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Course overview 

1	  

Theory:	  
1)  Rigid/affine	  +	  basics	  =	  3h 	   	   	  N.	  Duchateau	  
2)  Non-‐rigid	  +	  advanced	  concepts	  =	  3h	  +	  1.5h 	  D.	  Sarrut	  

Labs:	  
1)  ElasFx	  /	  rigid-‐affine-‐nonrigid	  =	  3h 	   	  D.	  Sarrut	  
2)  MoFon	  esFmaFon	  =	  3h 	   	   	  P.	  Clarysse	  
3)  Quality	  check	  /	  temporal	  tracking	  =	  3h 	   	  N.	  Duchateau	  

Evalua1on: 	  Labs	  (x3)	  +	  Exam	  (1h30)	  
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About (ND) 
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4	  équipes:	  
•  Analyse	  d’images	  et	  modélisaFon	  
•  Imagerie	  ultrasonore	  
•  Imagerie	  tomographique	  +	  radiothérapie	  
•  Imagerie	  RMN	  +	  opFque	  

+	  plate-‐forme	  d’imagerie	  mul1-‐modale	  (PILOT)	  
+	  plate-‐forme	  de	  calcul	  scien1fique	  +	  VIP	  (Virtual	  Imaging	  PlaUorm)	  
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Defini1on	  =	   “the	  process	  of	  aligning	  [images/meshes]	  	  
so	  that	  corresponding	  features	  can	  easily	  be	  related”	  

=	  registraFon	  
	  
=	  alignment	  
	  
=	  geometrical	  correspondence	  
	  
=	  matching	  
	  
(=	  moFon	  esFmaFon	  ?)	  
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Defini1on	  =	   “the	  process	  of	  aligning	  [images/meshes]	  	  
so	  that	  corresponding	  features	  can	  easily	  be	  related”	  

=	  registraFon	  
	  
=	  alignment	  
	  
=	  geometrical	  correspondence	  
	  
=	  matching	  
	  
(=	  moFon	  esFmaFon	  ?)	  

=	  find	  spa1al	  transforma1on	  T	  	  
that	  matches	  two	  [images/meshes]	  
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Defini1on	  =	   “the	  process	  of	  aligning	  [images/meshes]	  	  
so	  that	  corresponding	  features	  can	  easily	  be	  related”	  

=	  registraFon	  
	  
=	  alignment	  
	  
=	  geometrical	  correspondence	  
	  
=	  matching	  
	  
(=	  moFon	  esFmaFon	  ?)	  

Many	  applica1ons:	  
•  Medical	  imaging	  
•  Computer	  vision	  
•  …	  

Important?	  
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Many	  applica1ons:	  
•  Medical	  imaging	  
•  Computer	  vision	  
•  …	  

Constraints?	  
•  Accurate?	  
•  Fast?	  
•  …	  

Important?	  

Defini1on	  =	   “the	  process	  of	  aligning	  [images/meshes]	  	  
so	  that	  corresponding	  features	  can	  easily	  be	  related”	  

=	  registraFon	  
	  
=	  alignment	  
	  
=	  geometrical	  correspondence	  
	  
=	  matching	  
	  
(=	  moFon	  esFmaFon	  ?)	  
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Many	  applica1ons:	  
•  Medical	  imaging	  
•  Computer	  vision	  
•  …	  

Constraints?	  
•  Accurate?	  
•  Fast?	  
•  …	  

Basic	  elements	  used	  in	  many	  applica1ons:	  
•  InterpolaFon	  
•  Similarity	  measure	  
•  OpFmizaFon	  
•  …	  

Important?	  

Defini1on	  =	   “the	  process	  of	  aligning	  [images/meshes]	  	  
so	  that	  corresponding	  features	  can	  easily	  be	  related”	  

=	  registraFon	  
	  
=	  alignment	  
	  
=	  geometrical	  correspondence	  
	  
=	  matching	  
	  
(=	  moFon	  esFmaFon	  ?)	  
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Examples 
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Panoramic	  photography	  



Medical Imaging Research Laboratory Medical Imaging Research Laboratory 
www.creatis.insa-lyon.fr 

Examples 

5	  

Panoramic	  photography	  
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Satellite	  picture	  (e.g.	  GoogleMaps)	  
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Mul1-‐modal	  image	  fusion	   MRI	   PET	  

Q:	  before	  /	  afer	  ?	  
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Examples 
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Mul1-‐modal	  image	  fusion	  

before	   afer	  

Crucial	  for	  accurate	  	  
comparisons	  !!!	  

