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ABSTRACT

measure the enamel thickness of human tooth, and Maltaverne [15] extracted the phase from monogenic signal of ulThis paper gives an algebraic framework for 3-D analytic signals and realizes a numerical implementation of Clifford Fourier trasound image to estimate subpixel motion. Both of them
approved that their phase-based methods produce more accutransformation and Clifford biquaternions. By applying the
rate results.
hypercomplex analytic signal, the module and partial modules
As we know that the split of identity is one of the propof a biquaternion are proposed. Our method is applied to the
erties
of analytic signal, it is to say that the information of
ultrasound data from a phantom with a biopsy needle inserted.
a
signal
can be separated in local phase and local amplitude.
The biquaternion pseudo-envelope of a radio frequency ultraMoreover,
the partial angles and partial modules of the hysound volume data is introduced from the partial module of
percomplex
signal are introduced in [16]. However, most of
the ultrasound volume biquaternionic analytic signal. This
the
researches
mentioned above are the applications of phase
method shows several advantages comparing with the 1-D
information,
and
the local amplitude information or partial
envelope results. When the envelope of a radio frequency
modules
of
the
analytical
signal are not widely used. On the
ultrasound volume is calculated based on conventional 1-D
other
hand,
the
medical
ultrasound
data is often in the form
method, there are possible losses of information as we exof
3-D
spatial
volumes
or
4-D
spatial-temporal
volumes (3-D
pected. As the result of that, the biquaternion pseudo-envelope
volumes
variation
in
time).
Most
of
the
previous
studies were
detection method is preferred in order to take into account the
focused
on
only
one
or
two
dimensions
separately
of the volinformation of the other dimensions of data and to obtain a
ume
data
[17],
they
bring
some
possible
losing
of
information
better visual appearance of the needle.
owing to processing separately over the dimensions. Hence a
Index Terms— Clifford algebra, biquaternionic analytic
multidimensional data processing on the whole medical volsignal, biquaternion pseudo-envelope, 3-D RF ultrasound sigume is required in order to obtain more accurate results.
nal
In this paper, we introduce a multidimensional analytic
signal, and propose an envelope detection method for a 3-D
radio frequency (RF) ultrasound volume. It is a kind of ap1. INTRODUCTION
plication using the partial modules information of a biquaterDuring the last several decades, new algebraic structures [1]
nionic analytic signal. Then, we show the advantages of our
have been developed. Based on Clifford algebras and Hamilenvelope detection method comparing with the 1-D method [18]
ton algebras, a high number of new complex analytic sigof RF signal demodulation on each 1-D scan line separately.
nals [2, 3, 4, 5] were also defined. As a useful mathematiThe paper is organized as follows: Section 2 reviews the
cal tool, the analytical signal enables to extract local features
1-D analytic signal. Section 3 introduces the multiquaternion
from images. Based on this quaternion-based method, many
algebras and N-dimensional analytic signal. Section 4 exapplications have been proposed to signal processing and implains in detail the 3-D Clifford biquaternionic analytic signal.
age analysis. For example, the motion detection [6, 7], imSection 5 gives an introductive example of the biquaternionic
age disparity estimation [8, 9] and edge detection of color
analytic signal, and then using a biopsy needle RF ultrasound
image [10]. For the application of analytic signal to medivolume envelope detection, an experiment of envelope deteccal image, Woo [11] and Lee [12] used the 2-D local phase
tion is presented. The last section is devoted to conclusions.
and the intensity of the ultrasound image for registration. Another registration approach for 3-D ultrasound image was also
2. 1-D ANALYTIC SIGNAL
introduced by Zhang [13], based on phase information. Furthermore, Harput [14] involved ultrasound phase image to
The notion of Gabor’s analytic signal has been introduced for
This work was supported by BQR INSA Lyon and conducted in the
framework of the LabEx PRIMES (Physics Radiobiology Medical Imaging
and Simulation).

more than fifty years [19], it was used to represent 1-D real
signal by Ville [20]. Here we review firstly the basics of analytic signal and Hilbert transform in 1-D case.

