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Cardiac Fiber Unfolding by
Semidefinite Programming

Hongying Li∗, Marc C. Robini, Member, IEEE, Feng Yang, Isabelle Magnin, and Yuemin Zhu

Abstract—Diffusion-tensor imaging allows noninvasive assess-
ment of the myocardial fiber architecture, which is fundamental in
understanding the mechanics of the heart. In this context, tractog-
raphy techniques are often used for representing and visualizing
cardiac fibers, but their output is only qualitative. We introduce
here a new framework toward a more quantitative description of
the cardiac fiber architecture from tractography results. The pro-
posed approach consists in taking three-dimensional (3-D) fiber
tracts as inputs, and then unfolding these fibers in the Euclidean
plane under local isometry constraints using semidefinite program-
ming. The solution of the unfolding problem takes the form of a
Gram matrix which defines the two-dimensional (2-D) embedding
of the fibers and whose spectrum provides quantitative information
on their organization. Experiments on synthetic and real data show
that unfolding makes it easier to observe and to study the cardiac
fiber architecture. Our conclusion is that 2-D embedding of car-
diac fibers is a promising approach to supplement 3-D rendering
for understanding the functioning of the heart.

Index Terms—Cardiac imaging, diffusion-tensor imaging, di-
mensionality reduction, semidefinite programming, tractography.

I. INTRODUCTION

THE human myocardium is composed of branched my-
ocytes which are approximately 25 μm in diameter and

100 μm in length, and which are attached to each other by
intercalated disks. Therefore, contrary to brain white matter tis-
sue, the myocardium does not contain so-called “fibers” at the
microscopic scale. However, cardiac myocytes form elongated
structures with a preferential local orientation, which are of-
ten regarded as fibers (or bundles of fibers) at coarse scales.
The notion of cardiac fibers has been used since the end of the
19th century to study the structure of the myocardium [1]–[11],
and cardiac fiber organization is fundamental in understanding
the functioning of the heart [12], [13]. More recently, the exis-
tence of fiber patterns in the myocardium has been further con-
firmed by diffusion-tensor imaging (DTI) [14]; this technique
measures water diffusion in the myocardium region and allows
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Fig. 1. Fiber tracts obtained from human cardiac DTI data (superimposed on
the B0 volume). The tracts are located in the left ventricle and pass through the
voxel pointed by the red arrow.

noninvasive assessment of the human myocardial architecture
[15]–[21]. In cardiac DTI, tractography produces a set of three-
dimensional (3-D) curves which represent the paths followed
by myocardial fibers, thereby facilitating the high-level percep-
tion of the fiber architecture of the heart (the fibers are usually
interpreted visually from 3-D rendering with a coloring scheme
based on curve features such as local tangent directions [22]).

The helical pattern of cardiac fibers can be successfully re-
constructed from DTI tractography results [23], [24], but trac-
tography is usually regarded as the final stage in representing the
cardiac fiber architecture. In fact, up to now, few studies have
focused on the quantitative description of fiber tracts, whether
cardiac or neuronal. In [25], a clustering methodology was pro-
posed to find correspondences across a fiber population obtained
from cardiac DTI data. In [26] and [27], the authors used compu-
tational techniques to quantify and compare the shape of fibers
in the human brain. Finally, clustering approaches to classifying
white matter fiber bundles were reported in [28] and [29].

We present here a framework for unfolding cardiac fibers in
order to facilitate the description of their architecture. Our ap-
proach consists in taking 3-D fiber tracts as inputs, unfolding
them in the Euclidean plane, and extracting quantitative param-
eters from the resulting two-dimensional (2-D) embedding. This
new type of representation makes it easier to observe the relative
positions of the fibers and allows a more accurate assessment
of their organization. To motivate our idea, Fig. 1 displays four
cardiac fiber tracts with the B0 volume in the background. These
fibers pass through a same point, but even though they are few,
their organization is difficult to apprehend.
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See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Fig. 2. Fiber tract X(p ) = (x(p )
−m p

, . . . , x(p )
0 , . . . , x(p )

n p ) is represented by a
finite sequence of points. The distance between two adjacent points is a constant
δ called the step-length.