MRI	   PET	  
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Examples 
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Sta1s1cs	  /	  machine	  learning	  ?	  
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8	  

Sta1s1cs	  /	  machine	  learning	  ?	  

before	   afer	  
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Mo1on	  analysis	  /	  tracking	  

...

Registration [t,0]

t=0 t-1 t

cf.	  TP3…	  
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Summary 
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•  Find	  an	  “op1mal”	  transformaFon	  

•  Inputs	  =	  images/meshes…	  may	  differ	  in:	  
•  ResoluFon	  
•  Time	  (longitudinal	  changes)	  
•  Space	  (2D	  /	  2D+t	  /	  3D	  /	  3D+t)	  
•  Modality	  (MRI,	  US,	  CT,	  PET,	  …)	  
•  Subject	  
•  …	  

+	  many	  possible	  output	  transforma1ons	  

=	  many	  algorithms	  !!!	  



Medical Imaging Research Laboratory Medical Imaging Research Laboratory 
www.creatis.insa-lyon.fr 

Tools 
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•  Code:	  ITK	  /	  VTK	  (C++),	  …	  

•  Toolboxes:	  ElasFx,	  Deformetrica,	  …	  

•  VisualizaFon:	  Paraview,	  …	  
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Formalism 
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Q:	   	  I	  =	  ?	  
	  J	  =	  ?	  
	  T	  =	  ?	  
	  S	  =	  ?	  
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Q:	   	  I	  =	  ?	  
	  J	  =	  ?	  
	  T	  =	  ?	  
	  S	  =	  ?	  
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Digital images 
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ItkSofwareGuide.pdf	  

•  Size:	  nb	  pixels	  +	  spacing	  
•  Pixel	  values:	  scalar	  (CT)	  /	  vector	  (RGB)	  /	  matrix	  (diffusion	  MRI)	  
•  Colorscale	  /	  dynamic	  range	  
•  Coordinates	  system:	  origin	  +	  orientaFon	  
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Transformations 
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Transformations 
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•  Cartesian	  coordinates:	  

•  TransformaFon:	  
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Transformations: search space 
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One	  element	  of	  T	  is	  a	  transformaFon	  T.	  	  
	  
	  
Depends	  on:	  
•  Degrees	  of	  freedom	   	  =	  number	  n	  of	  parameters	  needed	  to	  describe	  T	  

	   	   	  =	  dimension	  of	  the	  opFmizaFon	  problem	  
	  
•  Boundaries	  of	  each	  parameter	  (if	  any).	  	  

Success	  condiFoned	  by:	  
•  The	  soluFon	  belongs	  to	  the	  search	  space	  T	  
•  The	  search	  space	  T	  is	  small	  enough	  vs.	  the	  input	  data	  (1	  soluFon	  can	  be	  reached)	  
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Transformations types 
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Linear:	  	  
	  
translaFon,	  rotaFon	  
	  
+	  scaling	  
+	  shearing	  (affine)	  

Rigid	  

Non-‐linear:	  
•  Deformable	  
•  ElasFc	  
•  Fluid	  

Non-‐rigid	  

Boucher et	  al. ICPR	  2010	  
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Transformations types 

17	  

Linear:	  	  
	  
translaFon,	  rotaFon	  
	  
+	  scaling	  
+	  shearing	  (affine)	  

Rigid	  

Non-‐linear:	  
•  Deformable	  
•  ElasFc	  
•  Fluid	  

Non-‐rigid	  

Boucher et	  al. ICPR	  2010	  

ALL	  are	  imposed	  MODELS…	  
	  
	  
	  

Q:	  what	  if	  I	  want	  more	  freedom	  vs.	  the	  data?	  
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Transformations types 

17	  

Linear:	  	  
	  
translaFon,	  rotaFon	  
	  
+	  scaling	  
+	  shearing	  (affine)	  

Rigid	  

Non-‐linear:	  
•  Deformable	  
•  ElasFc	  
•  Fluid	  

Non-‐rigid	  

Boucher et	  al. ICPR	  2010	  

ALL	  are	  imposed	  MODELS…	  
	  
	  
…	  machine	  learning-‐	  based	  registraFon?	  

