nonnegative KL regression problems (NN-KL)
and Nonnegative matrix and tensor KL factorization problems (NMF-KL). See the dedicated chapter on NN-KL and Fig.
23.1. NN-KL reconstructs or denoises images in many computational imaging applications such as tomography, Comp-
ton camera, cryoEM, and single-pixel imagers [Green, 1990, Hariga et al., 2025]. NMF-KL is a linear dimensionality
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reduction technique similar to PCA, where nonnegativity ensures an interpretable part-based representation [Hien and
Gillis, 2021, Kervazo et al., 2024, Modrzyk et al., 2025]. NMF-KL is also a blind extension of NN-KL and has been used
extensively to analyse spectrograms found in music information retrieval tasks, in particular to perform Automatic Music
Transcription that translates music recordings into MIDI files (numerical music sheets) [Wu ef al., 2022]. NN-KL and
NMF-KL problems are generally ill-posed: there are too few measurements or too much noise to uniquely and precisely
recover the unknowns, which compromises interpretability. Regularization is thus essential. It can be introduced via
handcrafted priors (e.g., sparsity, smoothness), via pre-trained priors using Plug-and-Play (PnP) denoisers, or Unrolled
algorithms that exploit training datasets [Hurault ez al., 2023, Kervazo et al., 2024, Le Roux et al., 2015].

23.1.1 Hypotheses and challenges

I hypothesize that it is possible to design algorithms that are both fast and provably convergent for KL-based regularized
inverse problems. Purely from a smooth numerical optimization perspective, the main difficulties are

1. The lack of Lipschitz smoothness at zero of the KL-divergence, which causes instabilities with sparse data or
low counts when using first-order methods. This explains why most existing approaches rely on second-order
information, typically through separable quadratic surrogates derived from Hessian approximations.

2. The asymptotic linearity of the KL-divergence, encountered when the term Ax[¢] dominates the cost, and in par-
ticular when the data has many zeros. The objective flatness makes any gradient-based algorithm hard to use: the
cost is not strongly convex, and the Hessian has near-zero singular values. Both these issues are known to imply
slower convergence.

3. The presence of nonnegativity constraints, as well as other regularizations, possibly based on deep learning. Our
challenge is twofold. First, to optimize the design of algorithms for NN-KL and NMF-KL, striking the right
balance between accuracy and per-iteration cost. I plan to rely on local (rather than global) approximations of the
cost function and on tools from linear programming. Local majorants are expected to work well because they do
not need to diverge at zero, but their asymptotic flatness, in particular for sparse data, must be handled carefully.
Second, to extend these strategies to include data-driven regularizations, which fall within variable metric forward—
backward methods and remain difficult to implement for both handcrafted and data-driven priors [Chouzenoux
et al., 2016]. Beyond algorithm design, I will unify contributions scattered across numerical optimization, source
separation, and computational imaging, producing a benchmark and a toolbox for KL-based inverse problems. The
methodology will be validated on two applications where I have strong expertise: SP/ and AMT [Kervazo et al.,
2024, Wu et al., 2022]

23.1.2 Positioning with respect to the state of the art

MU, or ML-EM in computational imaging, remains the historical baseline for KL-based problems. MU is simple to
implement and uses second-order information via preconditioning. It is a baseline that can be slow, unstable for sparse
data, and difficult to adapt with regularizations. However, it is not so easily beaten, especially in the context of NMF-KL
[Hien and Gillis, 2021]. MU has a wide number of variants, some of which have been developed in the computational
imaging community and involve block-coordinate updates [Erdogan and Fessler, 1999, Fessler, 1995, Green, 1990], while
others come from the signal processing community and focus, for instance, on all-at-once updates for wider classes of
loss functions [Marmin ez al., 2023] or high-order tensor decompositions [Hood and Schein, 2026]. Most algorithms for
NN-KL and NMF-KL, including MU, fall within the majorization-minimization framework, where the cost is globally
majorized by a simpler function, often separable with respect to each parameter, and the majorant is then minimized
efficiently. I will use local approximations that do not fall within the majorization-minimization framework.