We propose to unfold the fiber tracts using a nonlinear dimen-
sionality reduction technique (see [30], [31] for an overview)—
namely, semidefinite embedding [32]—which positions data
points as far apart as possible under local distance constraints.
More precisely, each fiber is sampled at regular intervals, and
the resulting points are placed in the Euclidean plane by maxi-
mizing the sum of the squared distances between pairs of points
connected in a fiber-isometry graph. This graph is constructed
to reflect likely similarities between neighboring fibers, and the
optimization is performed by semidefinite programming (SDP).
The solution of the SDP problem takes the form of a Gram matrix
from which the embedded fibers are obtained by diagonaliza-
tion, and whose spectrum provides quantitative information on
fiber organization. In particular, the ratio of the second to the
third largest eigenvalues measures the closeness of the 3-D input
fibers to a 2-D manifold, and the ratio of the second to the first
largest eigenvalues measures the dispersion of the fibers within
the embedding. This leads to the definition of two quantitative
indices on fiber organization: embedding accuracy (EA) and
fiber dispersion (FD).

This paper is organized as follows. In Section II, we describe
the methodology of unfolding, which includes the representation
of fibers, the definition of suitable distance and neighborhoods
for isometry constraints, and the formulation in terms of SDP.
Section III is devoted to experimental results on synthetic data
and real human cardiac data. A brief discussion and concluding
remarks are given in Section IV.

II. METHODOLOGY

A. Fiber Representation

Fibers are represented by finite sequences of points, as shown
in Fig. 2. Given an ordering of the fibers, we denote the pth
fiber by

X(p) =
(
x(p)
−mp

, . . . ,x(p)
0 , . . . ,x(p)

np

)
(1)

where mp and np are positive integers, and x(p)
0 is called the

reference point of the fiber. The set of all fiber points is

X =
P⋃

p=1

np⋃

i=−mp

{x(p)
i } (2)

where P is the number of fibers. We let N denote the total
number of points in X, that is,

N =
P∑

p=1

(mp + np + 1). (3)

Fig. 3. Spiral-shaped fibers before and after unfolding: (a) fiber points in the
yellow region are close to each other in the sense of the Euclidean distance in

space; (b) in the embedding, the image point y(2)
k

of x(2)
k

is distant from the
other image points.

The distance between two adjacent points x(p)
i and x(p)

i+1 in a
same fiber X(p) is a constant δ > 0 which we call the step-
length.

For simplicity, we will sometimes drop the superscript indi-
cating the fiber number. In this case, a point x(p)

i is denoted by
xm with

m =

⎧
⎪⎨

⎪⎩

i + mp + 1, if p = 1

i + mp + p +
p−1∑

j=1

(mj + nj ), if p > 1.
(4)

In other words, (x1 , . . . ,xN ) is the ordering of the set of all
fiber points obtained by concatenating X(1) , . . . ,X(P ) .

B. Fiber Isometry

A map f from a metric space (E, dE ) to another metric space
(F, dF ) is called an isometry if dF (f(a), f(b)) = dE (a, b) for
all (a, b) ∈ E2 . To extend the notion of isometry to fibers points,
we must give a meaning to distance preservation for a one-to-one
correspondence between the set of fiber points X ⊂ R3 and an
embedding Y = {y1 , . . . ,yN } of X in the Euclidean plane. To
do so, we equip Y with the standard Euclidean norm (which we
simply denote by ‖ · ‖), and we define a distance function dX on
X that reflects our knowledge about cardiac fiber organization
(see Section II-D). In particular, dX should discriminate pairs
of nearby points in a same fiber from pairs of nearby points in
different fibers. This is illustrated in Fig. 3. The four points in
the yellow region in Fig. 3(a) are close in terms of the Euclidean
distance in space, but in the embedding, the image point y(2)

k of

x(2)
k is distant from the other three image points; so in terms of

dX , the fiber points x(1)
i , x(2)

i and x(2)
j should be close to each

other and distant from x(2)
k .
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C. Fiber Unfolding

Given a set {X(1) , . . . ,X(P )} of sequential cardiac fibers
in R3 , unfolding embeds the X(p)’s in the Euclidean plane
to supplement the description of their organization. The one-
to-one correspondence between the set of fiber points X and
its embedding Y is obtained by “stretching” the fibers (that
is, by maximizing the sum of the squared distances between
pairs of points) while preserving neighborhood relationships
defined in terms of dX . Formally, the optimization problem is
the following:

maximize
N∑

m,n=1

‖ym − yn‖2

subject to amn‖ym − yn‖ = amn‖xm − xn‖ (5)

where the amn ’s are the binary coefficients of an adjacency
matrix A designed to preserve fiber features such as arc-length
along a same fiber and isometry between adjacent fibers. The
construction of A is detailed in Section II-E; it involves the
distance dX defined below.