Q:	  what	  if	  I	  want	  more	  freedom	  vs.	  the	  data?	  
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Rigid transform 
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translaFon	  +	  rotaFon	  

Q:	  degrees	  of	  freedom	  =	  parameters	  =	  ?	  
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Rigid transform 
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translaFon	  +	  rotaFon	  

Q:	  degrees	  of	  freedom	  =	  parameters	  =	  ?	  

2D/2D:	  3	  parameters 	  (2	  translaFons	  +	  1	  rotaFon)	  
	  
3D/3D:	  6	  parameters 	  (3	  rotaFons	  +	  3	  translaFons)	  
	  
2D/3D:	  6	  parameters	  	  (3	  rotaFons	  +	  3	  translaFons 	  

	   	   	  +	  projecFon	  operator)	  
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Matrix representations 
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translaFon	  +	  rotaFon	   Trigid(x)	  =	  R	  x	  +	  t	  

Q:	  dimension	  of	  x,	  R,	  M	  and	  t	  ?	  

affine	  

Taffine(x)	  =	  A	  x	  +	  t	  
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Matrix representations 
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Trigid(x)	  =	  R	  x	  +	  t	  

Q:	  dimension	  of	  x,	  R,	  M	  and	  t	  ?	  

Taffine(x)	  =	  A	  x	  +	  t	  

Taffine(x)	  =	  M	  x	  

“Homogeneous”	  coordinates:	  

x	  =	  (	  x	  ,	  y	  ,	  z	  ,	  1	  )	  

M	  =	  	  

(convenient	  for	  projecFon	  transforms)	  
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Matrix representations 
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Taffine(x)	  =	  M	  x	  Q:	  linear	  transform	  =	  ?	  

T(a	  x1	  +	  x2)	  =	  a	  T(x1)	  +	  T(x2)	  
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Matrix representations 
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Taffine(x)	  =	  M	  x	  Q:	  linear	  transform	  =	  ?	  

T(a	  x1	  +	  x2)	  =	  a	  T(x1)	  +	  T(x2)	  

Q:	  operaFons	  =	  ?	  

•  Inverse:	   	   	  T-‐1(x)	  =	  M-‐1	  x 	  (if	  M	  is	  inverFble)	  

•  ComposiFon: 	  T2(	  T1(	  x	  )	  )	  =	  (T2	  o	  T1)(x)	  =	  M2	  M1	  x	  

•  …	  
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Matrix representations: parameters 
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M	  =	  
c	  

=	  12	  parameters	  to	  op1mize	  !	  

For	  registraFon:	  
•  OpFon	  #1	  =	  opFmize	  the	  12	  parameters	  
•  OpFon	  #2	  =	  decompose	  in	  simpler	  transforms	  (rotaFon,	  translaFon,	  …)	  





Medical Imaging Research Laboratory Medical Imaging Research Laboratory 
www.creatis.insa-lyon.fr 

Matrix representations: translations 
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M	  =	  	  

2D:	  2	  parameters	  

=	  12	  parameters	  to	  op1mize	  !	  

3D:	  3	  parameters	  

M	  =	  	   M	  =	  	  
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Matrix representations: rotation 
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M	  =	  	   =	  12	  parameters	  to	  op1mize	  !	  

2D,	  around	  the	  origin:	  1	  parameter	  

M	  =	  	  
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Matrix representations: rotation 
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M	  =	  	   =	  12	  parameters	  to	  op1mize	  !	  