For a signal f (x), its analytic signal fA (x) is a complex
signal:
fA (x) = f (x) + i · H { f (x)},
(1)
here H is the Hilbert transform, and H { f } = h ∗ f with the
1
.
Hilbert kernel h(x) = πx
Note that it could be present a complex signal in polar
coordinate. We have ∀x ∈ R, fA (x) = | fA (x)|eiφ (x) , | fA (x)|
is called the local amplitude and φ is called the local phase,
which are given by:
q
(2)
| fA (x)| = f (x)2 + H { f (x)}2 ,

Examples of Clifford algebras are:
• Complex numbers C (with e1 = i)
• Quaternions H (e1 = i, e2 = j)
• Biquaternions (e1 = Ii, e2 = I j, e3 = Ik, I 2 = −1, I commuting with i, j, k, e2i = 1)
3.2. Analytic Signal in N Dimensions
Given a function f (x) having its value in the Clifford algebra with x = (x1 , x2 , ..., xn ), let F (u) with u = (u1 , u2 , ..., un )
denote the Clifford Fourier transform (CFT):




H { f (x)}
φ (x) = arctan
.
f (x)

In frequency domain, the Hilbert transform F[H { f }] is
defined as:
F[H { f }](u) = −i · sign(u)F[ f ](u)

F(u) =

Rn

f (x) ∏ e−ek 2πuk xk d n x.

(6)

k=1

The inverse Clifford Fourier transform (ICFT) is given by:
n−1

Z

(4)

with F[ f ](u) the Fourier transform in 1-D and the operator
sign(u) is given by:

 1 u>0
0 u=0
(5)
sign (u) =

−1 u < 0.

n

Z

(3)

f (x) =

Rn

F(u) ∏ een−k 2πun−k xn−k d n u.

(7)

k=0

the analytic Clifford Fourier transform FA (u) and the analytic
signal fA (x) are respectively defined by:
n

FA (u) = ∏ [1 + sign (uk )] F(u)

(8)

k=1

n−1

Z

3. N-DIMENSIONAL ANALYTIC SIGNAL

fA (x) =

Rn

FA (u) ∏ een−k 2πun−k xn−k d n u.

(9)

k=0

The main studies of signal processing based on signals with
multiple components have been done recently. These works
include the hypercomplex algebras such as Hamilton algebra
and Clifford algebras. The Fourier transform based on the
Hamilton algebra [5] and Clifford algebras [21, 22, 23] have
been defined and studied .

with sign(uk ) defined by Eq. 5.

3.1. Multiquaternion algebras

In the Clifford algebra C3 , a Clifford biquaternion can use the
generators:

By the Clifford theorem, any Clifford algebra can be related to
the quaternion algebra. Thus we shall call them multiquaternion algebras [24].

e1 = εi,

Definition 1 A Clifford algebra Cn is an algebra composed
of n generators e1 , e2 , ..., en multiplying according to the rule
ei e j = −e j ei (i 6= j) and such that e2i = ±1. The algebra Cn
contains 2n elements constituted by the n generators, the various products ei e j , ei e j ek , ...and the unit element 1.
Theorem 1 If n = 2m (m : integer), the Clifford algebra C2m
is the tensor product of m quaternion algebras. If n = 2m −
1, the Clifford algebra C2m−1 is the tensor product of m −
1 quaternion algebras and the algebra (1, ε) where ε is the
product of the 2m generators (ε = e1 e2 ...e2m ) of the algebra
C2m .