D. Distance Between Fiber Points

The definition of dX is not straightforward because 3-D car-
diac fibers have a somewhat spiral shape. In a nutshell, the
distance we propose moves two fiber points away if they do not
belong to a same local fiber-bundle region. By way of illustra-
tion, referring back to Fig. 3, the idea is to put a large distance
between x(2)

k and the three other fiber points.

The natural distance between two points x(p)
i and x(p)

j in

a same fiber X(p) is the fiber-length between them; so we let
dX (x(p)

i ,x(p)
j ) be the length of a polygonal chain approximating

X(p) between these two points:

dX (x(p)
i ,x(p)

j ) = |j − i|δ (6)

for all p ∈ {1, . . . , P} and all i, j ∈ {−mp, . . . , np}. If x(p)
i and

x(q)
j do not belong to a same fiber, we extend this definition by

setting

dX (x(p)
i ,x(q)

j ) =
√(

|j − i|δ
)2 +

(
d

(p,q)
i,j

)2
(7)

where |j − i|δ is to be interpreted here as the arc-length between
the local fiber-bundle regions containing x(p)

i and x(q)
j , and

where d
(p,q)
i,j is the mean distance between the pth and qth fibers

at points i and j, that is,

d
(p,q)
i,j =

1
2
(∥∥x(p)

i − x(q)
i

∥
∥ +

∥
∥x(p)

j − x(q)
j

∥
∥)

. (8)

It should be stressed that dX is not the Euclidean distance
between two points (except for successive points in a same
fiber) and that it depends on the choice of the reference points
x

(1)
0 , . . . , x

(P )
0 . This distance has intuitive appeal if the reference

points are located in a small region of interest which we call the
reference region.

E. Construction of the Adjacency Matrix

The purpose of the N × N adjacency matrix A = [am,n ] is
to relax the distance constraints that are not tied to cardiac fiber
organization. The coefficients of A are defined by

amn =

{
1, if xn ∈ Nk (xm ) and xm ∈ Nk (xn )

0, otherwise
(9)

where {Nk (x1), . . . ,Nk (xN )} is a collection of structural
neighborhoods which can be interpreted as local fiber bundle
regions, and where the integer k � 3 is a size parameter which
fixes the number of points in the neighborhoods and thus con-
trols local isometry. If k is set to its minimum value (that is,
k = 3), the distance constraints between pairs of points in dif-
ferent fibers are relaxed, and hence the original local structure
is lost in the unfolding process. Increasing k reinforces the dis-
tance constraints and widens their range, which makes it harder
to flatten the original 3-D structure. In the present study, the
value of k is chosen so that the neighborhoods involve three
to six fibers (more details are given in the experimental and
discussion sections).

The neighborhoods Nk (xm ) are constructed in the following
three steps:

1) For every fiber point x(p)
i , we let S(x(p)

i ) be the set of
fiber points whose elements are

a) x(p)
i and its nearest neighbors x(p)

i−1 and x(p)
i+1 in the pth

fiber (it being understood that there is only one nearest
neighbor if i = −mp or np )

b) the three nearest neighbors of x(p)
i with respect to dX in

each fiber X(q) (q �= p), that is, the fiber points x(q)
i1

, x(q)
i2

and x(q)
i3

such that

max
j∈{1,2,3}

dX
(
x(p)

i ,x(q)
ij

)

< min
x∈X ( q ) \

{
x( q )

i 1
,x( q )

i 2
,x( q )

i 3

} dX (x(p)
i ,x). (10)

Therefore, S(x(p)
i ) contains either 3P − 1 or 3P fiber

points depending on whether x(p)
i is a fiber extremity or

not.
2) Since S = {S(x1), . . . ,S(xN )} is not symmetric in

the sense that xn ∈ S(xm ) does not necessarily im-
ply that xm ∈ S(xn ), we introduce the symmetrization
{S†(x1), . . . ,S†(xN )} of S defined by

S†(xm ) = S(xm ) ∪ {xn ∈ X | xm ∈ S(xn )} (11)

for all m ∈ {1, . . . , N}.
3) Finally, we adjust the range of the local isometry con-

straints by restricting the symmetrization of S to neigh-
borhoods of size at most k + 1. More precisely, if S†(xm )
has more than k + 1 elements, we define the structural
neighborhood Nk of xm to be the union of xm with its k
nearest neighbors in S†(xm ) with respect to dX :

Nk (xm ) = {xm} ∪ {xm,1 , . . . ,xm,k} (12)
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where xm,1 , . . . ,xm,k ∈ S†(xm ) \ {xm} are such that

max
l∈{1,...,k}

dX (xm ,xm,l)

< min
x∈S†(xm )\Nk (xm )

dX (xm ,x). (13)

If S†(xm ) has no more than k + 1 elements, then we simply set
Nk (xm ) = S†(xm ).