2D,	  around	  the	  origin:	  1	  parameter	  

Q:	  around	  another	  point?	   p	  =	  (	  p0	  ,	  p1	  )	   translaFon	  +	  rotaFon	  

M	  =	  	  
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Matrix representations: 3D rotation 
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•  RotaFon	  =	  3	  x	  3	  matrix	  

•  3	  degrees	  of	  freedom	  =	  3	  parameters	  

•  Constraints	  
Orthogonal	  matrix:	   	  R	  RT	  =	  I	   	  and 	  det(R)	  =	  1	  	  
	  
(inverse: 	  R-‐1	  =	  RT	  )	  

M	  x	    R	  x	  +	  t	  	  
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Matrix representations: 3D rotation 
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•  RotaFon	  =	  3	  x	  3	  matrix	  

•  3	  degrees	  of	  freedom	  =	  3	  parameters	  

•  Constraints	  

•  Several	  decomposiFons	  (from	  9	  values	  to	  3	  parameters):	  
•  Euler	  angles	  
•  Axis	  angle	  
•  Quaternions	  
•  …	  

The	  parameters	  have	  a	  different	  meaning	  in	  each	  case	  

Ø  Check	  illustraFons	  
Ø Q:	  pros	  vs.	  cons?	  
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Matrix representations: scaling 
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M	  =	  	   =	  12	  parameters	  to	  op1mize	  !	  

3D:	  3	  parameters	  

R	  =	  	  

M	  x	    R	  x	  +	  t	  	  
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Matrix representations: shear 
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M	  =	  	   =	  12	  parameters	  to	  op1mize	  !	  
M	  x	    R	  x	  +	  t	  	  

3D:	  6	  parameters	  

R	  =	  	  
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Matrix representations: skew 
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M	  =	  	   =	  12	  parameters	  to	  op1mize	  !	  
M	  x	    R	  x	  +	  t	  	  

3D:	  3	  parameters	  

R	  =	  	  

Close	  to	  shear,	  but	  anFsymmetric:	  RT	  =	  -‐R	  
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Matrix representations: projection 
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•  (n-‐1)	  x	  n	  matrix	  
	  
•  Parallel	  or	  perspecFve	  
	  
•  ex:	  2D/1D	  perspecFve	  proj.	  in	  homogeneous	  coords:	  
	  

	  SDD	  =	  Source	  to	  Detector	  Distance	  
	  SID	  =	  Source	  to	  Isocenter	  Distance	  

M	  =	  	  
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Summary: transformations 
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Linear	  matrices	  can	  be	  decomposed	  in:	  
hup://mathworld.wolfram.org/	  
hup://www.wikipedia.com/	  

	  
Transla1on	  parameters 	  straighUorward	  
Rota1on	  parameters 	  need	  cauFon,	  several	  soluFons	  	  
Scaling	  parameters	   	  straighUorward	  
Skew	  parameters 	   	  less	  used	  
	  
+	  Projec1on	  for	  2D/3D	  registraFon	  	  
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Summary: transformations 

29	  

Linear	  matrices	  can	  be	  decomposed	  in:	  
hup://mathworld.wolfram.org/	  
hup://www.wikipedia.com/	  

	  
Transla1on	  parameters 	  straighUorward	  
Rota1on	  parameters 	  need	  cauFon,	  several	  soluFons	  	  
Scaling	  parameters	   	  straighUorward	  
Skew	  parameters 	   	  less	  used	  
	  
+	  Projec1on	  for	  2D/3D	  registraFon	  	  

Only	  a	  subset	  of	  the	  parameters	  can	  (should?)	  be	  opFmized:	  
	  
Rigid 	   	   	  6	  parameters	  (translaFons	  +	  rotaFons)	  
Rigid	  +	  global	  scaling 	  7	  parameters	  
Rigid	  +	  independent	  scaling 	  9	  parameters	  
Affine 	   	   	  12	  parameters	  
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Summary: transformations 

30	  

Tips	  and	  tricks:
	  