4. 3-D CLIFFORD BIQUATERNIONIC ANALYTIC
SIGNAL
4.1. Clifford Biquaternion Algebra

e2 = ε j,

e3 = εk,

ε = i0 I,

ε 2 = 1,

e2i = −1,

where i0 is the usual complex imaginary (i02 = −1), the tensor
product I = 1 ⊗ i (I 2 = −1) commutes with i = i ⊗ 1, j = j ⊗
1, k = k ⊗ 1. The elements of the full algebra are:


1
i = e2 e3 j = e3 e1 k = e1 e2
. (10)
ε = i0 I = −e1 e2 e3 e1 = εi e2 = ε j e3 = εk
Then, a Clifford biquaternion A can be expressed by a general
element of the algebra as:
A =

p + εq

= (p0 + ip1 + j p2 + kp3 ) + ε(q0 + iq1 + jq2 + kq3 )
= [p0 , p1 , p2 , p3 ] + ε [q0 , q1 , q2 , q3 ] ,

(11)

where p, q are quaternions. The product of two Clifford biquaternions A and B = p0 + εq0 is given by

AB = (p + εq) p0 + εq0


=
pp0 + qq0 + ε pq0 + qp0 .
(12)
The conjugate of A is
Ac

=

pc + εqc

= [p0 , −p1 , −p2 , −p3 ] + ε [q0 , −q1 , −q2 , −q3 ] ,(13)
where pc is the quaternion conjugate of p and qc is the quaternion conjugate of q.
The complex conjugate of A is given by:
A = p − εq.

(14)

A vector is expressed by:
a = ε(ia1 + ja2 + ka3 )

(15)

with aac = a21 + a22 + a23 . A unit vector a is defined by aac = 1.
Given a n − 1 dimensional hyperplane that is perpendicular to
a unit vector a, under an orthogonal symmetry with respect to
this hyperplane, a vector X is transformed into the vector X 0 =
aXa. This formula allows deriving the transform of a Clifford
biquaternion under an arbitrary orthogonal symmetry [24]. In
particular, if a = εi, one has the involution
A0 = K1 (A) = [p0 , p1 , −p2 , −p3 ] + ε [−q0 , −q1 , q2 , q3 ] ,
(16)
if a = ε j, one has
A0 = K2 (A) = [p0 , −p1 , p2 , −p3 ]+ε [−q0 , q1 , −q2 , q3 ] , (17)
and if a = εk, one has
A0 = K3 (A) = [p0 , −p1 , −p2 , p3 ]+ε [−q0 , q1 , q2 , −q3 ] . (18)

4.3. Module and partial module of the analytic signal
In order to obtain the module of the analytic signal fA , a
scalar, a pseudo-scalar and a unit Clifford biquaternion will
be used to represent the analytic signal.
Firstly, the module of the analytic signal is given by:
p
mod( fA ) = fA ( fA )c = α + εβ ,
(23)
then the analytic signal is represented as
fA = (α + εβ )a,

where α represents the scalar, β represents the pseudo-scalar
and a is a unit Clifford biquaternion (aac = 1).
√
Writing, fA ( fA )c = g1 + εg2 , hence g1 + εg2 = α + εβ ,
and then g1 + εg2 = (α 2 + β 2 ) + ε(2αβ ), one finds
v
v
q
q
u
u
u g + g2 − g2
u g − g2 − g2
t 1
t 1
1
2
1
2
α=
, β=
.
(25)
2
2
In [16], for a quaternion, the partial module is defined by
the module of a complex number from the quaternion. Using a similar definition, one can divide the biquaternion into
several quaternions and then define the partial module for biquaternionic analytic signal.
Given a biquaternionic analytic signal fA = (p0 + ip1 +
j p2 + kp3 ) + ε(q0 + iq1 + jq2 + kq3 ) defined as in Eq. 11, one
has three quaternions from this biquaternionic analytic signal
fA :
fAe1 e2 = [p0 , q1 , q2 , p3 ]
(26)
(the four terms correspond to the elements [1, e1 , e2 , e1 e2 ]),
fAe2 e3 = [p0 , q2 , q3 , p1 ]

4.2. Clifford Biquaternion Signal
For a Clifford biquaternion, given a function f (x), one can
obtain its CFT F(u) by Eq. 6 as:
Z

F(u) =

R3

f (x)e−εi2πu1 x1 e−ε j2πu2 x2 e−εk2πu3 x3 dx1 dx2 dx3 ,
(19)

and the ICFT f (x) by Eq. 7 as:
Z

f (x) =

F(u)eεk2πu3 x3 eε j2πu2 x2 eεi2πu1 x1 du1 du2 du3 , (20)