F. Solving the Unfolding Problem by SDP

Given a set Y = {y1 , . . . ,yN } of points in the Euclidean
plane, we let G = [gmn ] be the Gram matrix of Y; that is,
gmn = ym · yn (the standard inner product of ym and yn )
for every (m,n) ∈ {1, . . . , N}2 . Then, since ‖ym − yn‖2 =
gmm − 2gmn + gnn , the constraints of the unfolding problem
(5) are equivalent to

amn (gmm − 2gmn + gnn ) = amn‖xm − xn‖2 . (14)

The unfolding problem has a translational degree of freedom:
if {y∗

1 , . . . ,y
∗
N } is a solution, then so is {y∗

1 + a, . . . ,y∗
N + a}

for any 2-D point a. To obtain a single solution, we add the
constraint that Y be centered on the origin, that is,

∑
n yn = 0,

or equivalently,
∑

m,n

gmn = 0 (15)

(this equivalence follows from the fact that ‖
∑

n yn‖2 =∑
m,n ym · yn ). The constraint (15) also allows to express the

objective function of the unfolding problem in terms of the trace
of G:

∑

m,n

‖ym − yn‖2 =
∑

m,n

(gmm − 2gmn + gnn )

= 2N
∑

m

gmm = 2Ntr(G). (16)

In the end, since a matrix is Gramian if and only if it is pos-
itive semidefinite, the unfolding problem is equivalent to the
following SDP problem:

maximize tr(G) subject to
⎧
⎪⎨

⎪⎩

G is symmetric positive semidefinite
∑

m,n gmn = 0
amn (gmm − 2gmn + gnn ) = amn‖xm − xn‖2 .

(17)

(We refer to [33] for a comprehensive introduction to SDP and
to [35] for the SDP solver used in our experiments.)

The question that remains is how to compute a solution
Y∗ = {y∗

1 , . . . ,y
∗
N } to the original unfolding problem from

a solution G∗ to (17). Since G∗ is symmetric, it can be written
in the form G∗ = PΛPT, where Λ = diag{λ1 , . . . , λN} is the
diagonal matrix whose entries are the eigenvalues of G∗, and
P = [v1 . . . vN ] is the orthogonal matrix whose columns are
the eigenvectors of G∗ associated with λ1 , . . . , λN . The eigen-
values λn are nonnegative (because G∗ is positive semidefi-
nite), and we assume that they are arranged in decreasing order:

λ1 � · · · � λN � 0. The coefficients g∗mn of G∗ are given by

g∗mn =
N∑

k=1

λkvk,mvk,n (18)

where vk,n denotes the nth component of vk . Equivalently, G∗

is the Gram matrix of the vectors ψ1 , . . . ,ψN defined by

ψn = (
√

λ1v1,n , . . . ,
√

λN vN,n ). (19)

If the fibers X(1) , . . . ,X(p) lie near a 2-D manifold, then λ2 	
λ3 [32], and thus

ψn ≈ (
√

λ1v1,n ,
√

λ2v2,n , 0 . . . , 0). (20)

Hence, the solution Y∗ to the original unfolding problem is
obtained by truncating the vectors ψn to their first two compo-
nents; that is, we set

y∗
n = (

√
λ1v1,n ,

√
λ2v2,n ) (21)

for all n ∈ {1, . . . , N}.
The ratio λ3/λ2 can be used to measure the accuracy of

approximation (20) (the smaller λ3/λ2 , the closer the original
set of 3-D fibers to a 2-D manifold), and λ2/λ1 measures the
dispersion of the fibers within the 2-D embedding. Since these
two ratios are in the interval [0, 1], we can use them to express
EA and FD as percentages:

EA (%) = 100(1 − λ3/λ2) (22)

FD (%) = 100 λ2/λ1 . (23)

G. Distance Measure Between Two Embeddings

We conclude our methodological description with the def-
inition of a distance measure between embeddings of a same
set of fibers X. This measure is denoted by d and used in our
experiments below. Given two embeddings Y = (y1 , . . . ,yN )
and Z = (z1 , . . . , zN ) of X, we define

d(Y,Z) =
1

N 2

∑

m �=n

dm,n (Y,Z) (24)

where dm,n (Y,Z) is the absolute difference of the distances
between the mth and nth points in Y and Z:

dm,n (Y,Z) =
∣
∣‖ym − yn‖ −

∥
∥zm − zn‖

∣
∣. (25)