Carefully	  choose	  the	  search	  space	  
•  As	  liule	  parameters	  as	  possible…	  
•  …	  but	  make	  sure	  the	  soluFon	  is	  in	  it	  !	  
•  Bound	  the	  search	  space,	  e.g.	  translaFons	  <	  2cm	  and	  rotaFons	  <	  10º	  
•  Scale	  the	  heterogeneous	  parameters,	  e.g.	  translaFons	  in	  mm	  and	  rotaFons	  in	  radians	  and	  degrees	  

Only	  a	  subset	  of	  the	  parameters	  can	  (should?)	  be	  opFmized:	  
	  
Rigid 	   	   	  6	  parameters	  (translaFons	  +	  rotaFons)	  
Rigid	  +	  global	  scaling 	  7	  parameters	  
Rigid	  +	  independent	  scaling 	  9	  parameters	  
Affine 	   	   	  12	  parameters	  
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Measures	  the	  alignment	  quality	  of	  I	  and	  J:	  

Q:	  Any	  idea?	  
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Similarity measure 

32	  

Measures	  the	  alignment	  quality	  of	  I	  and	  J:	  

Q:	  Any	  idea?	  

Two	  families:	  
•  Feature-‐based	  registraFon	  
•  Image-‐based	  registraFon	  
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Features	  are	  extracted	  prior	  to	  the	  similarity	  measure:	  
•  Points/landmarks	  
•  Lines	  
•  Vectors	  
•  Surfaces	  
•  Volumes	  
•  …	  
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Features	  are	  extracted	  prior	  to	  the	  similarity	  measure:	  
•  Points/landmarks	  
•  Lines	  
•  Vectors	  
•  Surfaces	  
•  Volumes	  
•  …	  

•  Manually	  or	  automa1cally	  extracted	  
•  Can	  be	  unpaired	  =	  not	  same	  sampling,	  amount,	  …	  
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(Dis-‐)similarity	  measure	  for	  features:	  
	  
•  Sum	  of	  distances:	  

•  L1	  norm	  

•  L2	  norm	  

•  QuadraFc	  sum	  (faster):	  

•  …	  
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(Dis-‐)similarity	  measure	  for	  features:	  
	  
+	  distance	  map	   	  =	  map	  of	  the	  distance	  between	  each	  point	  and	  the	  closest	  feature	  

	   	  =	  fast	  +	  useful	  for	  unpaired	  features	  	  

•  Computed	  only	  once	  for	  the	  reference	  image	  
•  Fast	  computaFons: 	  Chamfer	  distance	  (not	  Euclidean)	  

	   	   	  separable	  algorithms	  [Coeurjolly	  et	  al.	  PAMI	  2007]	  
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Symmetry?	  

Different	  !	  

Ø Use	  the	  distance	  map	  of	  the	  image	  with	  the	  easiest-‐to-‐extract	  features	  
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Summary:	  
	  
-‐	  Preliminary	  steps	  to	  iden1fy	  /	  extract	  features	  
-‐	  Pairing	  algorithm	  may	  be	  required	  
+	  Generally	  fast	  (depends	  on	  the	  feature	  type	  and	  size)	  
+	  RegistraFon	  of	  some	  features	  only…	  

Ø  SFll	  interesFng,	  especially	  for	  non-‐rigid	  registraFon…	  
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Summary:	  
	  
-‐	  Preliminary	  steps	  to	  iden1fy	  /	  extract	  features	  
-‐	  Pairing	  algorithm	  may	  be	  required	  
+	  Generally	  fast	  (depends	  on	  the	  feature	  type	  and	  size)	  
+	  RegistraFon	  of	  some	  features	  only…	  

Ø  SFll	  interesFng,	  especially	  for	  non-‐rigid	  registraFon…	  

Another	  limitaFon:	  
	  

	  MulF-‐modal	  images	  

Ø  Image-‐based	  registraFon	  
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(assuming	  a	  funcFonal	  dependence	  between	  the	  pixel	  intensiFes)	  
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Forward	  and	  backward	  mappings:	  
	  

Required	  to	  compute	  J	  o	  T	  
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Forward	  and	  backward	  mappings:	  
	  