Classical constrained formulations lack a general framework for KL-based problems. MU can be applied, after non-trivial
modifications, for a limited set of priors such as £, norms and TV regularization. Data-driven approaches (Plug-and-
Play, Unrolled NMF) are promising for achieving state-of-the-art performance while ensuring model interpretability, yet
their KL-based theoretical grounding is weak. In particular, PnP algorithms for KL-divergence rely on a loose Bregman
divergence, Burg’s entropy, resulting in poor convergence speed [Bauschke e al., 2017, Hurault et al., 2023]. Burg’s
entropy is used in proximal mirror descent to build a global majorant of the cost, but it can be observed on the following
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simple synthetic example that MU is typically much faster than Burg’s entropy. Damien Lesens has also shown, in a
personnal communication, that the majorant of MU is optimal within the set of separable majorants and is therefore always
better than the majorant relying on Burg’s entropy. The reason why Burg’s entropy is used despite its loose majoration
of the KL-divergence is that it is unclear how to relate the majorant leading to MU or other existing faster algorithms
with proximal mirror gradient descent, and therefore obtain a clean setup for non-Euclidean data-driven algorithms. I
hypothesize that such links can be obtained, and that other frameworks than mirror gradient descent may be used for
convergent data-driven non-Euclidean algorithms.

Remark

The topic of linking MU and mirror descent is under active research within the TOMORADIO team.

from matplotlib.pylab import £
import numpy as np

# Let's compare MU and Bregman mirror descent on a simple Poisson regression problem

# Hyperparameters
m, n = 100, 20 # number of samples and features
alpha = 100 # Poisson signal level

hgt = np.maximum(np.random.randn(n),0)
W = np.random.rand(m,n)
y = np.random.poisson(alpha * W @ hgt)

def loss (h): # KL divergence
return np.sum(WERh-y) + np.sum(y * np.log((y+le-10)/(W @ h)))

def MU(y, W, h, itermax=1000, epsilon=1e-10):
Wtsum = W.T @ np.ones_like (y) # suboptimal but ok
hout = np.copy (h)

loss_val = [loss (hout) ]
for i in range(itermax) :
hout = np.maximum(epsilon, hout * (W.T @ (y / (W @ hout ))) / (Wtsum))

loss_val.append(loss (hout))
return hout, loss_val

def BurgMU(y, W, h, itermax=1000, epsilon=1e-10): # NoLIPS by Bauschke et al
Wtsum = W.T @ np.ones_like(y)
lamb = 1/2/np.sum(y)
hout = np.copy (h)
loss_val = [loss (hout) ]
for i in range (itermax) :
hout = np.maximum(epsilon, hout / ( 1 + lamb* hout * ( Wtsum - W.T @ (y / (W_
;@ hout )))))
loss_val.append(loss (hout))
return hout, loss_val

hmu, loss_mu = MU(y, W, alpha*np.ones(n), itermax=5000)
hburg, loss_burg = BurgMU(y, W, alpha*np.ones(n), itermax=5000)

# Printing the final estimation error
print (f"Final loss MU: loss_mu[—-1]}, Burg MU: loss_burg[-1]/}")

(continues on next page)
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(continued from previous page)

print (f"Estimation error MU: {np.linalg.norm(hmu - alpha*hgt)/np.linalg.
snorm (alpha*hgt) }, Burg MU: {np.linalg.norm(hburg - alpha*hgt)/np.linalg.
~norm(alpha*hgt) /")

Final loss MU: 35.52134837213764, Burg MU: 64.91138311001241
Estimation error MU: 0.07230955322797404, Burg MU: 0.20385714656018994

Loss convergence for Poisson regression NN-KL
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Finally, existing algorithms are designed for small, dense matrices, whereas audio applications also lead to sparse, large
matrices. In summary, no existing method simultaneously achieves speed, robustness to data sparsity, and theoretical
guarantees, leaving a clear gap that I aim to fill.

23.2 Methodology and scientific coverage

The research project is divided into four complementary subtasks to achieve the global objective of conceiving faster regu-
larized algorithms for KL-based inverse problems, see Fig. 23.1. Itis grounded in the numerical optimization community,
but with strong interactions with the machine learning and signal processing communities.