III. EXPERIMENTS

A. Synthetic Examples

1) Equidistant Helical Fibers: We first test our unfolding al-
gorithm on the four equidistant helical fibers displayed in Fig. 4;
this choice is motivated by the helical ventricular myocardial
band model [23]. Each fiber is represented by 100 points and
has a length of 49 (the unit of measurement is arbitrary, but we
can think in terms of millimeters). The distance between two
nearby fibers is 0.93. Fig. 5 shows the embedding produced by
our unfolding algorithm with k = 9. Note that the horizontal
and vertical axis scales are the same, as for all the embeddings
displayed in this paper. The embedding reveals the structure
of the 3-D curves: It consists of parallel segments with length
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Fig. 4. Equidistant helical fibers. Each fiber has a length of 49 (arbitrary unit),
the distance between two adjacent fibers is 0.93, and the red points are the
reference points.

Fig. 5. Embedding of the equidistant helical fibers obtained with k = 9. The
length and relative positions of the helixes are preserved.

equal to that of the helixes, and the distance from one seg-
ment to the next is also the same as that between the helixes.
These observations are supplemented by the three largest nor-
malized eigenvalues of the Gram matrix G∗ solution to (17):
λ1 = 0.9950, λ2 = 4.7 × 10−3 , and λ3 = 10−4 . Following def-
initions (22) and (23), the EA is 97.8%, which indicates that the
helixes are very close to a 2-D manifold, and the FD within the
embedding is smaller than 0.5%, which is in agreement with
the fact that the helixes are equidistant and close to each other.

A guideline for choosing the neighborhood-size parameter k
is that it should be about three times the number of fibers that
defines the range of the local isometry constraints. So k ranges
from 3 to 3P if there are P fibers to unfold, and setting k = 3Q
with Q ∈ {1, . . . , P} means that each structural neighborhood
Nk (xm ) contains points in about Q different fibers (the ex-
act number depends on the fiber extremities in the considered
neighborhood). Back to our example, for the value k = 9 con-
sidered above, most neighborhoods N9(xm ) contain ten points
distributed in three neighboring fibers; in other words, the range
of the local isometry constraints is limited to three fibers, which
is sufficient since the helixes are equidistant. The unfolding
results remain similar for values of k larger than 9, but they
deteriorate when the structural neighborhoods involve less than
nine points in three different fibers (that is, when k � 7). This
is illustrated in Fig. 6, which shows the embeddings obtained
with k = 11 and k = 5.

Fig. 6. Embeddings of the equidistant helical fibers obtained with (a) k = 11
and (b) k = 5.

2) Fanning and Highly Curled Fibers: We consider here the
set of fanning fibers shown in Fig. 7(a) and the set of highly
curled fibers shown in Fig. 7(b). Each set contains a total of
800 points distributed among seven fibers. The elevation angle
is constant along every fiber and varies from one fiber to the
other, ranging from −45◦ to 45◦ with a 15◦ step-angle for the
fanning fibers, and from 0◦ to 30◦ with a 5◦ step-angle for
the curled fibers.

Fig. 8 displays the embeddings obtained by our unfolding
algorithm with k = 15 and using the reference points at the
locations pointed by the arrows in Fig. 7. Let us first examine the
embedding of the fanning fibers in Fig. 8(a). The unfolded fibers
are straight line segments revealing the fanning structure of the
original 3-D fibers. The EA is almost perfect (99.6%) because
the 3-D fibers lie on a cylinder, and the important FD within
the embedding is confirmed by its quantitative measurement
(40.6%). Furthermore, the angle α between every pair of nearby
line segments is about 15.1◦, and the angle β between the outer
line segments is about 90.7◦; that is, we recover almost exactly
the step and the range of the elevation angle that were used
to generate the 3-D fibers. The embedding of the curled fibers
[see Fig. 8(b)] consists of nearly straight lines. The associated
accuracy is 94.9%, the FD is only 6.3%, and the step and range
angles α and β are close to the step and the range of the elevation
angle in the 3-D fibers (but not as close as for the fanning
fibers). This slight decrease in accuracy compared to the fanning
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Fig. 7. Synthetic sets of fanning and curled fibers, both with three groups of
reference points. The first group consists of reference points at the same location
(pointed by the arrow), and the other two groups are vertically aligned.

Fig. 8. Embeddings of the sets of fibers shown in Fig. 7: (a) fanning fibers;
(b) curled fibers. (In both cases, we used k = 15 and the reference points pointed
by the arrows.)