R3

(24)

(27)

(the four terms correspond to the elements [1, e2 , e3 , e2 e3 ]),
and
fAe3 e1 = [p0 , q3 , q1 , p2 ],
(28)
(the four terms correspond to the elements [1, e3 , e1 , e3 e1 ]).
Then the partial modules of the biquaternionic analytic
signal fA are given by:
q
(29)
mode1 e2 ( fA ) = fAe1 e2 ( fAe1 e2 )c ,

where x = (x1 , x2 , x3 ), and u = (u1 , u2 , u3 ).
Respectively, the analytic CFT FA (u) with u = (u1 , u2 , u3 )
is given by Eq. 8:

mode2 e3 ( fA ) =

q

fAe2 e3 ( fAe2 e3 )c ,

(30)

q

FA (u) = [1 + sign (u1 )] [1 + sign (u2 )] [1 + sign (u3 )] F(u) (21)

mode3 e1 ( fA ) =

fAe3 e1 ( fAe3 e1 )c .

(31)

and the Clifford biquaternion signal fA (x) with x = (x1 , x2 , x3 )
is given by Eq. 9:

Specially, by Eq. 18, we have

Z

fA (x) =

R3

εk2πu3 x3 ε j2πu2 x2 εi2πu1 x1

FA (u)e

e

e

du1 du2 du3 .
(22)

fAe1 e2 =

fA + K3 ( fA )
,
2

and the partial module mode1 e2 ( fA ) of fA is a scalar.

(32)

5. RESULTS ON ENVELOPE DETECTION OF
BIQUATERNIONIC ANALYTIC SIGNAL
In order to implement our method, we use matlab to realize a
library of biquaternion calculation, such as biquaternion conjugate, biquaternion product, square root of a biquaternion,
etc.
In addition, to calculate the biquaternionic analytic signal, the CFT and ICFT in discrete calculation are realized by
using a discrete form of the continuous formula based on the
standard FFT and IFFT algorithm. Then, a cascade integrating method using standard FFT is employed to realize CFT:
firstly with respect to x1 in Eq. 19, secondly, a second FFT
(integration with respect to x2 in Eq. 19) is applied on each
real component of the previous complex number. Thirdly, a
third FFT (integration on x3 in Eq. 19) is applied on each of
the resulting real components. At last, all the components are
displayed as a Clifford biquaternion.
For the ICFT, we use the same way on each real component of the Clifford biquaternion using an IFFT and the order
of integration is reversed.

5.2. Simulation results
To verify the envelope detection method of biquaternionic analytic signal, we consider a modulated 3-D signal given by:
f (x, y, z) = (1 + K cos (ω1 x) cos (ω2 y) cos (ω3 z))
cos (Ω1 x) cos (Ω2 y) cos (Ω3 z) ,
(35)
where ω1 , ω2 and ω3 are the low spatial frequencies, and Ω1 ,
Ω2 and Ω3 are the high spatial carrier frequencies, K is the
amplitude of low spatial frequency wave.
As in the introductive example, we calculate the analytic
signal fA firstly, then its module mod( fA ) can be obtained.
Fig. 1 shows the numerical result of the module mod( fA )
of the modulated 3-D input signal. This result corresponds
to the expected low frequency part of the input signal, i.e.
(1 + K cos (ω1 x) cos (ω2 y) cos (ω3 z)) with the values ω1 = 2π,
ω2 = 4π, ω3 = 6π and K = 0.6. The error between the algebraical and numerical result is less than 1 × 10−14 ≈ 0. Then
we correctly recover the envelope of the modulated 3-D signal
in Eq. 35 from its biquaternionic analytic signal.