23.2.1 1. NMF toolbox and benchmark

As of early 2026, it remains far from straightforward to navigate the world of NMF algorithms for researchers and end
users alike. On the side of models, there are several loss functions to choose from depending on the data type and
noise distribution, and various regularizations can be considered. Even for a bare-bones model such as NMF-KL, the
literature does not clearly specify which algorithm to use in which context. Choices to be made have several layers of
complexity: should the algorithm alternate over the two parameter matrices, or update both simultaneously? Should one
use a majorization-minimization algorithm such as MU, a primal-dual algorithm, mirror descent with Burg entropy, or
a second-order-inspired algorithm such as the proposed mSOM? Are extrapolation and momentum needed? The actual
performance gap between these methods depends heavily on the application at hand. In particular, in the context of
NMEF-KL for document mining or audio processing, data sparsity and data size can be critical, and the implementation
of algorithms (sparsity handling, efficient caching of operations) matters.

I believe that performing meaningful research on NMF-KL algorithms requires first taking a step back and analyzing
precisely the current state-of-the-art. In particular, I plan to build a benchmark for NMF models, starting with NMF-
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Fig. 23.1: Schematic organisation of my research project, its connections with numerical optimization and inverse problem
in spectral imaging and music information retrieval.

KL, that includes as many algorithms from the literature as possible, and datasets publicly available from applications
in document mining, music information retrieval, hyperspectral imaging in remote sensing and microscopy, computer
vision, and chemometrics. The backbone of the benchmark was already developed in 2022 in collaboration with Cassio
Fraga-Dantas, relying on Benchopt [Moreau et al., 2022], but needs to be enhanced with algorithms and a dataset.

Alongside the development of this benchmark, the implementation of existing algorithms will be made available in a
dedicated NMF toolbox in Python, along with other useful tools such as separable NMF algorithms and Borgen plots
discussed later in the perspectives, and an integration of efficient implementations in a lower-level language of impor-
tant routines such as AS and HALS. Available Python packages for NMF include scikit-learn, which implements only
multiplicative updates for NMF-KL, and Nimfa, a toolbox no longer maintained that focuses on model diversity (includ-
ing many Bayesian and graph-regularized variants of NMF) rather than on efficient algorithms for a few targeted models.
The proposed NMF toolbox may rely on tensorly to be backend-agnostic (allowing lower-level operations to be performed
transparently by NumPy, PyTorch, JAX, etc.). The architecture of the package is not yet decided, and it may be built
on top of only PyTorch for simplicity and support for auto-differentiation, or in Julia for better integration of efficient
sparse-oriented routines such as sparse NNLS.

Collaborators: The benchmark is already under construction by Damien Lesens (ENS Lyon, LIP) as part of his PhD
thesis, co-supervised with Bora Ucar (CNRS, LIP). It will be completed by me and all supervised students working
on problems related to the KL-divergence. Collaborators from Telecom Paris (Christophe Kervazo, Mathieu Fontaine,
Roland Badeau) and IMT Atlantique (Quyen Pham) are also expected to participate. If this benchmark finds echo in the
NMF community, other research groups may join the initiative, such as the group of Nicolas Gillis in Mons that lacks
such a unified software platform.
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23.2.2 2. New numerical optimization tools for faster NN-KL and NMF-KL

NN-KL is a rather old optimization problem, and both researchers and users (in particular those in computational optics)
have proposed numerous ideas for designing fast and accurate solvers. One key scientific lever has been the design of global
majorants of the KL-divergence, in direct relationship with the EM framework. In this context, it may seem unrealistic to
assert that my collaborators and myself will propose faster algorithms for NN-KL. NMF-KL has been studied less than
NMF, since NMF is far less commonly used than linear regression, but the same observation could be made.