TABLE I
LARGEST NORMALIZED EIGENVALUES, EA, AND FD OF THE UNFOLDED

FANNING FIBERS FOR INCREASING VALUES OF k

λ1 λ2 λ3 EA (%) FD (%)

k = 6 1.0000 0.0000 0.0000 - -
k = 9 0.7134 0.2857 0.0004 99.8 40.0
k = 12 0.7141 0.2833 0.0018 99.3 39.6
k = 15 0.7099 0.2886 0.0010 99.6 40.6
k = 18 0.7053 0.2897 0.0035 98.8 41.0
k = 21 0.7027 0.2912 0.0038 98.7 41.4

TABLE II
STEP AND RANGE ANGLES OF THE UNFOLDED FANNING FIBERS

FOR INCREASING VALUES OF k � 9

α β

k = 9 14.9 89.4
k = 12 14.9 89.4
k = 15 15.1 90.7
k = 18 15.2 91.4
k = 21 15.3 92.2

TABLE III
LARGEST NORMALIZED EIGENVALUES, EA, AND FD OF THE CURLED

FIBERS FOR INCREASING VALUES OF k

λ1 λ2 λ3 EA (%) FD (%)

k = 6 1.0000 0.0000 0.0000 - -
k = 9 1.0000 0.0000 0.0000 - -
k = 12 0.9352 0.0587 0.0043 92.6 6.2
k = 15 0.9363 0.0590 0.0030 94.9 6.3
k = 18 0.9394 0.0578 0.0015 97.4 6.1
k = 21 0.9357 0.0591 0.0034 94.2 6.3

fibers is due to the more complex, spiral-shaped structure of the
underlying 2-D manifold. The small FD reflects the fact that the
curled fibers move slowly away from each other.

To assess the effect of the neighborhood-size parameter
k, we repeated the above unfolding experiments with k ∈
{6, 9, 12, 18, 21} (recall that we used k = 15 previously). In
the case of the fanning fibers, the original fiber structure is
lost when k = 6 (the structural neighborhoods Nk (xm ) contain
too few points to keep the unfolded fibers grouped together),
but the other embeddings are visually the same: the distance d
[see (24)] between any two embeddings obtained for k � 9 is
smaller than 0.13, a value to be compared to the average length
of the 3-D fibers (about 40). Quantitatively, Table I shows that
for k � 9, the spectrum of the Gram matrix is approximately
constant, and hence so are the EA and the FD. Moreover, the
step and range angles given in Table II are very close to 15◦ and
90◦. So the distribution of the original elevation angle is pre-
served by the unfolding process. As regards the curled fibers,
the original structure is lost when k � 9, but the embeddings ob-
tained for k � 12 are similar, as Table III shows—the distance
d between any two such embeddings is smaller than 0.36, to be
compared with an average fiber length of about 60. The step and
range angles given in Table IV confirm that the distribution of
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TABLE IV
STEP AND RANGE ANGLES OF THE UNFOLDED CURLED FIBERS

FOR INCREASING VALUES OF k � 12

α β

k = 12 5.2 31.2
k = 15 5.3 31.9
k = 18 5.4 32.1
k = 21 5.4 32.1

Fig. 9. Simple configuration consisting of six cardiac fibers close to one
another (long- and short-axis views).

the original elevation angle is preserved by unfolding when the
neighborhood size is large enough.

We finally repeated all the previous experiments on the fan-
ning and curled fibers using the other two groups of reference
points (that is, the sets of vertically aligned points shown in
Fig. 7). We did not observe any difference with the results ob-
tained when using the overlapping reference points, which leads
to the conclusion that our unfolding algorithm is not sensitive
to the choice of the reference region. However, when dealing
with real data, it is practically (and intuitively) better to choose
a reference region as small as possible.

B. Unfolding Real Cardiac Fibers

Our real data consist of diffusion-weighted images of ex vivo
human hearts acquired with a Siemens 1.5 T Magnetom Avanto
using the following settings: TE = 98 ms, TR = 8600 ms,
FOV = 256 × 256 mm2 , slice thickness = 2 mm, number of
slices = 52, slice size = 128 × 128, diffusion sensitivity =
103 s × mm−2 , and 12 gradient directions. The acquisition se-
quence is a 2-D EPI diffusion-weighted sequence with a twice-
refocused diffusion preparation.

The cardiac fibers considered here are selected from fiber sets
obtained with the probabilistic tractography method proposed in
[34]. Unless stated otherwise, these fibers are discretized with a
step-length of half the voxel size (they contain about 160 points
on average), and the neighborhood-size parameter k is set to 15
(so according to our discussion in Section III-A, most structural
neighborhoods involve five different fibers).