5.1. Introductive example
A 3-D real signal is created by a cosine function so as to give
an introductive example, and then its analytic signal is calculated. Consider the 3-D real signal given by:
f (x, y, z) = cos(ω1 x + ω2 y + ω3 z),

(33)

where ω1 , ω2 and ω3 are the spatial frequencies of the real
signal, x, y and z represent the x1 , x2 and x3 respectively in
Eq. 19. The analytic signal is given by:

cos(ω1 x + ω2 y + ω3 z)
 − cos(ω1 x − ω2 y + ω3 z) 

fA (x, y, z) = 
 cos(ω1 x + ω2 y − ω3 z) 
− cos(ω1 x − ω2 y − ω3 z)


sin(ω1 x − ω2 y + ω3 z)
 sin(ω1 x + ω2 y + ω3 z) 

+ε 
 − sin(ω1 x − ω2 y − ω3 z)  .
− sin(ω1 x + ω2 y − ω3 z)


Fig. 1. The module mod( fA ) of a 3-D modulated analytic
signal.

(34)

From Eq. 13, the conjugate of the analytic signal ( fA )c is
given firstly. Then, by Eq. 12, we can have the product of the
analytic signal and its conjugate fA ( fA )c , that is a biquaternion. At last, using Eq. 23, the biquaternion square root of this
biquaternion is calculated, which is the module of the analytic
signal. For this example, we have its module mod( fA ) = 2.
Similarly, the partial√modules can be calculated. For example, mode1 e2 ( fA ) = 2 , which can be calculated from
Eqs. 12, 13, 26 and 29. These results are also verified numerically.

5.3. Experimental results: application to envelope detection of 3-D RF ultrasound data
The RF and B-mode ultrasound images are two kinds of different data types. There are several steps to convert from RF
to B-mode [25], such as demodulation, non-linear intensity
mapping and filtering, etc. Fig. 2 shows an example schema
of processing pipeline for the conversion of RF ultrasound
signal into B-mode image.
One of these important steps is considered to be the demodulation, and it can be realized by envelope detection in
ultrasound processing. Therefore, from the analytic signal of
RF ultrasound, the amplitude of analytic signal can be calculated and it is used as the envelope of the RF signal. Usually,

RF ultrasound signal

Envelope detection with 1-D Hilbert transform

Compression (gray scale)

Scan conversion (geometry’s probe)

Post processing (improve the quality of the image)

B-mode image
Fig. 2. An example schema of processing pipeline for the
conversion of RF ultrasound signal into B-mode image.
we calculate the analytic signal of 1-D scan lines separately
of the RF signal [18] by Eq. 1, then the amplitude of this 1-D
analytic signal can obtained from its local amplitude by Eq. 2.
Comparing with the separate 1-D scan lines processing,
we calculate the RF ultrasound volume at once. The 3-D biquaternionic analytic signal of RF ultrasound volume is constructed, and then the partial module mode1 e2 of the analytic
signal is used as a pseudo-envelope of the ultrasound volume.
Because of that the biquaternion signal analyses the information of the lateral, axial and elevation directions, our method
enables an improved envelope detection for ultrasound volume.
5.3.1. Pseudo-envelope results of RF ultrasound volume
Our method is applied to an RF ultrasound volume. The acquisition of this volume was made using an Ultrasonix MDP
scanner and an ultrasound linear probe 4D motorized abdominal transducer: 4DC7-3/40 (Ultrasonix) with a sampling frequency of 40MHz. A biopsy needle is inserted into the ultrasound phantom, the acquisition depth on this phantom is 50
millimetres, the width is 88 millimetres and the field of view
is 45.6 degrees for 33 slices. Fig. 3 shows the platform of
the ultrasound volume data acquisition. The size of the volume is 128 × 1280 × 33 pixels in lateral, axial and elevation
directions respectively.
We compare the biquaternion pseudo-envelope results with
1-D envelope detection results as shown in Fig. 4. In order to
compare the results under the same norm, for all the envelope

Fig. 3. Experiment platform for RF ultrasound volume acquisition of a biopsy needle in a ultrasound phantom.