This research project is built on the idea that some important research directions in optimization with the KL-divergence
have not been explored. First, there are relatively few methods that do not rely on global MM. While MM is useful
for designing convergent algorithms, the geometry of the KL-divergence, which diverges at zero yet is asymptotically
linear, makes it difficult to design majorants that are both global and tight. Popular majorants such as those used in MU
are also separable. Recent works on regularized NN-KL and NMF-KL based on mirror gradient descent use Burg’s
entropy to construct a majorant, which is worse than the MU majorant. One promising research direction is to resort to
local separable majorants using second-order information. In an ongoing work with Mai Quyen Pham and Thierry
Chonavel [Pham ef al., 2025], we show that we can design local majorants of the cost by building diagonal majorants of
the Hessian matrix iteratively, of the form

M (u,z) = Diag (H(ux)u) ,

where H(x) is the Hessian matrix at point x and w is a vector that represents a diagonal matrix from this class. For
any positive u, it can be shown that M (u, ) — H (z) is symmetric and definite positive. In other words, we can build a
local majorant of the cost with curvature given by the matrix M (u, x). Diagonal approximations of the Hessian matrix
allow decoupling of the parameters in the minimization of the majorant, which is important for scalability. Our work
opens many perspectives, as we study a single class of local majorants, and pick a particular item in that class that can
be obtained in closed form. We plan to find even better local majorants by solving small-scale optimization problems.
We also plan to extend this strategy to all-at-once algorithms and explore similar ideas within the framework of mirror
descent.

Second, KL-divergence has a linear term 3, - A[i, jl[j] — 3, y[i], that links NN-KL with linear programming. More
precisely, the KKT conditions show that, at optimality, this sum must cancel out. This allows us to replace the linear term
in the KL-divergence minimization problem with a linearly constrained problem

argmin — Z y[i]log((Ax)[d]).

1Ty=1T Ax

I hypothesize that it can be used to build efficient algorithms for sparse NN-KL and sparse NMF-KL problems. Indeed,
if most entries of the data vector y are null, the problem is similar to an interior-point method for linear programming
with a logarithmic barrier function. It is therefore tempting to associate NN-KL for sparse data with a linear program
that could be used to initialize other algorithms. It is also interesting to explore the use of the Sinkhorn algorithm to
enforce this scaling within any alternating algorithm for NMF-KL, since these marginal constraints are, in general, not
satisfied during the iterations. Finally, second-order methods will be considered since the Hessian matrix should be highly
structured, and linear constraints can be incorporated. Most algorithms on the market simply ignore the possibility that
the data matrix and/or the parameters can be extremely large and extremely sparse. While most algorithms can be easily
adapted to handle sparse data, some are not so easy to adapt, such as primal dual algorithms, where the dual variables are
generally dense.

Collaborators: The design of local majorants is the purpose of a long-term collaboration with Mai Quyen Pham (IMT
Atlantique). We plan to continue working on this topic together by recruiting a PhD student. The study of the links
between KL-divergence optimization and linear programming is the topic of Damien Lesens’s PhD thesis, co-supervised
with Bora Ucar. The topic of optimization for KL-divergence and more generally Poisson-distributed data is currently
under scrutiny by several research groups, including Voichita Maxim in my team at CREATIS, Lucas Calatroni (I3S,
Nice and University of Genoa, Italy), Emilie Chouzenoux (Inria Saclay), Marceylo Pereyra (Heriott-Watt University,
Edinburgh), Nicolas Gillis (UMONS, Belgium), and Shota Takahashi (University of Tokyo). This opens the way for new
international collaborations. Research on nonnegative KL-divergence problems may also generalize beyond the realm of
NMF to quadratic programming [Sha et al., 2007] and any nonnegative einsum factorization [Hood and Schein, 2026].
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23.2.3 3. KL-based inverse problems for computational imaging

Computational imaging has a long history of handling Poisson noise in inverse problems, probably more so than any
other field within the scope of signal processing. Historically, Poisson noise was handled by a variance-stabilizing trans-
formation (Poisson noise variance depends on the signal). The Anscombe transform is such a transformation of the data
entrywise so that the noise distribution becomes Gaussian with a uniform variance. Variance-stabilizing transformations
have the advantage of being fast at inference, since the forward and inverse transformations are cheap, and algorithms
solving inverse problems with Gaussian noise are generally significantly faster than their KL-divergence counterparts. The
Anscombe transform and other similar techniques, however, suffer in the presence of low-count data. KL-divergence is
the loss function that appears when computing the MLE for inverse problems with Poisson noise. While it does not
introduce statistical errors like variance-stabilizing transformations, it leads to significantly more expensive algorithms.