1) Simple Fiber Configuration: We start with the simple
configuration shown in Fig. 9, which consists of six cardiac
fibers that are close to each other along their whole lengths.
Figs. 10(b), (d) and (f) show the corresponding embeddings ob-
tained when moving the reference region from one extremity

Fig. 10. Embeddings of the fibers in Fig. 9 obtained with different sets of
reference points: (b), (d) and (f) are the embeddings associated with the reference
point locations displayed in red in (a), (c) and (e), respectively. (Axis units are
mm.)

TABLE V
LARGEST NORMALIZED EIGENVALUES, EA, AND FD OF THE EMBEDDINGS

SHOWN IN FIG. 10

Reference region λ1 λ2 λ3 EA (%) FD (%)

Lower [see Fig. 10(b)] 0.9907 0.0064 0.0008 87.5 0.64
Middle [see Fig. 10(d)] 0.9896 0.0073 0.0010 86.3 0.73
Higher [see Fig. 10(f)] 0.9906 0.0070 0.0007 90 0.70

to the other. We observe that the unfolded fibers remain close
to each other (similar to the 3-D fibers) and that the unfold-
ing algorithm is not sensitive to moving the reference region.
This is further confirmed by measuring the distance d between
any two of the three embeddings: The result remains smaller
than 0.25% of the average length of the 3-D fibers. The largest
normalized eigenvalues of the Gram matrices associated with
the three embeddings are reported in Table V. The EA is high
enough to conclude that the 3-D fibers lie near a 2-D manifold,
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Fig. 11. Thirteen cardiac fibers with organization subject to misinterpretation.
(The red points are the reference points used for unfolding.)

Fig. 12. Embedding of the fibers shown in Fig. 11. (Axis units are mm.)

and the negligible FD values are in agreement with the band-like
organization of the 3-D fibers.

2) Complex Fiber Configuration: The architecture of the set
of fibers displayed in Fig. 11 is more difficult to apprehend than
that of the fibers in Fig. 9. The corresponding embedding is
shown in Fig. 12. We observe that the unfolded fibers do not
scatter as much as may be erroneously inferred from the 3-D
representations. Together with the short-axis view in Fig. 11(c),
unfolding reveals that the selected fibers are consistent with the
helical band model. The EA (about 54%) is smaller than in the
previous example (see Table V); this indicates that the fibers in
Fig. 11 are less close to a 2-D manifold than those in Fig. 9. The
FD remains negligible (below 0.5%), revealing that the set of
3-D fibers also has a band-like structure. This latter observation
is noteworthy, for the band-like organization is hardly visible
from 3-D rendering.

3) Fibers With No Apparent Helical Structure: An even
more complicated example is shown in Fig. 13. The ten selected

Fig. 13. Ten cardiac fibers with no apparent helical structure. (The red points
are the reference points used for unfolding.)

Fig. 14. Embedding of the fibers shown in Fig. 13. (Axis units are mm.)

fibers are sampled with a step-length equal to the voxel-size;
they are close to each other along one third of their length, and
they scatter along the apex-base axis. Although a spiral shape
is clearly visible from Fig. 13(c), the 3-D representations do
not allow us to conclude that the fibers have an helical struc-
ture. Fig. 14 shows the embedding produced by unfolding. The
EA is 85.4%, which confirms that the underlying dimensional-
ity of the fibers is two. The FD (about 1.1%) is larger than in
the two previous examples, but the fibers tend to regroup after
moving away from each other. Therefore, the band model is
acceptable to the extent that fibers can scatter within the helical
structure. Fig. 15 shows the embedding of middle segments of
the four longest fibers. The associated accuracy is 98.9%, and
so these fiber segments lie on a 2-D manifold even though they
move away from each other in the apex region. This confirms
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Fig. 15. Embedding of fiber segments from Fig. 13. The unfolded fiber seg-
ments can be divided into three parts: (I) they follow approximately the same
trajectory, (II) then they move away from each other in the apex region, and (III)
they finally regroup.

again that the specific structure of the cardiac fibers is more
completely assessed by combining information from both 3-D
rendering and 2-D embedding.

