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Abstract. The proposed method is semi-automatic, as it requires the
artery endpoints as input. Its outline is as follows. First, a centerline
is extracted between the endpoints, using a modi�ed minimal path ap-
proach. Second, 2D contours are extracted in planes orthogonal to the
centerline, using a Fast-Marching algorithm with an appropriately tai-
lored speed function and stopping criterion. Third, the contours are used
to reconstruct a regularized continuous 3D surface based on a Right Gen-
eralized Cylinder model. The contour extraction and the regularization of
the model parameters are driven by a Kalman �lter. Next, an �idealized�
cylinder is reconstructed based on a linear regression of the radii of the
most reliable contours. Finally, the stenoses are detected and quanti�ed
by comparing the actual and idealized cylinder. The method was eval-
uated on 24 datasets from the Coronary Artery Algorithm Evaluation
Framework. It achieved a moderate segmentation accuracy (Dice simi-
larity index 51%), but a poor stenosis detection rate (sensitivity 34%).
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1 Introduction

The computed tomography angiography (CTA) images are increasingly used to
diagnose the coronary artery disease. Nevertheless, the detection and assessment
of the coronary stenoses is time consuming and prone to errors. Various (semi-)
automatic image processing techniques can assist the physicians in the detection
and quanti�cation of the lesions. Extraction of the artery centerline is a key to
�unroll� the artery and generate a so-called curved planar reformation (CPR) dis-
play, which is very helpful to visually assess the arteries. The centerline is also
frequently used as input to subsequent segmentation and/or detection stages.
The �3D Segmentation in the Clinic Grand Challenge II� held at the 11th MIC-
CAI conference in September 2008 [8] demonstrated a good performance of the
best existing centerline extraction methods. Among these methods, a frequently



adopted approach associates a minimum-cost path search and the use of a medi-
alness criterion derived from the gradient �ux computation. This was con�rmed
by a survey published the same year [7]. Attempts to accurately delineate the
coronary artery lumen and to detect the stenoses in CTA images have been less
frequent and less successful. Often, strong assumptions have been made on the
cross-sectional shape and/or appearance. Some authors preferred a direct detec-
tion of anomalous sections without actual segmentation, regardless the nature
of lesions (calci�ed or hypodense) and the stenosis degree [10].

Our method is semi-automatic, as it requires the artery endpoints as input.
Its outline is as follows. First, a centerline is extracted between the endpoints,
using a modi�ed minimal path approach. Second, 2D contours are extracted
in planes orthogonal to the centerline, using a Fast-Marching algorithm with an
appropriately tailored speed function and stopping criterion. Third, the contours
are used to reconstruct a regularized continuous 3D surface based on a Right
Generalized Cylinder state model (RGC-sm) [1]. Both the contour extraction and
the regularization of the model parameters are driven by a Kalman �lter. Next,
an �idealized� cylinder is reconstructed based on a linear regression of the radii
of the most reliable contours. The stenoses are then detected and quanti�ed by
comparing the actual and idealized cylinder. Finally, the model is triangulated
to generate the �nal mesh representation.

2 Initial axis extraction

The minimum-cost path approach is usually associated with a front-propagation
strategy, which can be performed by a Fast-Marching (FM) algorithm, followed
by a backtracking from the endpoint to the starting point across the arrival time
map [3]. Equivalently, Dijkstra's algorithm can be used to compute a minimum
spanning tree from a graph built of the image voxels as nodes, with an associated
cost function [4]. The propagation speed has to be high (the cost has to be low)
along the arteries and low in the cross-sectional directions. The choice of an
appropriate speed function is a key problem in this approach.

We actually use the Dijkstra's algorithm to �nd the minimal paths. To de�ne
the cost function F(p) in each voxel p, we use the medialness function m(p)
proposed in [5], where the image gradient norm is analyzed along concentric
rays in order to �nd the best radius that models the vessel as a cylinder. As
this function produces high values in voxels near the center of the vessel, it is

converted to a cost function as follows: F(p) = α exp
(
−m(p)

β

)
, where α and β

are used to control the function selectivity. To guarantee the smoothness of the
�nal path, a Bézier curve B is used.

3 Cross-sectional contour extraction

The planar contours are extracted using the FM front propagation technique [9],
which needs the de�nition of a potential �eld P(p) expected to be maximum at



discontinuities (edges) and minimum within uniform regions. We use:

P(p) = γ exp

(
−|∇f(p)| sign((p− ĥ) · ∇f(p))

δ

)
, (1)

which is designed to push the contour towards pixels with large gray-level gra-
dients ∇f(p), while keeping them from �climbing� or �descent� zones, with con-
trasts that do not represent vessels. Such contrasts are de�ned by the parame-
ters γ and δ. FM is performed in the plane passing through the predicted point
ĥ ∈ B, and oriented according to the Frenet frame Fr associated to B. The FM
propagation should be stopped at time value T when the growth of the area
A encompassed by the front becomes very slow, which is characterized by a
large value of ∆T/∆A. Actually, at each iteration we compute the mean µT/A
and the standard deviation σT/A of ∆T/∆A and the propagation stops when
∆T/∆A > µT/A + 10σT/A [2]. Summarizing, a discrete contour C de�ned as a
set of ordered points is extracted as follows:

1. The potential �eld P(p) is calculated in 3D and cut by the plane passing by

ĥ and oriented by the �rst column vector of Fr, to obtain a 2D image Q(p).
2. The FM algorithm is executed on Q(p) with ĥ as the �rst trial point (front

initialization).
3. The FM generates a level set L(p) which contains C as its last level.