In modern signal processing and machine learning algorithms for inverse problems, we build on classical estimation
algorithms, such as NN-KL solvers, using prior information provided by deep models. The general idea is that a neural
network can be trained on denoising problems to learn the distribution of clean data, which in turn allows the construction
of efficient priors for other inverse problems. The Plug-and-play (PnP) framework [Venkatakrishnan et al., 2013] simply
plugs a pretrained network in place of a proximal (projection) operator in iterative proximal gradient algorithms, while
other methods like RED [Liu ef al., 2021] use differentiable architectures plugged in the cost function.

It is important to acknowledge that, while these data-driven techniques significantly improve the estimation performance
of algorithms in inverse problems, they inherit the ups and downs of classical methods from which they are built. I
believe that, while fellow researchers have focused on improving the data-driven aspect of data-driven algorithms for
Poisson inverse problems based, for instance, on generalized Tweedie’s formula [Efron, 2011], the interplay between
deep regularizers, classical methods including variance stabilizing transformations, and specific computational
imaging applications is under-explored. There is probably no need for data-driven KL-divergence-based algorithms for
high-count data when the Anscombe transform can be applied without issue. In contrast, there is a clear need for a more
detailed analysis of when to use heavy computational tools, such as PnP, with complex NN-KL solvers. Nevertheless,
part of this project is also to develop such data-driven Poisson algorithms; this is ongoing work within Serena Hariga’s
PhD thesis [Hariga er al., 2024, Hariga et al., 2025].

We will target our contributions towards the computational imaging modalities developed at CREATIS, in particular
spectral SPI. SPI is interesting because the Poisson noise level depends on the acquisition technique and on the output
wavelength. The energy of incoming photons is split between spectral bands, and some spectral bands receive significantly
fewer photons than others. This kind of data is perfect for analyzing the effect of signal noise on estimation performance.
Moreover, the spectral data require unmixing, which can be performed efficiently with NN-KL or NMF-KL in the blind
case, inside the reconstruction problem. In the blind case, the problem of estimating sources and abundances in SPI can
be formulated as

argmin Dy, (Y,HUVT) + g,(U) + g,(V)
U0, V>0

where H is the acquisition matrix (such as Hadamard patterns), and g; are deep or classical regularizations required
to ensure interpretability of the results and proper image reconstruction. A particularity of SPI is that the noise can
be modeled as a mixture of Poisson and Gaussian noise, for which the exact MLE is not known in closed form and is
often approximated using variance-stabilizing transformations [Anscombe, 1948, Fryzlewicz and Nason, 2004, Makitalo
and Foi, 2011, Makitalo and Foi, 2011, Bar-Lev and Enis, 1988]. Other interesting modalities include the spectral CT
scanner, compton camera, and cryo-EM [Singer, 2018].

Algorithms developed in the second research direction will also be good candidates for extensions to the data-driven
framework. Some authors focus on Burg’s entropy for building data-driven algorithms with Poisson noise [Hurault e al.,
2023], but better results should be achieved by considering better majorants of the KL-divergence, at the cost of more
difficult convergence proofs.

Collaborators: SPI is the topic of an ongoing, fruitful collaboration with Nicolas Ducros (INSA Lyon, CREATIS). The
PhD thesis of Serena Harriga, co-supervised with Prof. Ducros, which started in 2023, focuses on primal-dual data-driven
algorithms for SPI. At the national level, joint spectral unmixing and inverse reconstruction in the context of Poisson noise
is one of the topics discussed in an ANR project under construction with HORIBA, a spectrometer manufacturer, and in
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collaboration with the DyNaChem team of the LASIRE (Lille). The Poisson-Gaussian noise and equivalences are a point
of common interest with Valentin Debarnot, recently recruited to the team.