Required	  to	  compute	  J	  o	  T	  
	  
Forward	  requires	  an	  addiFonal	  weight	  map	  +	  potenFal	  holes	  
Backward	  usually	  preferred:	  not	  a	  problem	  
-‐  If	  T	  is	  inverFble	  (ok	  with	  affine,	  otherwise	  should	  be	  enforced)	  
-‐  OpFmize	  T-‐1	  and	  invert	  it	  at	  the	  end	  

Beware:	  interpola1on	  required	  !	  
•  Nearest	  neighbor	  
•  Linear	  
•  More	  accurate:	  quadraFc,	  spline,	  …	  
=	  compromise	  between	  speed	  and	  accuracy	  
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(Dis-‐)similarity	  measure	  for	  intensiFes:	  
	  
Sum-‐of-‐squared	  differences	  (SSD):	  
•  Fast	  
•  Needs	  to	  be	  normalized	  to	  the	  domain	  size	  (in	  voxels)	  
•  FuncFonal	  dependence	  between	  intensiFes:	  

•  Ok	  if	  same	  modality	  +	  noise	  
•  Impossible	  if	  mulFmodal	  !	  

•  Similar	  to	  Sum-‐of-‐absolute	  differences	  (SAD)	  
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(Dis-‐)similarity	  measure	  for	  intensiFes:	  
	  
Sum-‐of-‐squared	  differences	  (SSD)	  
(Pearson)	  correla1on	  coefficient:	  
•  Range	  =	  [	  -‐1	  ,	  1	  ]	  

•  1	  =	  perfect	  increasing	  linear	  relaFonship	  
•  -‐	  1	  =	  …	  
•  0	  =	  independent	  

>	  Similarity	  measure	  =	  |	  CC(	  I	  ,	  J	  )	  |	  

•  Fast	  (with	  computaFonal	  tricks)	  
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(Dis-‐)similarity	  measure	  for	  intensiFes:	  
	  
Sum-‐of-‐squared	  differences	  (SSD)	  
(Pearson)	  correla1on	  coefficient:	  
•  Range	  =	  [	  -‐1	  ,	  1	  ]	  

•  1	  =	  perfect	  increasing	  linear	  relaFonship	  
•  -‐	  1	  =	  …	  
•  0	  =	  independent	  

>	  Similarity	  measure	  =	  |	  CC(	  I	  ,	  J	  )	  |	  

•  Fast	  (with	  computaFonal	  tricks)	  

•  More	  robust	  than	  SSD	  for	  2	  images	  from	  the	  same	  modality	  /	  not	  good	  for	  mul1modal	  

-‐  FuncFonal	  dependence	  between	  intensiFes:	  
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(Dis-‐)similarity	  measure	  for	  intensiFes:	  
	  
Sum-‐of-‐squared	  differences	  (SSD)	  
(Pearson)	  correla1on	  coefficient:	  
•  Range	  =	  [	  -‐1	  ,	  1	  ]	  

•  1	  =	  perfect	  increasing	  linear	  relaFonship	  
•  -‐	  1	  =	  …	  
•  0	  =	  independent	  

>	  Similarity	  measure	  =	  |	  CC(	  I	  ,	  J	  )	  |	  

•  Fast	  (with	  computaFonal	  tricks)	  

•  More	  robust	  than	  SSD	  for	  2	  images	  from	  the	  same	  modality	  /	  not	  good	  for	  mul1modal	  

-‐  FuncFonal	  dependence	  between	  intensiFes:	  

	  
-‐  Other	  funcFonal	  relaFonship?	  =	  informa1on	  theory:	  	  

-‐  Mutual	  informaDon,	  coefficient	  raDo… 	  both	  require	  joint	  histograms	  
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Histogram:	  
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Histogram:	  

Joint	  histogram:	  

Not	  pixel	  indices	  !	  
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Joint	  histogram:	  
•  2D	  distribu1on	  of	  the	  intensity	  pairs	  at	  each	  voxel	  
•  Recomputed	  at	  each	  step	  of	  the	  opFmisaFon	  

[Roche,	  PhD,	  2001]	  

Mono-‐modal	  
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Joint	  histogram:	  
•  2D	  distribu1on	  of	  the	  intensity	  pairs	  at	  each	  voxel	  
•  Recomputed	  at	  each	  step	  of	  the	  opFmisaFon	  