4) Fiber Groups With Different Organizations: We con-
clude our experiments by further examining the effect of the
neighborhood-size parameter k. Fig. 16 shows eighteen fibers
passing through vertically aligned points [displayed in pink in
Fig. 16(a)] in the epicardium. These fibers were separated into
two groups of nine fibers each according to their shape. The
separate 3-D renderings of these groups in Figs. 16(c) and (d)
do not allow us to conclude whether they lie near a same mani-
fold. Fig. 17 shows the unfolding results obtained for values of
k ranging from 10 to 35 [we used the reference points displayed
in white in Fig. 16(b)]. The spectra of the corresponding Gram
matrices are displayed in Fig. 18 in the form of cumulative
bar charts. Both representations show an abrupt change for a
value of k between 20 and 25. More precisely, the break occurs
for k = 24, which is the value above which the local isometry
constraints involve at least nine fibers on average. The similar
embeddings and the spectra obtained for k � 24 indicate two
things: First, the two groups of fibers lie near a same manifold;
second, the critical value of k is that which creates attachment
between the two groups. These observations suggest that k can
be set automatically by unfolding with increasing neighborhood
size until an abrupt increase of the ratio λ1/λ2 (or, equivalently,
an abrupt decrease in FD) occurs.

IV. DISCUSSION AND CONCLUSION

We introduced an original approach to assess the architecture
of the human heart—the unfolding of cardiac fibers under local
isometry constraints using SDP. This new tool facilitates the
analysis of complex 3-D fiber structures, it allows quantitative

Fig. 16. Eighteen cardiac fibers separated into two groups with different or-
ganizations: (a) the fibers pass through the vertically aligned points displayed in
pink; (b) the reference points used for embedding are displayed in white (they
are the closest points to a user-defined vertical plane); (c), (d) the two groups of
nine fibers each do not seem to lie near a same manifold.

measurements of fiber organization via the eigenvalues of the
Gram matrices defining the embeddings, and it provides fiber
grouping information.

Our unfolding algorithm is controlled by
1) the set of reference points involved in the definition of the

distance dX (see Section II-D), and
2) the neighborhood-size parameter k that controls the local

isometry constraints (see Section II-E).
It is best practice to take the reference points in a narrow

region intersected by all the fibers to unfold, if such exists.
However, although the reference points affect the adjacency
matrix, fiber unfolding is weakly sensitive to the choice of the
reference region because it preserves local Euclidean distances
rather than dX . The effect of the parameter k is more critical. If
it is too small (that is, if the neighborhoods Nk (xm ) do not in-
volve enough fibers), then too much structure information is lost
in the unfolding process, and this results in faulty embeddings
such as those displayed in Figs. 17(a)–(c). Increasing k strength-
ens and widens the local isometry constraints, which makes it
more difficult to embed fiber sets with complex organization
but preserves structures. In practice, k can be determined by
considering increasing values until a drop in FD is observed, as
illustrated by the Gram matrix spectra in Fig. 18. We suggest to
start with k = 15, which generally produces good embeddings,
and then increase it by increments of 3 if necessary.

Our experiments show that 2-D embedding is an interest-
ing supplement to 3-D cardiac fiber rendering. In particular,
it reveals specific fiber propagation patterns such as band-like
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Fig. 17. Embeddings of the fibers in Fig. 16 obtained with different values of
k. (Axis units are mm.)

Fig. 18. Cumulative bar charts of the spectra of the Gram matrices associated
with the embeddings shown in Fig. 17.

organization (as for the fiber sets displayed in Figs. 9, 11 and
16) and scattering in the vicinity of the apex (as for the fibers
displayed in Fig. 13). This information could be used for bet-
ter understanding laminar fiber architecture [17], [36], [37], for
performing fiber clustering [25], [28], and for distinguishing
abnormal from healthy hearts [20], [38]–[40].

ACKNOWLEDGMENT

The authors would like to thank Dr. L. Fanton and P. Croisille
for data acquisition.

REFERENCES

[1] L. Krehl, Beitrge Zur Kenntniss Der Fllung Und Entleerung Des Herzens.
Leipzig, Germany: Hirzel, 1891.

[2] J. MacCallum, “On the muscular architecture and growth of the ventricles
of the heart,” Johns Hopkins Hosp. Rep., vol. 9, pp. 307–335, 1900.

[3] F. Mall, “On the muscular architecture of the ventricles of the human
heart,” Am. J. Anat., vol. 11, no. 3, pp. 211–266, 1911.

[4] J. Robb and R. Robb, “The normal heart: Anatomy and physiology of the
structural units,” Amer. Heart J., vol. 23, no. 4, pp. 455–467, 1942.

[5] R. Rushmer, D. Crystal, and C. Wagner, “The functional anatomy of
ventricular contraction,” Circ. Res., vol. 1, no. 2, pp. 162–170, 1953.

[6] F. Torrent-Guasp, “Organizacion de la musculatura cardiaca ventricu-
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