23.2.4 4. Automatic transcription using NMF-KL, neural architectures, and unsu-
pervised learning

NMF has a 20-year history of use in music information retrieval. One of its first use cases, which has remained an
application of choice for NMF, is Automatic Music Transcription (AMT) [Smaragdis and Brown, 2003]. NMF has
shown promising performance for AMT, in particular when KL-divergence (and other beta-divergences) are used as loss
functions. It has been outperformed by deep networks trained end-to-end for almost a decade [Hawthorne ez al., 2018].

Deep learning for AMT leverages training samples. The raw comparison with NMF, which has been used as an unsu-
pervised model in AMT, is unfair. However, it is not clear at all how NMF could benefit from training samples. I have
identified two promising routes.

First, one may use the unrolling framework to train parts of NMF for AMT. With Christophe Kervazo, we have recently
proposed unrolled MU updates, with application to spectral unmixing. Our preliminary experiments on unrolled NMF
for AMT show that this application is quite challenging because audio data size, sparsity, and dynamics pose challenges
for current approaches. It should be possible to define a suitable unrolled state-of-the-art algorithm, a training procedure,
and compare symmetric unrolling (both W and H) to older approaches that unroll H as a function of W [Le Roux et al.,
2015].

Second, training deep networks for AMT, and in fact for most music information retrieval tasks, is costly in terms of the
amount of training data required. While training data are available for some instruments, such as the piano, thanks to
acoustic instruments with activation sensors (Yamaha Disklavier), for rare instruments, it is unlikely that such a database
can be acquired in the coming decades. Therefore, there is still room for unsupervised learning algorithms for AMT.
NMF models have seen several refinements in recent years regarding identifiability (minimum volume, separability, and,
of course, better NMF-KL algorithms) that can be helpful in their fruitful application to a source separation problem like
AMT. I will also go further by leveraging both recent NMF developments and Differential Digital Signal Processing, a
state-of -the-art framework for unsupervised learning in deep learning for audio. DDSP essentially trains encoder networks
to play software synthesizers and reproduce unlabeled instrument recordings, given the knowledge of pitch class and sound
amplitude [Engel e al., 2020]. NMF could be trained alongside a DDSP model to serve as a generalized pitch-detection
algorithm.

Research on AMT is, by nature, translational, and therefore it should be a priority to produce open-source software with
a user-friendly interface and a Python backend that can be used to transcribe multi-instrument professional recordings,
provided that the research is sufficiently fruitful to achieve satisfactory performance.

Collaborators: I started working on AMT with Nancy Bertin in Rennes, who is currently on leave from CNRS, and with
Axel Marmoret, my former PhD student. Axel is still working on AMT, but because I want him to be as independent as
possible, I refrain from collaborating with him on this topic. Since 2023, we have started to collaborate with Christophe
Kervazo and Mathieu Fontaine (Telecom Paris) on unrolled NMF for AMT. We are currently seeking motivated PhD
candidates and funding.
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OTHER PERSPECTIVES

The topics discussed in this section are scientific questions that I want to address, which are not directly related to the
KL-divergence and Poisson noise.

24.1 Single-pixel imaging and compressive acquisition

SPI has already been discussed in Single-pixel hyperspectral image reconstruction and unmixing. While the reconstruction
algorithm is critical, to improve the overall algorithmic and hardware pipeline, the acquisition system is maybe even more
important. The acquisition is modeled as a linear system y = Hx, where the matrix H contains, in each row, the pattern
of ones and zeros representing the micro-mirror positions at each acquisition. There are two relatively open questions
regarding the choice of these patterns.

As discussed in Single-pixel hyperspectral image reconstruction and unmixing, the acquisition matrix coefficients have to
belong to the interval [0, 1]. The statistical optimality of Hadamard patterns holds for additive noise and entries in [—1, 1].
There are other acquisition matrices, such as S matrices [Harwit and Sloane, 1979], that are shown to be optimal up to
a factor 2. We are working on a research paper summarizing these ideas [Ducros er al., 2025]. Ongoing research in
the team is also concerned with learning the acquisition patterns from a training dataset, or from the color camera in a
multimodal acquisition setup. I will not explore this direction.