slices, the gray value of the slice images are normalized between 0 and 1. Two successive slices of the total 33 slices
along the elevation direction are presented. In the slice 22,
the envelope image from the biquaternionic analytic signal
shows more visible biopsy needle structure. Furthermore, in
the slice 23, it can hardly find the needle structure in the 1-D
envelope image. Because the 1-D method does not take into
account the information of the neighbouring scan lines. On
the contrary, the biquaternion pseudo-envelope image of slice
23 shows still clear enough the biopsy needle structure .
Typically, one more step of average filtering is applied to
improve the visual appearance of the envelope results. A simple 3-D 3 × 3 × 3 average filter is applied on the 1-D envelope
slices and the biquaternion pseudo-envelope volume. Each
1
element of this filter has a value of .
27
Then the results after the average filter are shown in Fig. 5.
Using the same two successive slices as in Fig 4, we find that
the structure of the biopsy needle are more consistent after denoising. Thanks to the 3-D average filter, in Fig. 5(b), a small
part of the biopsy needle can be found slightly compare to the
slice before filtered in Fig. 4(b). For the slices of biquaternion
pseudo-envelope, the continuity of the biopsy needle structure
is improved and hence the biquaternion pseudo-envelope indicates a more accurate position of the biopsy needle.

Fig. 4. RF ultrasound raw envelope comparison of two successive slices in elevation direction: (a) 1-D envelope on slice
number 22; (b) 1-D envelope on slice number 23; (c) biquaternion pseudo-envelope on slice number 22; (d) biquaternion
pseudo-envelope on slice number 23.

Fig. 5. RF ultrasound filtered envelope comparison of two successive slices in elevation direction: (a) 1-D envelope on slice
number 22; (b) 1-D envelope on slice number 23; (c) biquaternion pseudo-envelope on slice number 22; (d) biquaternion
pseudo-envelope on slice number 23.

6. CONCLUSION
Based on the Clifford algebra, the N-dimensional analytic signal has been firstly discussed. Then the biquaternionic analytic signal and its module has been introduced, after that the
partial modules of biquaternion were proposed similarly to
the partial modules for quaternions. Using a 3-D real signal
created by a cosine function, an introductive example of the
biquaternionic analytic signal is presented. At last, we proposed a biquaternion pseudo-envelope from a scalar partial
module of a biquaternionic analytic signal, and we illustrate
that the application of the biquaternion signal has a number
of advantages for RF ultrasound volume. Finally, we calculated the 1-D envelope and biquaternion pseudo-envelope
for an RF ultrasound volume that was acquired from an ultrasound phantom with a biopsy needle inserted. Comparing
the two types of envelope results without and with an average
filter, the biquaternion pseudo-envelope gives a more precise
local feature image of the biopsy needle. This makes a potential quality improvement for the applications such as image
segmentation, detection and registration possible.
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[21] T. Bülow and G. Sommer. Hypercomplex signals-a
novel extension of the analytic signal to the multidimensional case. IEEE Trans. Signal Process., 49(11):2844–
2852, 2001.
[22] P. R. Girard. Multiquaternion Grassmann-HamiltonClifford algebras in physics and engineering: A short
historical perspective. In 9th Int. Conf. Clifford Algebras and Their Applications in Mathematical Physics,
Editor, K. Gürlebeck., Weimar, Germany, 2011.

[23] G. Sommer, editor. Geometric computing with Clifford
algebras: theoretical foundations and applications in
computer vision and robotics. Springer-Verlag, London,
UK, 2001.
[24] P. R. Girard, R. Pujol, P. Clarysse, A. Marion,
R. Goutte, and P. Delachartre. Analytic video (2D+t)
signals by Clifford Fourier transforms in multiquaternion Grassmann-Hamilton-Clifford algebras. In 9th Int.
Conf. Clifford Algebras and Their Applications in Mathematical Physics, Editor, K. Gürlebeck., Weimar, Germany, 2011.
[25] W.R. Hedrick, D.L. Hykes, and D.E. Starchman. Ultrasound Physics and Instrumentation. Mosby, 4 edition,
2004.