Mul1-‐modal	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

	  Entropy	  (Shannon-‐Wiener):	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

>	  The	  more	  similar	  the	  distribuFons…	   	  =	  the	  lower	  the	  joint	  entropy	  
	   	   	   	   	  (compared	  to	  the	  sum	  of	  individual	  entropies)	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on:	  

[Pluim	  et	  al.	  IEEE	  TMI,	  2003]	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on:	  

•  PosiFve	  

•  Symmetric:	  MI(	  I	  ,	  J	  )	  =	  MI(	  J	  ,	  I	  )	  

•  	  H(	  J	  |	  I	  )	  =	  H(	  I	  ,	  J	  )	  –	  H(	  I	  )	  =	  condiFonal	  entropy	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on	  

•  Normalized	  mutual	  informa1on	  
•  Goal	  =	  overcome	  the	  sensi1vity	  of	  MI	  to	  variaFons	  of	  the	  overlap	  size	  between	  I	  and	  J	  o	  T	  
•  Several	  versions	  
•  Example	  =	  [Studholme	  et	  al.	  Pau	  Recogn,	  1999]	  

•  It’s	  a	  reference	  !!!	  
First	  arFcles:	  1995	  (Maes	  et	  al.	  [Belgium],	  Viola	  et	  al.	  [US])	  
First	  journal	  arFcles:	  1997	  
Among	  the	  most	  cited	  arDcles	  in	  the	  field…	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on	  

•  Normalized	  mutual	  informa1on	  
•  Currently	  =	  #1	  similarity	  measure	  ! 	  MulF-‐modal	  +	  robust	  +++	  

•  Implementa1on	  malers	  (as	  usual…)	  
•  Survey	  of	  methods	  =	  [Pluim	  et	  al.	  IEEE	  TMI	  2003]	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on	  

•  Normalized	  mutual	  informa1on	  
•  Currently	  =	  #1	  similarity	  measure	  ! 	  MulF-‐modal	  +	  robust	  +++	  

•  Implementa1on	  malers	  (as	  usual…)	  
•  Specifically:	  

•  InterpolaFon	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on	  

•  Normalized	  mutual	  informa1on	  
•  Currently	  =	  #1	  similarity	  measure	  ! 	  MulF-‐modal	  +	  robust	  +++	  

•  Implementa1on	  malers	  (as	  usual…)	  
•  Specifically:	  

•  InterpolaFon	  
•  Binning	  
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Joint	  histogram:	  what	  for?	  
•  Mutual	  informa1on	  –	  entropy 	  =	  measure	  of	  informaFon	  as	  registraFon	  metric	  

•  Mutual	  informa1on	  –	  joint	  entropy	  (2	  images	  =	  2	  subindices)	  

•  Mutual	  informa1on	  

•  Normalized	  mutual	  informa1on	  
•  Currently	  =	  #1	  similarity	  measure	  ! 	  MulF-‐modal	  +	  robust	  +++	  

•  Implementa1on	  malers	  (as	  usual…)	  
•  Specifically:	  

•  InterpolaFon	  
•  Binning	  
•  Probability	  computaFon	  
•  NormalizaFon	  (NMI)	  
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Summary:	  

•  The	  measures	  can	  be	  classified	  vs.	  hidden	  variables	  [Malandain,	  HDR,	  2006]	  
•  SSD	  /	  SAD 	  0	  variable	  
•  CC 	   	  2	  variables:	  slope	  +	  intercept	  
•  MI 	   	  size	  of	  the	  joint	  histogram	  matrix	  

•  MI	  is	  more	  general,	  hence	  its	  success…	  
•  …	  but	  more	  suscepFble	  to	  fail	  in	  simple	  situa1ons	   	  /	  where	  SSD	  is	  enough	  	  

	   	   	   	   	   	   	  (e.g.	  Fme	  series)	  
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Summary:	  