Once the patterns have been chosen, another question of importance is how to subsample the acquisition patterns to
acquire yg = H|[S, :]z, where S is the index set of acquired patterns. The compressive sensing literature informs how to
choose these patterns, primarily by improving reconstruction with sparsity-based priors. Due to Poisson noise and the use
of other reconstruction methods, in particular those based on deep priors, practical observations lead to a different policy
for choosing the samples S. A better understanding of the impact of acquisition patterns and acquisition subsampling on
reconstruction performances is therefore needed. This topic is under scrutiny with Nicolas Ducros in collaboration with
Laurent Jacques (UCLouvain), Marc Georges (ULiege), and Clément Thomas (PhD student ULiege).

24.1.1 Spectral unmixing dataset acquisition

A problem that plagues signal processing research in hyperspectral imaging is the lack of reliable ground truth datasets.
In remote sensing, where hyperspectral images often span several kilometers, it is simply not possible to go on the ground
at the exact time the image was acquired and measure the spectra of each macroscopic element. Even if this were
possible, the acquisition parameters, such as the incidence angle or illumination, impact the remotely acquired images. In
hyperspectral microscopy, however, finer control over the scene may be possible. In Serena Hariga’s PhD thesis, we tried
to print monochromatic shapes, hoping that the printer’s inks would be combinations of three primary colors, resulting
in the predictable mixing of three components distributed spatially. However, the printer does not rely solely on additive
mixing, and the printed image is therefore not rank three.

With Nicolas Ducros, we plan to design another acquisition protocol for hyperspectral microscopic images with controlled
ground truth. One possible direction is to use several lamps to illuminate a black and white scene and rely on the additive
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spatial mixing of the two lights. The challenge would be to control precisely the spatial distribution of each light in the
scene.
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Fig. 24.1: Schematic illustration of the acquisition of a dataset for spectral unmixing in microscopy. Two lamps with
different spectra are used to illuminate the same scene (a black and white image), and their spatial distribution partially
overlap. This overlap produces a spatially varying additive mixture of the two spectra. The scene is acquired with any
spectral imager such as the single-pixel spectral camera available at CREATIS. It is possible to obtain the ground-truth
abundances for each component by shutting either one of the lamp. For instance, shutting down the red lamp means
that we can acquire the abundances for the blue spectrum only. The challenge is to control rather accurately the spatial
distribution of the illumination for each lamp, and to mitigate nonlinearities and experimental variability.

24.2 Inverse problems and separable NMF

Once the single-pixel data has been acquired, one may want to perform the reconstruction and the spectral unmixing
jointly. This is the research project of Serena Hariga, currently finishing her PhD. We are designing Primal-Dual algo-
rithms with data-driven priors that yield complicated algorithms even when spectral unmixing is not blind (the matrix W
containing the spectra is known). In the future, we aim to develop a stable algorithm for reconstructing and performing
blind spectral unmixing. One important missing step is a good initialization algorithm.

A powerful way to initialize NMF in other contexts is by performing separable NMF . Separable NMF searches for the
spectra directly in the data matrix. However, in the context of inverse problems, this data matrix is not available. Ignoring
the Poisson nature of the noise, the inverse separable NMF model may be formalized as the following optimization
problem:

argmin Y — HX|% + | X — X[;, S]VT |2 + g(X)
XeRnxp, VERP*T, #S=r

where Y is the spectral measurement matrix, H the acquisition matrix, S the indices of the pure pixels in the reconstructed
matrix X and g(X) is some regularization, typically data-driven. The issue with this simple formulation is that it is unclear
how to derive a fast algorithm to compute the solutions. The strength of separable NMF lies in the fact that algorithms
such as SNPA [Gillis, 2014] that solve it are computationally cheap.

There are several ways to solve this issue. First, in the case where the acquisition matrix H is orthogonal, one may simply
run separable NMF on H 7Y, But as soon as the patterns are subsampled, this strategy may not perform well. Our goal is

236 Chapter 24. Other perspectives



Regularized low-rank approximations.

therefore to improve the reconstruction pipeline compared to a two-step strategy, in which reconstruction and separable
NMF are performed sequentially. Another possible direction is to use other variational formulations of separable NMF
recently proposed [Pan er al., 2025]. It may be possible to design a fast algorithm for inverse separable NMF when the
regularization g is ignored or is simple enough.