4 Right generalized cylinder model

The RGC-sm model is an association of a generating curve H and a stack of
contours describing the surface S. The model is piecewise, i.e. it assumes that
a generalized cylinder can be subdivided into pieces such that the model pa-
rameters be constant within each piece separately. Each piece Hi of the gen-
erating curve is thus a helix de�ned by its length ∆i, curvature κi, torsion τi
and by the azimuthal rotation angle νi of the local basis Γ i(t) attached to Hi,
with respect to the corresponding Frenet frame. Each piece Si of the surface
is a continuous stack of contours ci(t, ω) de�ned by a tuple {Zi,Λi}, where
Zi = {zi,l ∈ C;−q ≤ l ≤ +q} represents the Fourier coe�cients describing the
�rst contour in the piece, and Λi = {λi,l ∈ C;−q ≤ l ≤ +q} is an ordered set of
2q + 1 coe�cients linearly transforming the contour along Hi:

ci(t, ω) =

+q∑
l=−q

(λi,l(t− ti) + zi,l)e
jlω, (2)

where t and ω respectively are arc-length and azimuthal parameters. The number
q of harmonics controls the level of details of the contours, and thus of the
whole generalized cylinder surface. Each surface piece Si is connected to the
corresponding generating curve piece Hi by the following equation:

si(t, ω) = Γ i(t) ·

 0
Re(ci(t, ω))
Im(ci(t, ω))

+ hi(t), (3)



where hi(t) is the spatial location of the origin of Γ i(t), which belongs to Hi.
The entire model is thus:

M≡ {h0,Γ 0,Z0, {κi, τi, νi, ∆i,Λi; 0 ≤ i < n}} , (4)

where h0 ≡ h0(t = 0) is the �rst point of H, Γ 0 ≡ Γ 0(t = 0) is the �rst basis
attached to h0 and Z0 ≡ Z0(t = 0) is the Fourier decomposition of the �rst
RGC contour.

The initialization of the RGC-sm reconstruction process requires h0, Γ 0 and
Z0. One of the seed-points (typically the proximal one) is taken as h0. The
orthonormal basis Γ 0 is constructed such that its �rst vector is tangent to B in
h0, the second vector is oriented along h0 − c0,0, where c0,0 is the �rst point of
the contour C0, and the third vector is orthogonal to both. Z0 is calculated as
the Fourier series corresponding to C0, using the harmonics up to the third order
(q = 3), which is su�cient to represent reasonably complex cross-sections.

5 Calculation of model parameters

Without loss of generality, we describe the process for the cylinder piece de-
�ned by the �rst pair of contours. We �rst compute the transition operators,
respectively rotation and translation, between the extremities:

Φ(0, ∆0) = Γ>0 · Γ 1, (5)

Tr(0, ∆0) = Γ>0 · (h1 − h0) . (6)

Φ is a rotation operator and one of the properties of the rotation matrices is the
existence of Θ and Ξ such that Φ(0, ∆0) − Φ(0, ∆0)

> = 2 sinΘ · Ξ, where Θ
is the rotation angle and the non-zero elements of the antisymmetric matrix Ξ
compose the vector de�ning the rotation axis. Moreover, it can be demonstrated
that Φ(t1, t2) = exp((t2 − t1) · Ψ), where Ψ is proportional to Ξ: Ψ = ζΞ. In
the case where Φ describes the rotation between two frames attached to a helix,
the curvature and torsion of the helix are proportional (via ζ) to the cosine and
sine of the angle ϕ that represents the "slope" of the helix. Hence, the second
step is the subtraction:

Φ(0, ∆0)−Φ(0, ∆0)
> =

 0 −c b
c 0 −a
−b a 0

⇒ Θ = arcsin
(√

a2 + b2 + c2/2
)
.

It can be demonstrated that a, b, c can be used to calculate ϕ, then ζ:

ϕ = arcsin
(
a/
√
a2 + b2 + c2

)
, ζ =

sinΘ cos2 ϕ+Θ sin2 ϕ[
Φ(0, ∆0) [1 0 0]>

]>
Tr(0, ∆0)

,

which in turn permits us the computation of the axial parameters:
ν0 = arctan(b/c),
κ0 = ζ cosϕ,
τ0 = ζ sinϕ,
∆0 = Θ/ζ.