•  The	  measures	  can	  be	  classified	  vs.	  hidden	  variables	  [Malandain,	  HDR,	  2006]	  
•  SSD	  /	  SAD 	  0	  variable	  
•  CC 	   	  2	  variables:	  slope	  +	  intercept	  
•  MI 	   	  size	  of	  the	  joint	  histogram	  matrix	  

•  MI	  is	  more	  general,	  hence	  its	  success…	  
•  …	  but	  more	  suscepFble	  to	  fail	  in	  simple	  situa1ons	   	  	  

Remark:	  region	  of	  interest	  (ROI)	  
	  >	  applied	  to	  the	  reference	  and/or	  the	  target	  
	  (depending	  on	  the	  similarity	  measure)	  
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Challenge	  =	  find	  the	  global	  minimum…	  as	  fast	  as	  possible	  
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Challenge	  =	  find	  the	  global	  minimum…	  as	  fast	  as	  possible	  
	  
•  Maximize	  or	  minimize	  (depending	  on	  the	  energy	  formulaFon)	  

•  With	  or	  without	  gradient	  (if	  f	  is	  differenFable)	  

•  Mul1-‐resolu1on	  
•  Convergence	  
•  Robustness	  to	  noise	  +	  local	  minima	  
•  Large	  deformaFons	  
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Challenge	  =	  find	  the	  global	  minimum…	  as	  fast	  as	  possible	  
	  
•  Maximize	  or	  minimize	  (depending	  on	  the	  energy	  formulaFon)	  

•  With	  or	  without	  gradient	  (if	  f	  is	  differenFable)	  

•  Mul1-‐resolu1on	  

•  IteraFve	  process	  

•  Stopping	  criterion	  =	  	  

•  Update	  =	  	  
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Challenge	  =	  find	  the	  global	  minimum…	  as	  fast	  as	  possible	  
	  
•  Maximize	  or	  minimize	  (depending	  on	  the	  energy	  formulaFon)	  

•  With	  or	  without	  gradient	  (if	  f	  is	  differenFable)	  

•  MulF-‐resoluFon	  

•  IteraFve	  process	  

•  Stopping	  criterion	  =	  	  

•  Update	  =	  	  

•  Importance	  of	  iniFalizaFon	  !!!	  
•  Pre-‐align	  image	  origins	  /	  centers	  /	  mass	  centers	  
•  Rigid	  alignment	  before	  non-‐rigid	  
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Process	  /	  methods	  =	  cf.	  supplementary	  slides	  [RIT-‐SARRUT_opFmizaFon.pdf]	  
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Summary:	  
	  
•  Without	  gradient	  

•  Simple	  
•  Powell	  (conjugate	  direcFons)	  

•  With	  gradient:	  
•  Gradient	  descent	  
•  Conjugate	  gradient	  
•  Quasi-‐Newton	  
•  Levenberg-‐Marquart	  

•  Also:	  
•  GeneFc	  algorithms	  
•  Simulated	  annealing	  
•  …	  
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(further	  developed	  in	  D.	  Sarrut’s	  part)	  
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(further	  developed	  in	  D.	  Sarrut’s	  part)	  
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(further	  developed	  in	  D.	  Sarrut’s	  part)	  
	  

Registration [t,0]

t=0 t-1 t
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(further	  developed	  in	  D.	  Sarrut’s	  part)	  
	  

[Duchateau	  et	  al.	  IEEE	  TMI,	  2018]	  
[Zhou	  et	  al.	  IEEE	  TMI,	  2018]	  
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(further	  developed	  in	  D.	  Sarrut’s	  part) 	  +	  challenges	  
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(further	  developed	  in	  D.	  Sarrut’s	  part) 	  +	  challenges	  
	  



Medical Imaging Research Laboratory Medical Imaging Research Laboratory 
www.creatis.insa-lyon.fr 

Conclusion 

66	  



Medical Imaging Research Laboratory Medical Imaging Research Laboratory 
www.creatis.insa-lyon.fr 

Conclusion 

66	  

Your	  own	  soluFon…	  
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Your	  own	  soluFon…	  

…	  or	  exisFng	  soluFons	  
•  ITK	  /	  VTK	  
•  ElasFx,	  Deformetrica,	  …	  