The core problem behind inverse separable NMF is that performing spectral unmixing in the measurement domain of
an inverse problem is inherently difficult. Indeed, spectral unmixing relies heavily on the geometry of the data: the true
spectra form a cone containing the data, which can often be observed directly by plotting the data. The forward operator of
an inverse problem mixes all the data points, and the geometry of the problem is consequently heavily modified. Whether
it is possible and useful to perform spectral unmixing on the measurement coefficients using a geometric algorithm is an
open question.

24.3 Borgen plots revisited

Many theoretical results on the identifiability of rLRA models exist, allowing a priori selection of the model and constraints
adapted to a given practical signal processing problem. While these results are very useful, in most practical cases, they
cannot be applied, as some of the quantities required to prove uniqueness are unknown or difficult to estimate. Another
important line of work concerns a posteriori methods to check if the solutions to an inverse problem or rLRA optimization
algorithm are unique. I believe this line of work has been largely ignored by the community despite its obvious usefulness
for practitioners.

There is a small but deep literature on numerical algorithms for the visualization of solutions to NMF in small ranks
(less than four) from the chemometrics community [Borgen and Kowalski, 1985], see [Neymeyr and Sawall, 2018] for a
mathematical survey. Borgen and Kowalski proposed what is now sometimes called Borgen plots; see Fig. 24.2 below for
an illustration with the rank-three case. The set of solutions to NMF is parameterized explicitly with  — 1 parameters as

Y =UTT V7,

where 7" is a X r invertible matrix. The trick to Borgen plots is to note that scaling and permutation ambiguities can
be leveraged to restrict the parameterization of the matrix 7 to that of its first row, and that its first column may be set
to 1. Therefore, the set of feasible solutions is parameterized in the rank three case by only two parameters «; and s,
and exhaustive search for all equivalent solutions is reasonably doable. This was proposed rather recently in 2011 by
A. Golshan, H. Abdollahi, and M. Maede [Golshan et al., 2011], using covering triangles. It is possible to show other
properties on the set of feasible NMF solutions that fasten this process. For instance, the set of solutions is a convex
polytope. A MATLAB toolbox exists that provides efficient numerical algorithms for computing Borgen plots [Sawall
and Neymeyr, 2014] Facpack website.

Borgen plots are an amazing tool for visualisation of NMF solutions a posteriori. However, there are several problems
with them. Most importantly, they have been designed for very small ranks. Visualization becomes more difficult at higher
ranks, and as rank and dimensions increase, the numerical strategies based on exhaustive search become intractable. The
cost of verifying the validity of a matrix parameterized by the vector « also involves solving a small matrix inversion
problem, which can be costly in higher dimensions. Consequently, there is room for the development of methods that
scale to higher dimensions [Sawall er al., 2026]. Another issue is that the current design of Borgen plots may return
infeasible solutions, and that some solutions may be ignored in the visualization if the data is reducible (in which case the
Perron-Frobenius theorem does not apply), or if the set of solutions has several disconnected convex subsets (because the
geometric construction of the feasible set works locally).

Beyond NMF, I want to extend numerical representations of solution sets to other inverse problems. One possible direction
is to work in the null-space of the Jacobian matrix, as proposed by Nathana&l Munier, Emmanuel Soubies, and Pierre
Weiss [Munier et al., 2025].
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Fig. 24.2: A schematic illustration of the information provided by Borgen plots. On the left, several solutions of NMF
are illustrated in the source domain. Several examples of the three components estimated by a rank three NMF are
superposed. Borgen plots reduce the dimensionality of the set of solutions to a 2D space parameterized by a; and as
thanks to SVD and the clever use of symmetries in the problem. The set of solutions are now represented by three
polytopes. In this examples, the first component W[, 0] can be uniquely recovered from the data, but the other two
components are not identifiable.
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