(7)



Numerical stability problems might arise when Φ(0, ∆0) = I, which occurs when
H0 is a straight line segment. This is checked after the computation of Γ 0

and Γ 1, and the parameters, in this case, are set as follows:
[
κ0 τ0 ν0 ∆0

]>
=[

0 0 0 |h1 − h0|
]>

. The last step is the computation of the parameters describ-
ing the linear evolution of the Fourier decomposition of the contours:

Λ0 =

{
z1,l − z0,l

∆
∈ C : −q ≤ l ≤ +q

}
. (8)

6 Kalman �ltering

The Kalman state estimator (KSE) [6] is used to control the vessel tracking along
an initial axis B extracted between the endpoints. It predicts the 3D locations,
orientations and shapes of the contours that delimit the consecutive cylinder
pieces. The observation vector, coding the RGC-sm parameters of the i-th piece,
is computed from the result of the contour extraction performed in the predicted
plane. The observation is then �ltered by the KSE to produce a corrected es-
timate of the parameters, which is expected to smooth out the possible errors
of the contours and initial axis extraction. Only the very �rst contour remains
uncorrected.

The KSE adapts the tracking speed to the complexity of the local vascular
shapes (axial and super�cial). In complex shapes (high local changes of curva-
ture, for example) the length of the cylinder piece is automatically reduced. This
occurs when the predicted contours are too di�erent from the observations.

7 Stenosis grading

During the Kalman �ltering, an ideal vessel model is computed in order to com-
pare it with the �nal constructed model.

The idea is as follows: along the Kalman �ltering process, we can measure a
con�dence value that expresses how much the �a posteriori� state was corrected.
If the con�dence is high, we keep this contour (particularly, its area) together
with its distance to the ostium. Then, a linear regression is performed in order to
model the area change of perpendicular conturs along the vessel's central axis.
The slope and intercept found in this step are used to construct a RGC model
of circles with contours where the area has this linear behavior.

Then, the diameters of the �nal constructed model are compared to the
diameters of this ideal cylinder. If the stenosis degree is in the range [20, 100],
the axis point and the stenosis degree are kept for clinical analysis.

8 Results

Stenosis detection and quanti�cation, as well as lumen segmentation were eval-
uated on 24 testing datasets, available within the Coronary Artery Algorithm
Evaluation Framework (http://coronary.bigr.nl). Figure 1 displays an example
of segmentation result. Quantitative results are presented in tables 1, 2 and 3.



Fig. 1. Example of segmentation result.

Table 1. Stenosis detection results for dataset labeled as �testing1�

QCA QCA CTA CTA

Calc. cat. Sens. P.P.V. Sens. P.P.V. Avg. rank

% rank % rank % rank % rank

0 0.00 1.0 0.00 1.0 0.00 1.0 0.00 1.0 1.0
1 0.00 1.0 0.00 1.0 0.00 1.0 0.00 1.0 1.0
2 0.50 1.0 0.14 1.0 0.00 1.0 0.00 1.0 1.0
3 0.44 1.0 0.12 1.0 0.00 1.0 0.00 1.0 1.0
4 1.00 1.0 0.30 1.0 0.00 1.0 0.00 1.0 1.0
All 0.34 1.0 0.10 1.0 0.00 1.0 0.00 1.0 1.0

9 Conclusions

RGC-sm is a powerful tool capable of concisely describing complex generalized
cylindrical shapes. The theoretical framework permits the reconstruction of a
continuous surface corresponding to the lumen, based on a stack of discrete con-
tours. Additionally, the Kalman estimator permits a correction of the observation
errors when these remain within a reasonable range. However, our current imple-
mentation of the image processing steps devised to provide the observations is
clearly not optimal. Several errors are introduced by our segmentation method.
In fact, the use of an always in�ating deformable contour, such as the Fast
Marching front, is uneasy, since the speed function and stopping criteria hardly
can cope with all possible con�gurations (nearby veins, cavities, calci�cations,
etc.). Furthermore, 2D Fast Marching does not exploit the 3D continuity of the
vascular lumen, which might be helpful in some complicated situations.



Table 2. Stenosis quanti�cation results for dataset labeled as �testing1�

QCA QCA CTA

Calc. cat. Avg. Abs. di�. R.M.S. di�. Weighted Kappa Avg. rank

% rank % rank % rank

0 43.2 1.0 47.7 1.0 -0.01 1.0 1.0
1 46.4 1.0 47.9 1.0 -0.01 1.0 1.0
2 45.9 1.0 51.4 1.0 -0.02 1.0 1.0
3 43.9 1.0 48.3 1.0 -0.04 1.0 1.0
4 44.1 1.0 48.2 1.0 -0.05 1.0 1.0
All 44.6 1.0 48.9 1.0 -0.02 1.0 1.0
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